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Definitions
,↳actua5Modeahisms

R a ring.
An R-module is

an abelin group
(M

,

+)

together with a map.

R + M - M

(
,
m)+ w . m "scalar multiplicate"

Satisfying :
1) I . m = m H meM

2) m
,
(rm) = ( ,

ra)m # r,mer mem

3) (r
,

+ r)m = r
,
m + zm H

# rEB
4) r(m ,

+ mc) = rm
,

+ rm
,

mi ,
MzEM .



Examples /1503 is an R-Module # R

The zro-module O-module.

2) R is an R-modle

3) If SER sebring then 2
↑

R is an S module

4) I ideal of R is a submodule

5) If R = K a feld ,
then K-modly

are exactly rector spaces.

(corpore with vector space axious) .

6) R = k[x] K-feld then B-module

is a K rector space
with a

uneir transformation
-

Ksx) x M- M v

U
k xM -> M = M mat be a

rector space .



M = V (X ,
v) - Xov

defies a
linear map

p . V - v

P(V) = Xov

((Xv) = J(()
%) (V ,

+ vz) = P(i + Pia) .

5) R = * then -modde M is

no more than an abelian group G.

Sie the map
ExM-M has no

chare). The axions force ?

(1 + -

-

+ 1)g = g
+ ... +gno .

nog
= S 8 n = 0

- (1+...+ 1)g = -

g
+ 7g(+g) no



6) G finte grop ,

I a feld

The group ring is :

K (G] = [2 Digi /xizk gizG3
finite
ams

addition is "formal" (think of gis as variables
3, gi + 12gi = (4

,
+1agi

gitgj
is what it is

K(G] commutative# G abelian

KIG] behaves like Kig .
---

> gx --- .)

In particular , KIG] mochte is a k-

rector space
V together withnear

maps %.: VeV #gz
g1

satisfyingg. 9gz = Pgign



This is exactly the definition of

a gap representation MAT4270.
-

7) If f : RsS is a nig
homom.

Then S is an R-module.
V

S abchan group

RxS-> S

(a ,
b) ++ f(a) - b

Recall if F: K 3K'is a homomorphin

of fieldsthenK' is a 1-vector space-

D
.

M
,
N R-modules a homomorphism

is a map
f : M3N sit.

f (m +mil = f(m) + Emil m ,
m = M

↑ (am) = a f(m) meM

ac R



↑ is an isomorphism if bjective .

Examples 1) 0 : M-N O(m) = 0 HmzM

2) R = K the K-modle hommapheis

are exactly unear maps of
vector spaces.

M
,
N finite dimensional F is given

by a matrix (nxm)-matrix

3) R = & and M
,
N -modules

f : M-N homon is homon of

abelan groups
. (condition (nx) = nx

is automatially satisfied by additive
-

condition)
.

4) 0 = Rs(m)a= R

#(r) = na
is a homomophon

it is sugactive and Ker0 = Ann(a)



Def M ,
N

The set ofModsa Hom .
(M

,
N)

R-

from M to N is an R module :

f
, gfHomp/M ,N)=) Fig,

ufz HompsM ,
N)

(f + g)(m) = f(n) + g(m)
(rf(sm) = rf(m)

constructionsModule-
Direct sums

.

M
, , -,

Mn R-modules

& Mi = S(m, - -
Mn) / mic M3 .

i = 1

addition : (m ,
-

,
Mn) + (mi +

-

+my)
= SM

,
+ M

,

'

,
Ma+Mc - - - Matmi)

Scalar must : /M-Mn) = Lam
-amn)



For any
set EMiSies of R =

modules

Directsim

⑦ Mi = E (milies/M
it S only finitely

many

#products (miliss/Mic Mil
it S

If ISK8 Men Mi= Mi
icS

Example R(x] and MCCX]] are

k-modules.. As modules :

R(x] R
If I

RAXIR



⑪ Notive ning structures are different !

f = zaix
i

g
= Ebixi

fog desnot have coeffints dib ;

ExampleEveyorspa
and

0 : 0k - V

it S

↓ Kailies) [divi
it S

Submoddes M an
R-module then

MEMis a submodle if MEM is

a subgrap and Vae R MEMI

am M'
.



Examples The submodules of R as an

-

R-modle are precisely the ideals ofR

A submodule of a 2 module M (rel

abelian gop) is simply a subprop
M'EM

.

Since in M' is asubgrap
it is closed under addition and

* mzM' ne
nm

= m+ - + M

EM'
·

Given submodules (Milies MieN

their sum is a submodule of N
-

[Mi = & mil MieMiSEN .

it S finite
sums

This generalises am
of ideals.

their interection is also a submodule

& Mi
= Em)meMiieS3 ,

it S

Poset ef submodules is a compute lative



Quotient moles M' = M submodule

of R-module M Then

M/y) = Em + y'lm= M3

quotient with R x M(y) M/M
group

dived by
a /m+ Ml) = am+ M'

.

In particular ,
for

any
ideal If R

-

the quotient ring R/I
is an

R-modte
.

-

quotientsKernels,ages-
-

of R-modules
For O : M-N homom.

submodle

Kar = &mem 1 fim) = 03 = M

Im = Sn = N17 meMm) = n)
EN



Cok O = N/1mM
.

quotient
module.

"Cokernel"

#Xan-acade
a

) (r ..
- -,n)r(a

+ ---
+ ran

Im() = (a,c ,

And ideal of R.

Modulemorphism theorem

1) Let % : M- N be a homom. of

R modules then,

Mende Imp .



2) Let M" = M' = M be R-modules

then M/yE(M/M")/(M'/M") .

3)Let M
,

N&P be submodules so

That M+NEP and MANEP.

Then (M + N//NEM/MuN !

of 2) and 3) defies houmorphisms :

2) O : M/M M/M/
m + M" To m + M' well defied

Kerd = M'/M"

3) 0 : Mc M ,
+Mz-/M ,

+ McL/
M

,

M2 10 +My

mi + M2 +
m

,
+mc + M

,

Ker0 = M
, nMz.


