
Recall from last time :

2) Let M" = M' = M be R-modules

then M/y)E(M/M")/(M'/M") .
3)Let M

,

N&P be submodules so

Then (M + N//NEM/MuN !

of 2) and 3) defies houmorphisms :

2) O : M/M M/M/
m + M" To m + M' well defied

Kerd = M'/M"

3) 0 : Mc M ,
+Mz-/M ,

+ McL/
M

,

M2t 0 +my

mi + M2 +
m

,
+mc + M

,

Ker0 = M
, nMz.



Some more
module operations

If N
,
M submodles of P

,
then

(NiM) = SreR/rMEN3

is an Ideal of R.

Ann /M) = 10 : M) = 3 r1 rM = 03
.

If If Ann/M) ,
then M is also

a R/I module .(If Ann (M)

is what makes the multiplication

map
well defred) .

Eise

Ann/M +N) = Ann (M) nAnn(N)

(N :P) = Ann ((N +P)/x)



LectureG Finitely generated modles

Definition A module M is finitely
-

generated if either of the following
sequivalent conditors hold :

· 7 m
.. -,

MnEM SE. meM

is m = r
,
m

,
+ - - + Numn

for MieR
-
not necessarily unique ris

· 7 a surjective honomophores

R- M

Examples I An ideal IER
is finitely

-

generated as a module < f -g .
as an

ideal .

· K a field then a finitely generated
↓ - mode is a finite criencial

vector space MEM dimM = dimM!



· An abehan gp
is finitely generated as

-

a Z module S it is a fig . abelangp
classification Thm =>

Mezo -- XoX/(p ,

2) --/
.

Therefore
,
Q is not finitely generated.

as a -module.

· Raxs is not finitely generated as an

R-module. We would need generators
1
,

X
,

X2 ---
-
X ----

Not ENHE

& An B-module M is free if

MER for some
I

it I

A finitely generated free R-module

is MEBR for some n.
i= 1

written : Rn



Prop M .

is a finitely generated R
-

module > M is isomorphic to a

quotient of R

Pof. => Use existence of sujective
& : R - M homomorphisms a module

isomorphism theorem

=> MERY then 7 a homom
.

A : R" -M surjective .

Since

ei
= 10 . -

-

1
,

- -
u)ER" for Kien

i

generate RV
,
Dei) generate M.

Kayama's Lomma-

Very useful in algebraic geometry



#ayamal" IM
= M = im = m"

.

If I is an
ideal of R and M

a finitely generated R-module sit.

IMEM then there exists JEF

Sit im = m # me M .

Proof Let MisMr be generators
-

of M
. MiFIM means

# i mi = bi ,
m

,
+ - .. + binmn ⑪

with bijs I #
i

, j . Define a

matrix T = In -(bij) Centres in R)

Then translates to T(m) = (i)
#

There is a matrix adj(T) s .

t
.

adj(T) T = Tradjs+ ) = det (T) In



the adjugate/adjoint matrix

adj(T) = (aij)
delete

Cij
= 1-

**
def)Tjil Tij im pow

jacolumn

T=(a) adjT = 19 - I
.

adjT and adjT+= det (T) In

works over any ring !

Multiplying both sides of ** by

adj(T) we obtain

detT(In)) = ( :)
=> def (T) mi = 0 # i

Moreover det (t) = 1 + I



To see this perform cofactor expansi

T=

1 - bi - bijI S- big "i-bon

det(T) = (l- b,) det ST,)+dett
wa

= 1 + B where Be I .

Now i = -B= - def (T)· I

and i . m = (1 - det (T))m
=

m - o .

#meM .

D

Example Finite generation is necessary.
M = Q R = * I= (2)

.

then

IQ = Q but there is no even

K such that Kq
=

q Hq Q .



anIf Misfintgenerala nope
then f is injective.

&ter-example M = Q(X]
.

8 : Q(x -> Q(x]
2x i -1 surjective

Zaixi s Zaiix

but not injective !

Proof Use A to make M an RCX]
--

Muddle R(x x M - M

defined by X - m
= fuml

Sincef is sujective (X)M = M

=> J X-p(x) = (x) = R(x) S .
t .

m =Xp(x) . m + m

If f(m) = 0 => m = p(x)X .m =



= p(x) . (f(m)) = p(x) = 0 = 0

So fem) = o = m = o f injective
B

.



talNyamemais
andM a finitely generated module

mM = M => M = 0.

Po
.

From previous version we fand

det /T) · mi
= 0 and detT = 1 + B

BAM .
=> detT Em so it

must be a unit /every non-unit
is

contained in a max ideal) Since
-

datT is a mit detTMi = 0 =>

mi =oi = M =0.

Ellary R local M fin
. gen. Suppose

MisM are sit
. Almil are a basis

of M/M ,
then mi generate M .



Proof Let NEM be submodule
-

generated by Mic-Mr. Then

N-M- M/M
is secti

hence N + mM = M

quotiently by N wa get
/

M/N = mM/ = Mx = o

I

Nakayama
=> N = M.

Collary R local M finitely generated

Let M
.. -

Mr be a minimal generatin
set (Emi , .

--

, Mic * Smi- ,
Mmb does notgood

Then u = dim M/M.
All minimal generating sat hererise,
same cardinality.



Exact sequences
A sequence of R-modules + R-

module homomorphos
fi -1 fi firh

-- Mit -> Mi -Mi +,
- -.

-

is exact if Kerfin = Imfii

=Example
1) O - M' - M exact Ef injective

↑

2)M'EsM = O exactS & sujective

3)Of MEMEM"-> O is exact

=> f is injective , of
is subjective

and MF (M')E, M" .

Coker (f) g .



3) is called a st exact sequence

Any long exact sequence
fi fi +1

... -> Mi-Mi-Miti----

can be broken up
into short exacts :

O -> Kerfit->Mi Imfitt
-> 8

exact at Mi by homomophian thm :

Mi/Kerfit * Im fit ,

Example M' submodde of M then

0- M' = M - M/p1 +0 is ext

Up to isomorphism every short
exact seq

is of this form-O-M'- MeM"-o
= M' is iso to submodule of M ,

M" is iso to guotet



ExampleFor any modules M
,
N

0 - M - MON -N -0
m Im

,
o

(m
, nc + n

is exact

A short exact sequence is split if

It is isomorphic to a sequence of

The above form.

0222) +
2/(4)-4/(2) - 0

Lot spit . (Warm up)



Snake Lemma Let
14

X

0 - MEM's 30
f' ↓ of ↓I

o -
NEINESN" -0

be a commutative diagram of

Ses
.

(Rows are
exact and

↑ V = vof a for =of (

then there is a long exact seq
d

O- Kerf' o Kerf "Kerf" cokf
ul Y
- LokfI core" -> O

Proof Define the map
d

.

For X"zkf"
-

* > M" and v is sujective to 7 xM

S .t . V(X) = X Y (f(x)) = f "(V(x)) = 0

f(x) kerv) = Ex) = Imu' so



fex) = u'ly' for y N .

Define

dx" = = y' + (mf Cok(f) .

Must prove d is well-defined
-

-

and exact Diagram
chase.
-

I
Let Let C be some

set of R-

modules and J : C-G some

abelian group
G

.

(ex ) .

* is additive ifH SES

O-M' - M-M" 30 M
,
MIMEC

we have x(y)) - J(M) + 1/M") =0.

E R = KC = finite dim's rector spaces

I = dim



to fl fn+ 1

Proposition 0-Mo- ...Mrs
exact with Mi and Kerfi e CHi

Them [(-1
: ](Mi) = 0

for additive function 1 : C-G.

Pf Split into SES

Of Kerfi -> Mit Kerfitte o
Ni Ni+ 1

x(Mi) = x(Ni) + 1(Nin) and No
,

Nhx= 0 . Upon taking alterating
suns we get 0.


