
Lecture #I : Ideals

* Ideal quotient correspondence
* prime a maximal ideals

* existence of maximal ideals

Recall : IER an
ideal we have

6 : R - R/I ring homomorphish
.

Th There is a one to one order
/

preserving correspondence S

E deals ofR] ze & Healof
containg +

I=J + &(5) =51

p
+(5)15

where Q : R- B/I is the quotienthomonaphe



Lemma Given aKonomaphian f : S-R
-

If IER ideal then

- f (I) ES is an
ideal

.

"back/action
"

Proof
-

preimage
it an additive grou 3

9) sog) = Or 0 -"(I)

if so " (1) Men-se
if 51 , Sz= Si) then

↑ (s .
) + $1/EF and S+ 527 PII)

if P(s , El then-g(s) Ie-Sept
If -6"SI) and xeS ther

↑ (xs) = p(x)() I
So -(1) is an ideal . I

.



Lemma If F : Ser is a Sective
-

homomorphism and I an
ideal of

S
,
then ↓ (S) is an ideal of R .

Proof exercises.
-

# F : Z - Q
.

inclusion mapping

E=(n) ↑ si) = Ekn /kz2]
.

is not an ideal of Q.

↳deals of Q are 503
,

Q.

In general F(I) isNot an ideal
of R

.

However Rf(I) is an ideal

of R for
any homomorphism

RACI) is the"Extension"/"short"
of I by.



Back to correspondence
Order preserving means :

5=5 ((5 ,
) = (15)

Z

This is clear .
Thm is purred I.

Inclusion defines a partial order on
ideals in R

,
so

I(R) = EIERI l ideal 3

forms a poset (partially
ordered set)

.

Example R =I all ideals are principal
-

(m) - (n) n)m .



Diagram of [12) :

R = (1)
- -

primes (p ,) (p) -.......

i
[PiPi) (Pi2(

Igadinm
- (m)

in) /
- (lcm/n ,ms) =

⑧

Given any pair
of ideals I

, JCIIR)
in the poset there is

· least upper bound # +J
.

· greatest lower boud In J
.

It Y

TheposteSept



Ideal sum I +J . = Ga+b(a +[b=5)
-

· D = 0 +0 = I+ j

· r
, ref I+J then ri = ai+bi

↑ + Vz = a ,
+az + bi+b25I +3 .

· if rel + J - r = - (a+b) =
-a - b

- at l
,

-b + 3 =
-rei + J

.

/

# reE+J
,

r = a+b then

2 r = c(a+b) = ca + cb= I +3 .

B.

#deal intersection : InJ isanideal

~abelian group
a -InJ then rae

I
Suppose V
raE] - racIn] .



Zers divisors
, hilpotents + units

Zen divizor is X=R St
. Xy

= 0

-
-

for some OyeR
If R has no zeno divisors it is

an integral domain-

&. Q,
I

,
C

2 in)
forn composits in

XER ispotent if x" = 0

for some n > O

A it is xER St
. Xy=

for some yeR

Gen me O is a mit in Q
,
I

,
$

.

Units of I are
+ 1

,

-1 .



X is a mit (x) = R
.

A End is a ring with 10

and H X 0 is a mit.

Theorem
.

R O TFAE
-

DR is a field

as
the only ideals are R and O

3) frey homonaphian of R into So

is injective

1) = 2) If I ideal = 0 When
S

XEI X 5 bt X mit = I
= R .

2)= 3) if F : R
.

-S then Kerf = 0
,R

it can't be R if S O Since 150 .

↑

so Kerf = O injective .

3) => 1) contrapositie. Sppose OXER is



At a mit
.

Then (x) * R so R/(x)

is not zero ring and $ : R& R/(x)
has ker(fl = (x) not injective i .

Primea Maximal ideals

Def An ideal IER isme

if I + (1) and abl =

as I or be I

I prime XR/ integraa

I is maximal if If/1) and
-

=> J St . =Jg(1) .

I maximal R/ field
.

#

Juse correspondence of ideals (



Fields are integral domains =>
Maximal ideals are prime

Extension/contraction of prime/maximal
↑

position# fiSRhomomorpha
is prime.
Proof f : S/-()

-/ is an
-

=> S (I) "injective hanomophen

isomorphic to a subring of R/I
=> integral domain. B

·

4.Rf(5) is not necessarily prime :
I = (p) = 2 i : 2 - Q

.
QI =Q

Inot prime.



D If IER is maximal f (l)

isa necessarily maximal

If R is a field max ideal
E = 10)

f : Q injection but

f" (o)) = 10) o maximal !

Theorem Every
o
R + 0 contains

one maximal ideal .

Proof Zorn's lemma : A poset P
--

in which every can has an upper
bond contains a

maximal element

din : EI9I/R) sit .

#
, Bea FxEp or IBEEx



Given a chain & FaceA of ideals

Int(1) Yam upper bond
is

X =U Ix
.

(must prove
it is on ideal

X A

Abelian grop :

1) Of X

2) if a
,

be X then atIn , be I
I

FI or IB = Ia

SueIC or FB + a+b = X .

3) if a X then at It for

Some <= -atI2 = -aEX

4) If x5 X than Xf It So UXEIa

rxX
-

X is an ideal and an upper bond.

Moreover X * (1) since IPIX # X
.

Apply Zorn's lemma to poset IIR)VIIII



&lary If IYR is an ideal

there is a
maximal ideal of R

containing I.

Proof Apply
ideal correspondence

-

under R + R/I
T

Corollary every
non-unit XR

incontained in a max idea

&f Apply above corollary to (x) =I :


