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Exercises and comments for the course MAT4250 autumn 2013
— Ark1

The book we shall use is : Janusz, Gerald J.: Algebraic Number Fields, 2nd edition
1996. Graduate Studies in Mathematics, Volume 7. American Mathematical Society.
ISBN: 0-8218-0429-4

In principle the curriculum consists of the whole book, but we will see how far we
get. It is better to do things properly than rush through.

Other texts
There are close to infinitely many texts on algebraic numbers, old and new. If you
wander what other texts than the book I use when I prepare the lectures, here are
three. If you want to take a look, you can find them on the net:
Milne, J.S.: Algebraic Number Theory

http://www.jmilne.org/math/CourseNotes/ant.html
Stevenhagen, P.: Number Rings

http://websites.math.leidenuniv.nl/algebra/ant.pdf
Schoof, René: Algebraic Number Theory. Rome, Spring 2003.
http://citeseerx.ist.psu.edu/viewdoc/download?doi=10.1.1.168.6261&rep=rep1&type=pdf

This week (Aug 19–24) and next week (Aug 26–31)
NB: The lecture on Wed Aug �� is moved to Thu Aug �� at 14.15 to 16.00. New
location : Seminar rom B63 (which also is called room 637) in NHA (=Niels Henrik
Abels hus=Matematikkbygningen)

The plans are as follows:
I’ll do some kind of short introduction to the subject with a few examples. Then start
on the book. Section 1 you can read on your own, so I’ll do sections 2, 3 and 4, and
may be I start on section 5 if time allows.

The themes are:
Quadratic fields. There are to main series of examples in Algebraic number theory:
Quadratic fields, i.e., fields of the form Q(

p
d) where one adjoins a square root to the

fields of rationals, and the cyclotomic fields, i.e., the fields Q(⇣) where a root of unity
is adjoined to Q. We need many examples, so this week I shall explain a little about
the quadratic fields.
Integral dependence. Most of this should be old stuff from the course in Commutative
algebra, but it is important so I’ll do it in some detail. Integral closures; rings of alge-
braic integers; integral elements in quadratic extensions.

Dedkind rings. Part of that is also old stuff, but it is really the foundation of the
whole theory, so I’ll do it in detail. By the way, I’ll follow a slightly different approach
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from the one in the book. (Hopefully simpler). The key words are: Local Dedekind
rings(=DVR’s), different characterizations and simple properties. The main theorem
of factorization of ideals in Dedekind rings

Fractional ideals and the Class group. Definitions and simple properties. Invertible
ideals. The main theorem of factorization of fractional ideals in Dedekind rings. The
definition of the class group.

Exercises
These are just a few exercises, more will follow. Recall that a unit in A is just an
invertible element.

Oppgave 1. Show that the group of units in the gaussian integers Z[i] equals µ4 =

{±1,±i} and is isomorphic to Z/2⇥ Z2 X

Oppgave 2. Show that group of units in Z[
p
�5] is Z/2Z = {±1}. X

Oppgave 3. Let ! = exp 2⇡i/3 =

1
2(�1 +

p
3i). Determine the group of units in Z[!].

X

Oppgave 4. Show that the ring Z[
p
2] ha infinitely many different units. Hint: :

Take a look at 1 +
p
2 and 1�

p
2. X

Oppgave 5. The ring Z[
p
�5] is not a ufd: Show that 2 · 3 = (1 +

p
�5)(1 �

p
�5)

is a factorization into different irreducible elements. X

Oppgave 6. Show that we in the ring Z[
p
�5] has the following factoritazion of (6)

into prime ideals:

(6) = (2, 1 +
p
�5)(2, 1�

p
�5)(3, 1 +

p
�5)(3, 1�

p
�5)

X

Oppgave 7. The ring Z[
p
�19] is not a ufd: Show that 5 ·7 = (4+

p
�19)(4�

p
�19)

is a factorization into irreducible elements in Z[
p
�19]. Hint: Use that the norm map

N(a+ b
p
�19) = a2 + 19b2 is multiplicative. X

Oppgave 8. Let A be a ring and S✓A a multiplicative system. Show that there is a
one to one correspondence between prime ideals in A disjoint with S and prime ideals in
the localized ring AS. The correspondence is given by the mutually inverse operations
p ! pAS and p ! p \ AS. X

Oppgave 9. Let A be a ring and M an A-module. Show that the localized module
Mp 6= 0 if and only if Ann(M)✓ p. X
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