
Lecture S M
,
N

,
P be R-modules
-

Def f : MXN->D is M-bilinear if
- -

for H xeM the map Ex
: N-P

y
+s + (x

, y)

is R-linear (akamodle homomorphin)
and H yeN fy : M+D is

x +e fix ,y)
R-linear Jaka modila homomoph) .

Tensorduct M
,

N B-modules

= (T
, g) wil

T R-module

g
: MXNET R bilinear St.

1) (universality) I P R-modchen and

f MXN-P R bilinear there

exists f : T-P Molehouphi



MyN
E T

f = fog
bilineer mapevery 11 IlA "factors stops by
T .

Uniqueness) (T, g) . (T1gl both have
the above property 7 unique

j :TT' isomorphion with

gl = jog .

MXN

Pof existence Let C = R ie
.

C = [ii ,yi) (aisB ,Y
u

(x
, y + y)

- (x , y)
- (x , y)) ,

D = <(x + x , y) - (x , y) - (x,y)]
(ax,y)

- a(x
,y) , (x , ay) - a(x , y)



Then T = C/D
.

Tensor Product
--

T is generated by elts
wher :- C

D unte
(x

, y) + xxy ·

T=MON

uniqueness as exercise.

Pop If M
,
N are finitely generate

them so is MQN.

Pot if X
, -Xm generate M and

S

y , -ye generate N then

↳Xyjm generate MON

Find surjective homom : Am
-
MoNi



I. The notation xey
is ambiguous

It really depads in which tensor

Product you are considering it

Example M = 2x =2 =M 2-modules
-

N = N = 2/22

The element 2X E MON is

zero since where X * O EN
.

20r = 2 . ((or) = 102 = 10 =0

BA 2xe M'N' is not

cannot "factor 22 as

r a with rel and a = M =2
·

mess r = El
.

Theckat Prop 2 . 12 and 2.14 of

Atiyah-Macdonald .



Example 2 / */z
= 0

xxy
= 1(xay) = (3 -2)(xay)

= 3(xxy) - 2(x*y) = (3xxy)
- (x*2y)

=

00y
- X00 = 0 .

Question Formulate a general statement
-

2/24/mz ?

Example. 3 REMEM .

y : M - RRM Y' RQM - M

X +10X
rax +> rX .

must verify 4" is a modle homonaphin
Swell-defined)



M ,
N
,
P R-modles :

I MONE NOM Genises
7 R

& -

2) Me(Nep)eMerNMPfR

MilMeN : MNN
I

3) MINORP)E MON)P

Example Tensor of free
modles

Rom por = (Ro-R) (Re
..or)
n

M

= opmn
.

If R = K field V
,

W vector spaces

VOW has basis Seiofj(ei) basis of V
[Fj) basis ofh

ple RexR =free ·

MopR(xT = MOREMOREM



UProperties S

1) R/IQME M/IM =Eaim

2) M/IMORNINE MONORI

3) RopR/fE RYI+J) .

return to /**/me

Proportion M ,
N
,

P R-modules

HomSMEN ,
P) EHom(M

,
HomSN

,P)
g

:MoN-p + f Sit
.

f(m) Hom/N ,
Pl

f(m)(r) : = g(men) .

g(mon) = f(m)in) .-1 f : M - Hom (N,P) .



In fact
,
both sides are canonically iso.

& F : MxN-P/ R-bilinear maps]
.

Pop Right exactress of tensor product

Let M' FiM EsM" -> O be exact

sequence of R-modules and N any

R-module then

(e)
MON MONMON-o
-

is exact. nightside.

Tensor products of maps Given homonaphia
f : M - Mi g

: NeN' Men

fog : MON3M'ON'
montsfimlogsa

is a R-module homomorphism.



Proof nightexactness
-

M-M-M"-O is exact
Suppose X ↓

Then HR-module Q we have

0 - Hom (M", Q)- Hom (M ,
Q) - Hom(Mi,Q)

is exact .

Let & = Hom (N
,
P) #P

.

Using isonaphisin
Hom/M , HomINPS) =Hom/MON,P)

we get :

03 HomMN ,P)-> Hom/MQN ,
P) -Hom/MNR)

is exact for all P.

=> M'QN-MEN3 MON -O is

exact for
any
ND.



SampleORA
PIQM-ROMERAM- 0

R

N2M
is exact

((aem) = am = am M.

↓ (10m) = (1 + F)0m . Esurjective
" easy

to see

KerY = Imp = IM
homomophsin

R/QMEM/IM by
Theorem

Caple explicit failure of left exactress
-⑳

0 + 2 - 2 + /(2) + 0

2↳12) 202/127-2/020
This map becomes

0
.

101 + 201 =

2(101) = (102) =0.


