
Exact sequences
A sequence of R-modules + R-

module homomorphos
fi -1 fi firh
-- Mit -> Mi -Mi +, - -.

-

is exact if Kerfin = Imfii

=Example
1) O - M' - M exact Ef injective

↑

2)M'EsM = O exactS & sujective

3)Of MEMEM"-> O is exact

=> f is injective , of
is subjective

and MF (M')E, M" .

Coker (f) g .



3) is called a st exact sequence

Any long exact sequence
fi fi +1

... -> Mi-Mi-Miti----

can be broken up
into short exacts :

O -> Kerfit->Mi Imfitt
-> 8

exact at Mi by homomophian thm :

Mi/Kerfit * Im fit ,

Example M' submodde of M then

0- M' = M - M/p1 +
0 is ext

Up to isomorphism every short
exact seq

is of this form-O-M'- MeM"-o
= M' is iso to submodule of M ,

M" is iso to guotet



ExampleFor any modules M
,
N

0 - M - MON -N -0
m Im

,
o

(m
, nc + n

is exact

Def

# short exact sequence is split if
-

It is isomorphic to a sequence of

The above form.

Example(12) + */(4) 22/12) - 0

Lot spit . (Warm up)



Hom )- , -) and exactress

N

↓ I

Em"Y
-

2 /
&

N

Given Morphismis and v above we get

Hom (N
,
M') = Hom(N ,

M) =Hom/N
,My

f to not

g vog
v u

*

Hom (M"
,

N') -> Hom (M ,
N')- HomM ! NY

* + for
g .

t you



What happens with exactness ?

-

Proposition
-

1) 0-M'sM" is exact

8
,

# ht o

Of Hom(N
,
M) - Hom(N , M) -HomEN,M") is

exalt for all B-modules N
.

2) M' -> M-M"30 is exact

#

0 - HomJM"
,
N) - Hom (M

,
N] ~HomM ! N)

is exact for all all R modules N

Both are left exact
--

Hom)- NI Covariant HomIN
,
-) is contracerat



For 1) => If not = O then F = 0 since U.

is injective so up injective.

Imu = Kery so volof = 0

=> Imu = Kerx

If gekuv *
= Vog

= 0 g(N) =krv = Imu

SinceU is injective M'Zmu M.

meaning 7 : Imm- > M !. We can

defie f = u oge Hom/N ,
M') .

So Imuy = Kervy exact
.

E



Example If R = K a feld
,
Hom is

exact on
both sides.

o - V- V -V"-O exact

#

0 - How(W ,X -HombuV)
- Hom/W

,
V") to

1S exact # W.

#

o - Hom IV"
,

We Hom , W) -HomIViW)+
is exact #W .

Example In general Hom (M
,
- Datnight exat.

-

on

0- 2 - 2-/- 0

O- Hom(/ · 2)- Hom(EI)-Horn:no
⑪ I xn



Snake Lemma Let
14

X

0 - MEM's 30
f' ↓ of ↓I

o -
NEINESN" -0

be a commutative diagram of

Ses
.

(Rows are
exact and

↑ V = vof a for =of (

then there is a long exact seq
d

O- Kerf' o Kerf "Kerf" cokf
ul Y
- LokfI core" -> O

Proof Define the map
d

.

For X"zkf"
-

* > M" and v is sujective to 7 xM

S .t . V(X) = X Y (f(x)) = f "(V(x)) = 0

f(x) kerv) = Ex) = Imu' so



fex) = u'ly' for y N .

Define

dx" = = y' + (mf Cok(f) .

Must prove d is well-defined
-
-

and exact Diagram
chase.
-

I
Let Let C be some

set of R-

modules and J : C-G some

abelian group
G

.

(ex ) .

* is additive ifH SES

O-M' - M-M" 30 M
,
MIMEC

we have x(y)) - J(M) + 1/M") =0.

E R = KC = finite dim's rector spaces

I = dim



to fl fn+ 1

Proposition 0-Mo- ...Mrs
exact with Mi and Kerfi e CHi

Them [(-1
: ](Mi) = 0

for additive function 1 : C-G.

Pf Split into SES

Of Kerfi -> Mit Kerfitte o
Ni Ni+ 1

x(Mi) = x(Ni) + 1(Nin) and No
,

Nhx= 0 . Upon taking alterating
suns we get 0.


