


Le19 Primary ideals + decompositions

Get An ideal QER is primary
if

when
xye D

Men either XQu

y = Q .

②plus 1P prime => Ponnay

2) <X
, y2) -

> K(x
, y] is primary .

butapt prime
.

Not ↑
"
for some h .

3) primary ideals of 2 are 20) and (pF) .

↑

4) Pt is at necessarily primary for Pprine
consider (X ,

E) 2 - K(x , y ,z)/(xy - (2)
-y

- E- = D2 JA X *P2jE5 =P .

Pop & is primary #> R/p *

and all zero diviors of R/Q are nipotent
f Gerise



I If Q is primary Man &Q is princ
Roof xyetO Man Kylie Q for
some n = x" o ymQ for
some n

,
m.
= X or ye D

.

↳

Def A primary ideal Q is P-primary if

& = P

↓ E = P prime does not mean it is

primary .

Conside I= (xy,2) = k(x, y]

# = (y , xy) = (y) .

So E = 1y)
is prine however it is not primary.

Since Xyel but XMEI
·

Als K(x
,77/xy , y2) has

Xy onI



Pop If rQ = M maximal
,
Man Q is

primary.

Prof In R/Q we have Vol =M/Q .

yet Mo) = 7 P => M/Q is the

prime
ideals

only price ideal of R/Q. = only max

ideal -> every one out side M/Q is

a mit so every zeno divitor

lies in No) it every zeo divisor

is ulpotent. D
I

Def A Mimary deposition of an ideal

I is I = Qi Qi primary
i = 1

It is minimal if



1) The pries i = Pi are distinct

2) Thee is no i sit.

&; Q ,
1

... nQi+ n Qi+,
1

...

1 Qu

Example (n) = X then

(n) = (p,)1 . . . n(p3) where

n = p, ... pat is a prime factorisation.

minimal P; are distinct.

Lemma. If 0 ,Q are p-primary then

Q
, 1Q2 is P-primary
&f Eise

.

Hint : Q= ne .

must show intersection is primary



Ellary If a primary decomposition of

I exists there exists a minimal one

#of Apply in previous lemmon to satisfy
condition 1

.

Toss of unneeded Dis to

satisfy condition 2.

Example 17 (xy) < K(x, y2 has (x
,y) = (x)n (y).

are prime !both ideals
minimal

2) (xy , y3) = K(X
, 77 .

has decompostions :

(y)n(x , y( = (y)n(yz, x)

NOT ALWAYS UNIQUE'

Theorem (Lasker - Noether
-

If R is Noetherian and FER an ideal

then I admits a primary decoportie
I = Di Di primary



Det An ideal FER is ineduble if

# li =I for some i.

Lemma R Noctuaian
,

then 7 =R
-

Can be decomposed intoreducibles J,

= = J, - - - 15k

Pf Support such decompostion does not

always exist and let I be the
max

Maximal such ideal in this set

may
exists Since Noctuaian).JI

Then Imax cannot be irreducible herve

Frax = I , 112
whe I

,
12Ex

Leave II
,
Iz can be decoposed into

ireduables therefore so can Inax .

1.



Lemme If R is Noetheian
,

then an
-

imredruble ideal I is primary.

&of Pass to R/I and we'll

show 10) is primary
Notice (0) is irreducible.

Suppor acise meany xy
/0) and

Xy +0 Y "0. for any n.

Consider Anniy) =Anniy ......
chain

of ideals . R/ Nothian ,
so it must

stabilise
. meaning Annsy) = Annly) for

all n2N .

Since y
is not nipotent

(yN) = 0 and Since X= Aunsy) Analyol

Annfn) fo
&am (y) AAanlyV) = 10) which contradic

/d) reducible



Roof of claim : if 10) Man

oFaye/yV) and if ayAnnlyv
then ayN = 0 => attrnly)= Analyt
-> ay = 0.

A

Uniqueness Theorem
Recall (F : x) : = Gr = R)rxe 13

If If R has minimal primary

decaposition I= Q i the

the pries Qi are exactly the primes
in Six) IxR3 .

Def the prive idealsQi in the

decoposition are called associated
-

brines-



The associated prices form a poset
with inclusion

An associated prime isrtted/
minimal if it is minimal

.

-

It is embedded Menise
--

Eaple · (y) n (x , y)
2

we have

(y) is Isolated and (x
,y) is

embedded
-

V//xyil[VKyl)
V

PropositionThe isolated pries are-

exactly those minimal over I.


