
Ark1: Exercises for MAT4270 — Basic definitions. Basic examp-
les.

This sheet concerns the week August 20 to August 24

What I plan to do this week is approximatly the following:
If you want a very short recap of manifolds, smooth maps, tangents and tangent

bundles, I can use some time for that on Friday.
On Wednesday I plan to do: Definition of a Lie group, of a homomorphism og

Lie groups. Translations, first treatment of Lie subgroups. Derivatives and tangent
spaces og groups. Definition of an action on a manifold, and of a linear representation.
First examples: The classical groups: general and special linear groups Gl(n, K),
Sl(n, K ), orthogonal and special orthoganal groups, unitary and special unitary
proups, symplectic groups.

In the beginning, when we basics about Lie groups, I plan to follow (approxi-
mately) the notes of E.P. van den Ban, which you find on the net, with some
minor and a few serious deviations. I shall try to produce readable notes (at least
with a positive probability that you may be able to decipher them).

I also plan to do a second part about representation of compact and finite groups,
and a third part about the classification of complex semi-simple groups, I’ll come
back to the texts for those parts. I am not sure what we will have time to treat —
we shall see.

Exercises

Oppgave 1. Let G be a Lie group and H⊆G a subgroup (just an old fashioned,
abstract subgroup). Show that the closure of H is a subgroup.

Oppgave 2. Show that the closure of an abelian subgroup is abelian.

Oppgave 3. Show that the centre Z(G) = { g ∈ G | gx = xg for all x ∈ G } is a
closed subgroup of the Lie group G.

Oppgave 4. Let b be any non-singular symmetric n× n-matrix. Show that the set
{ a ∈ Mn(K) | a

t
ba = b } form a Lie group by studying the map a �→ a

t
ba. Describe

the tangent space at the unit element.
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Oppgave 5.

a) Show that the orthogonal group O(2) sits in an exact sequence

1 �� S1 �� O(2) det �� µ2 �� 1 ,

where S1 acts on R2 by rotation, i.e., an element e
2πit act as the matrix

rt =

�
cos t − sin t

sin t cos t

�
.

b) Let R be the reflection in the x-axis; i.e., R is represented by the matrix

R =

�
1 0
0 −1

�
.

Show that O(2) = S1 ∪RS1 and that the union is disjoint.

c) Show that R acts on S1 as RrtR = r−t, and hence O(2) is the semi direct product
S1 ×a µ2, where a denotes the action.

d) If R1 and R2 are two (orthogonal) reflection through the lines l1 and l2. Show
that R1R2 is the rotation with an angle 2t where t is the (signed) angle from l2 to
l1.

e) Relate this with the dihedral groups D2n.

Oppgave 6. Show that if N is any odd integer, and G is a Lie group sitting in a
sequence

1 �� S1 �� G �� Z/NZ �� 1

then G � S1 × Z/NZ. Hint: Use that Aut(S1) � µ2.

Oppgave 7. Show that the tangent space to S1 at a point a ∈ S1 is the line given
by az̄ + āz = 0

Oppgave 8.

a) Show that z �→ z̄
−1 is a Lie group homorphism from ψ : C∗ → C∗, whose fixed

points are S1.

b) If a ∈ S1, show that daψ : C → C is the reflection in the line az̄ + āz = 0; hence
that daψ is an anti-linear involution.
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c) Do you know another map C∗ → C∗ shearing these properties (of course the
fixed points may be different)?

(A map α from a complex vector space to it self is anti-linear if it is linear over the
reals and satifies α(zv) = z̄α(v) for all complex z and vectors v. The map α is an
involution if α

2 = id).

Oppgave 9. Let T stand for the space of upper triangular n × n-matrices with
entries in K and all diagonal element equal to one.

a) Show that T is a Lie group.

b) What is the tangent space to T at I?

c) Is T connected? Is T compact?

Oppgave 10. Let T1 be the set of all invertibele, upper triangular n × n-matrices
with entries in K.

a) Show that T1 is a Lie group, and that there is an exact sequence

1 �� T �� T1
�� (K∗)n �� 1.

b) How many connected component does T1 have? (If you are lazy, you are allowed
to assume that n = 3; if you are very lazy, take n to be 2).

Oppgave 11. Let G and H be Lie groups and let φ : G → H be a bijective Lie group
homomorphism. Show that φ is an isomorphism.Hint: Ude a translation argument
and Sard’s theorem to show that φ

−1 is smooth.

Oppgave 12. Let G act on the manifold X, and assume that the action is transitiv ;
i.e., for any couple of elements x, y from X, there is a group element g shuch that
gx = y. For any x ∈ X, the isotropy group Gx is the subgroup of G of elements
fixing x, i.e., Gx = { g ∈ G | gx = x }.
a) Show that any two isotropy groups Gx and Gy are conjugate subgroups.

b) Show — by a translation argument — that the isotropy groups are Lie subgroups
in the strong sens, i.e., they are submanifolds.

Oppgave 13. Show that the real special orthogonal group SO(n) acts transitivily
on the sphere Sn−1⊆Rn, and show that the isotropy groups are all isomorphic to
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SO(n − 1). Pick a point in Sn−1, and use that point and the action to construct a
smooth, surjective and submersive map

SO(n) → Sn−1

with all fibres isomorphic to SO(n − 1). Use induction to show that SO(n) is con-
nected.

Oppgave 14.

a) Show that any element a ∈ Sl(n, R ) can be written in a unique way as a
product a = ct, where c is an orthogonal matrix of determinant one and t and upper
triangular one with positive real numbers on the diagonal. Hint: For the existence
use Gram-Schmidt on the columns of a. For the uniquness use that the only matrix
which is both orthogonal and upper triangular with positive diagonal entries, is the
identity.

b) Show that there is a diffeomorphism Sl(n, R ) � SO(n, R) × RN where N is a
computable number (you are not asked to compute it). Hence Sl(n, R ) has the same
homotopy type as SO(n, R).

Oppgave 15. Let G be a Lie group, and H and K two commuting Lie subgroups
(in the strong sense) such that H ∩K = ∅. Assume that dim H + dim K = dim G.
Show that G is isomorphic to K ×H.
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