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Lecture 20 Discrete valuation nings

D Let K be a field. A disirets

valuation on K is a surjective
function V : K= 2003 Sit

.

1) H x
, y
= (ow(xy) = vsx) + V(y)

2) (x
, y =
k(ost -

2Sx+y) = min(v(x),vy)
/

3) ((x) =0() X = 0 .

Example K Gold K = k(X) rational

functions
.

"order of vanishing at ask
"

is a
valuation. Ex &EK

h = (x -d) f(x)
, g2a) +0.

define Va(h) = n
.
Vald :=*



Check 1) h
,ha = k(X)

hihy = (x-a)he
2(h

,
(c) = m+=

= r(h) = r(hc)
.

2) Suppose n, nz

h
. the = (x-d)&g2x

if n2> h , the brackets don't
vanish

.

if R2= n , we night have fill- =0
.

gisx) gasa)
=> W(h , +ha) = n

,
= min(UChi ,VSk))

.

3) set r(0) = 0 . every
ho

S

has some "order of vanishing
.



Expanding hix) as a Lavent sires

at X we obtain :

h(x)=ak(x-xav

*meletbe PineK
EX and prgr .

Defie Up(X) = a . Up(o) = n.

X = pq y = potp/g ,
r
,

4
,
5

.

then Up(xy) = a+ b
= V
,
(x)+ply) .

Suppor min (a ,
b) : a

(p(X +y) = pa+ ) =p
pt rs but we may

have plsqtp-art



so rpixty) > minix)/Uply)).

Lemma If w is a valuation onK
-

and Xe K 1o then
,

1) will = V(-1)
= 0

2)(( -x) = v(x)

3) v(x)) = - 2(X)

4)r = 5xk(0()203 i asbij.

# 1)( 1) = r(r) = 2(1)+(1)
= Ucf(() = r(- 1) + vz - )

= -(-1) = r() =0 .

2) 2) - x) = r( -1+ v(x) = V(x) .

30 =(1) = w(xx)) = v(x) + wi- x)

=> v(x) = - w(X
-

4) ((0) =No and V(l) =0-0

so 0
,
/ER



If X
,y5R Men

v (x +y) > min((x) , x(y))30
.

So Xty & R

v(xy) = v(x) + V(y)
-0 .

Also V(-X) = v(x) so
-XER .

B.
Welave an abrig.

Mention Let R be an integral domain
its field of fractions

.and K

R is a DVR (discrete valuation ring)
if 7 2 : K>vis valuation

St . R = Gx + 4 (01) -03 .



Examples 11 K = 1(x) arch 02 : K-Zusd

The DVR is

& (2) 03
.

= k(x]
(x -x)

.

where M2 = (X-2) max ideal

2) k = Q Up: -Zus3 .

5 x (0p() = 03= (p) localisation
I

at (p) .

paraso. prime

3) KIsti) the field of formal power series
↓

↑ = Siaiti -
let v(f) = k

i . K Anto
in

Remark 155+33 = f = Eait Prise

- i = k
series .

1) K als: closed Charsk) =0
.



Ema R be a DVR with fraction

feld K and discrete valuation V.

Let X
,yeR then

1 2(x) >W(y) = (x)[(y)
2) w(x)

= V(y)()(x) = (y) .

Rof Frough to show 1).

If X
, Y
= 0 then U =0

and easy

to show .

Suppose X
, y 50.

If w(x)3 W1y) the
- I

w(xy)) = v(x) + W(y) = V(x) - v(yk,o
so xy'*R so X = (xy)y and
X
= (y) = (x) = (y) -

if (x) [ (y) When X = (y) => X = ry
and so wix) = (1) +U(y) => Vix) xy)



Theorem Let R be a DVR with
-

fraction Reid K and valuation W.

1) R is local and the maximal ideal

is m =(x =R(v(X) > 03.

2) There is an elevent XeR S .
t

.

r(X) = 1 and for any
such X

m = (x) .

3) The deals of R are (0) and (x
*)

2 xx) = 1
.

# R is a PD)
.

4) A las dimension 1

5) A isAurally do

⑳ 1) Suppose XER is amit

( = (1)( r(x) = v() = 0 = x*M



In consists of non-units.

show in is an ideal.

" Ozzy Since 2(0) = 0

2
X
, y = m tem Ux + y) > minrixirly)>

70

so xtyem
3)
reR Xery ta r(rx)

=) + -(x)
=> O

rX = m .

Hence R is local with maxited in,

2) we assume 2 is sujective so

J x&S . t
.
V(x) = 1 and Xem

so (x)<2
·

If Year Men riyK,UW
so (y)((x) so (x) = M .

3) Let IER be an ideal . If Ito

let k = minW(y) .

Then for
any

y I



ye I v(y)3k
= 2(x) = (y) = (x)

=> If (X
*) .

Moreour
,
there must

exist some yEI
with Wsy)

= K .

and w(Xk) = r(y)() (xF) = (y) -

Sre (y)E I
= (x*) we

Lave I = (x
* )

.

4) By previous the ideals are

(1) (x) (x
*

) . -- -
(0) ·

If KI2

then 1 = 2(x) < r(X
* ) = k so

X = (x
* ) hence (X*) is not prin

we have (x) = 10) are the only

prive ideals dimR = 1.

5) Jules will discuss integral closure.

on Wednesday.



Clay A DVR is Noetherian

Proposition R is a local Northeran
-

&

integral domain of dimension

TFAE .

1) R is a DVR

2) m is principal
3)
M/m2 is aI dimension As mode

4) There exists an X St
. every

idea

is of The form (xF /

5) R is integrally closed
.

*

Prof we've already show 124
We Show 2E)3

.

#

Suppos M = (X) then X*0 since dint



we have (x2) - (x)
.

If x(X* )

Men X = rx* Since R is an

inteal domain +1 = rx so

X is a mit and m = )

=>E So Mim #o so

dimm/2-0 . As an R-module
In

M/zzz is generated by x + m2

So dima M/ * 1
.

Edin = 1
.

3-2 If dimm/z= 1 There is an

X S .

t
. X + 12 generates M/m2·

But i is fritely generated since

Ris Neterianso Nakayama's
Lemmen says x generates In.



2↑ Suppose T = (X) so every

non-unit isX for some reR
.

Consider the set of ideals net
of the form (X

Y ) and let I

be the Maximal (R Northerm).

Then I is finitely generated and

I =

(y .. - -

>Yn) = (a ,
X
, - .

-

-,
anx) = (a

,
-an(x)

Now Jai , -anl(x) = (ax -,an) -

Ifequality then by Natzayamsis
Lemma Fm = I = I = 0 .

Praise IX Ja
,
-&n) and by

maximality of I we have las-anl = (x*

Bt then I = (x* ((x) = (xk
+

1) -



# For every y*
0 yeR we

have (y)
= >x* ) for some K.

Define W(y)
= K

.
and extend

multiplatively to the fraction feld.

D
.

Appodix Review of Nakayama's Lemma
M finitely generated modle/R and FER
ideal if IME M then there

exists it I st . im =m FmeM.

"IM = M => 7 i st
.

im =mHmeM
.

"

Local version If R is local with max

IdealIn and M Quietly generated R mole

then (M = M => M = 0



Corollary R local and M finitely
-

generated. If mizM are such

That smi) are a basis of

M/M ,
Men mi generate M .


