
Lecture 3
-

Recall :
poset of ideals
prime + max ideals

-

int doman S I princR
I feld # I max

Examples
.

k feld K(x
, - Xn].

What are Some primes ?

What are some maximal ideals ?

· Principal ideals If) prie ?

Suppose him = of h
,
he not multiple

of => A must factor by UF.

Recall exercise not all ideals are principl !
(x

, , x2) = G +x, + gxz3 .



When not principaldifficult to say

Algebraic geometry !

· What as maximal ideals
-

Find sijective maps to fields .

# Paakix ,
-x) - K

Ker is maximal!
S

= (X ,

-

a ,
Xz -92

,
- -

,
Xn -An)

Another
. 0 : 1R(x) ->C

example 1 1

X + i

Ker = (x+1)D
maximal .



Ref A ring is local if it has
-

-

naximal ideal Jie fields)a unique

R/M is the "reside field"

Example
.

All fields are local rigs
S is unique max ideal.

#position j If R is a ning and M

ideal

i) if XR- M is munit in R

then R is local and M it's

unique maximal ideal .

ii) If M is maximal sit every elt of

It M is a unit then M is local.



Prof) Angided I # (1) consists of non

units so every ideal is contained inM

=> M max and R local B.

ii) Let Xz A-M
,
since M is Maximal

Ideal (x H+ M = <x
,
M) = (1) =>

Xy + m = 1 for
ye
R

,
MEM .

= Xy = 1 + M which by assuption
means Xy is a mit

.
Claim follow

by i B.

Examples 1) E = /p") = & p prime

in 2 : (pk) = (pk
-Y =

- ..
= (p) = (1)

&

no other ideals between (pK) and (1).

Correspondence under quotients

(0 + 1) = (pk" + 1) ...
= (p + I)



only ideals in/I.

=> (p+ #) is mige max ideapr)
is local

2) K(X] not local
. Many max ideals

k(x)/(x) has unique max idea (x+ It

In fact only ideas are 0x(x+1)= /)

elements of K(x)/(xz
= [a +bx) with

Xt=0
.

units are K = ks*/(x2)
k = R-(x)

.

3) Power series ring k[[X])
.

K field

f = 90 + a
, X

+
-- -

+ anX + ----

who are the units ? IfGoto - g
S. t

. gf = 1
.

Units K(x)) = k[x]1(x) => (x) maximal

and KX]] is local



4) Ring of rational functions.

IR(x) = G Eg 1 F , g polynomials
Consider REIR(X) subring for which

g(0) 70. (functions while can be

evaluated or 0)
.

who are the units ( ? )

must have f(0)o(E)= 6 to be in R .

=>A & IR(x] not in maxided (x) .

R is local and M =SE1 E = 03

RIM = units.

%: evaluation at 0.
f(u) is sujective unts

Kernel M-



Operations ondeals

Recall I
,
5 ideals in R

.

=>

In J
,
Its are ideals

.

In J biggest ideal contained in both
I , J .

I + J smallest ideal containing both
I

,
J

.

These operations work over any

arbitrary set of ideals of R :

1 I idea ACI(R)
It A

& I: = <[ x=
1 * ] .

& A finite
sums



-R
*ample

.

(x
,y) 2 Q(X

,y] .

(x
,y) = 2 + 1 f(0

,
a) = 03.

meaning no constant term-

Solve exercise : (x.y) not principal

-emma For any
i

, j

(a,
, ,

-
. . ,
an) = (91, ...,di- ,Ai +baj , Ai+ - -....,

And

Proof Short exercise.
-



Example DR =X .

num ↑ n
,
m) = (n - k

, m,
m)

n = km + r
,

= (m
,
r

,
)

.

I

m = kzr ,
+ rz

= (r
,, (2)r

,
= Ksrztrs

.

: Euclideas = /gad(n ,mil
algorithm

him coprine int> In
,
m) = 1 .

PR = Q(X]
·
division algorithm

(f
, g) = (ged/f, g))..

Q(X] is a principal ideal domain

If no common factor

(f
, g) = (f) + (g)

= 11)
.

no common solutions to f = o
, g

= 0.

over Q or K .



Ideal product

[J
.

= & aibildie I ,
bieJ

i = 1

notive this may not
be equal to

Sb
#ample. Principal ideals behave nicely !

(a
,

- - -ak) = (a
,
) - (a) ...... (ais)

.

a . ...@k[Ja ,
l . -..
(ak)

.

converse (a, .

. .

: (k) = E. bi ,

a
,bina]

= 5
=,
bi-bi - -- .&bi ...bikaran

= (a , ---
ar) .

D
.



&ample
.

S = 5 a-bl aI bej3 is not

an ideal in general.
Need non-principal ideals!

IR(X
, y] .

=(x
, y) = I =J

.

x2y5S but x+jyS .

Since it des not factor.

#his H Fi -
--EK

Fi ... In I ,
M .
--1Ik

.

Since

Fi ...I
= R . li =Fi



Three ideal operations 1 ,

+,

(I(R)
,
+, -1 forms ai.

(both
,
+ o are commutative)

(1) · I = I met identity

(0) + I = I additive identity.

I + (J +k) = (1 + 5) +K
associative

I · (J . k) = [ · 5) · K

(0) 0 I = 10) annihilation

I /J + k) = IJ + IK distributivly

I + I = I + isapotent

↓ union of idels is not an idea

(2) ,
(3) = 212)US3) not ideal .



De I ,
J are coprine if I +J

= /1)
-

1
,
J coprime- asI b5] sit.

a+b = 1.

#position I ,
J coprine then

# 15 = I : J
.

# Always have I · J = I1J · Since

EJEI and I-JEJ .

-

other direction : Sine I +3 = (1)7-

DEF beI st G+ b = 1 =

X = X - 1 = X(a+b) = xa+ xb
.

Since X = In] Xaf I-J Xbfl -J

=> Xt I . J Closed under addition)
B

.



Example In *In > (m) coprima
--

Ex h
,
m coprine integers .

coprie => km(n
,
m) = nm

(n)(m) = ((sm(n
,m)) = (nm)

= (n) n/m) .


