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Sunzi Svanjing Theorem.

(Chiness Remainder Thm) 3rd sit

century
CE

.

let M
, - > MkF* be painise spring

then the system of congruences :

X = a ,
mod mi

·

X = ar modnk

has a unique solution modulo N= Nith

EN)
->zx ...

.. + /(a)(n
,
)

is arig isomorphism.



In general, given Ris - RK rings

# Ri = R
,
X-. .
XRh

i = 1
= 319 ,- , an 1 ais Ri 3.

is the Reducting
addition + multiplication are componentiti

Given ideals [1 . -,
It consider

p : R- R/I
,

+ ... + R/Ik

~ (0, %1 .
-- >P(r)

&;: R & R/I ; is the quotient



Generalised Sunzi's Theorem
.

Assure [1
,
--

>
Ik are paimise

copriis ([i +=j = (1) Hij)
then : R -TR/Ii
is surjective and Kernel is

F .....E = Fr- -
-Ik

.

K

so R/Ip .... Ik
= TR/Ii

i = 1

Pof E
: we know aa

Show (1, 0) and 10
,
1) are in the image

:

I + [2 = (1) => a
,
+ az= 1 disIi



P(a)) = (a ,
+F ,

a + [z)
.

= (0
,
a , + ac

+12)
= 10

,
1 + 12)

.

similarly psaz) = 11 + 12 , 0)
.

These two elts are enough to geroate
the ringo For any

b
,be R.

9) (b , 92 + a ,bz) = %(b ,
az) + f(a ,

b)

= (b ,)(sac) + p(a , )((b2) .

= (b ,
+I
,
b

.

+ 12) 1 + I
,,
0)

+ (b + 12
,

ba + =2) - 10
,

1 + 12) .

So it is sujective
.

((x) =07 XE [ , 12
=-Iz



-

From K = 2 to arbitrary K induction

Find X=R S.

t.

((x) = (1
,
- -

,
0) by taking

I + [i = (1) =>

ai + bi
= 1 dizπ)

X = π(l - ai) bitIj

=> X 1 + I
,

and

X = Tb ; t [j Hi + 1 .

Do the same to find $(Xj) = So ..., 1 -d)
9j .

and combine precises ideas
D.



Ideal atients

Def I ,3 ideals of R Me

Ideal quotient is

(I : 5) = Ex +R)xJ
= 13

.

Examples 1) (R : J)
= (1)

.

in fact

1 [ : 5) = (1) Whoever J : I

(5 : 5) = 11)

2) I : (b))
= 3x(xb = 1)

.



L

Def the Annihilator of an idea

is Ann (1) := 10 : I)

= Ex +R(xa = 0 Ha=1) .

Anna) := Ann/Jal) .

= [xcA)xa = 03
.

Examples Ann/R) = 0 Ann (10)) = R .

R =
&/ p . P2)

Ann (p 1) = (pc) .

Pi primes

·FAR zen divisor> Annia) to

Also D = U Ann(x) is the set

X =0

of ze divisors



Nitradical + Els
-

N = Sa(a = 03 = R
↑ nilpotent

is the nitradical e of R

Moreover R/j has no O hilpotets

Nideal
:If ae N Men XaEN

I XR
.

Show (N ,+) group.

OtN
,

if a
,
beN a = o = bh

for some n
,
m

k - i i

(a+ b)k = 2()a b

if k-in
,

ne
mai so bi = o.

- iatranism a = 0 . E closed under +

(a)" = (-1)a = -a = N
. B .



N = 1 I

F prive -

Suppose an = 0 Of I Ideals

If I is prive a(qn
- 1)= =

a or a"I continue by reducing
exponent ->

N = 1 I
I prie

If a " 0 for some n
,

consider the

Bet of ideals [ = [11axI for allnes
OE = O apply Zorn's lemma again
(check chain condition 1. & has a max

element J



Claim J is prime take X
, yeR-

Sppose X
,y J .

Show xy #
J

5 + mx) and J + (y) z] so

5 + (x)
,
j +sy) 8 . =

a =J + (x) ,

am = J + (y)7n ,m
-

gr
+my((x) + 3))(y) + 5)

=

(xy) + J .

-

(xy) +3x2- xyy].
↑

-

> J is prime.
-> I a prime

ide Jst
. a J

.

B.



Examples[1Jpk)
= R

.

&

-

N = (p + pt)
.

=

unge comepy),

k(x](xk) = (x + (x
* ))

Def The radical of an ideal I is

-

E = EX/X" I for some n3
--(ria) in 1AM)) =

Epito) = N Nitradical of R .

Proposition .

E is an ideal moreover

E = 1 .

P
.

P prime
If

P
.



Pof
.

Conside . 0 : R3 R/I

Nr = Not.
↑

and

& (Ma) = E .

(x v()x ==(t)
.

&) (x)" = f(z) = 0

This proves that
I is an ideal.

Recall we have a corresponderer :

2deals ountaining3 ideas in 2.
R/I

I

&+(P) is price for P prime.

For Patient map $/P)RA is also

for PER prime.
prime

& This is not true in general.



Lemma
-

If F : R-S is sujective and

P = R pris ideal such that

Korf = P Then F(P)

is prime in S.

Prouf We knowFep) is an idea
-

SSzE(D)Suppose
Il by subjectivity

f(r
,
(fera) = f(P)

=> f(r
,
relef(P)

=> r
, rc

+ KEP for Some KE

KerfeP

=> rircep = P
,
or i ED

Since P is prime .

Hence f(P) is
T

Prime &



Errata - Nation
-

f : R -> S a homomorphism

Recall I ideal of R

↑ (I) is o necessarily an

Ideal of S.

/True o is surjective (

The pushot/extension of I
under f is ideal generated by

-
e

↑ (I) ·

Denoted FSI) .S or t

BOTH NOTATIONS ARE LACKING .

one suggestsmupic,
The contraction/pelback is

simply f " (5) Jidal of S
-


