
Notes 2 for MAT4270 — Connected components and univer-
sal covers — π0 and π1.

Version 0.00 — with misprints,

Connected components

Recall thaty if X is a topological space X is said to be connected if is not the union
of two disjoin, non empty open subset. If x ∈ X is any point, the the connected
component of x is the largest connected subset of X containing x. As the union
of two connected subset which are not disjoint is connected, the set of connected
components of points in X, form a partition of X.

We are going to see that if G is a Lie-group, then the connected component
where the unit e lives, is a subgroup G0 which is both open and closed, and that the
other connected components are just the cosets of G0. Hence π0G = G/G0, and it
has the structure of a discrete 1 group.

This is a property specific for Lie groups and not sheared by e.g., topological
groups. One of the simpler topological group not being a Lie group, is the infinit
countable product G =

�∞
i=1 Z/2Z. The topology of G is totally disconected, i.e.,

the connected components are all reduced to points, but G is not discrete — e.g., it
is compact being the product of compact spaces (Thykonov’s theorem) and infinit
— so the points are not open. On the other hand, the hypothesis that G be a Lie
group is far to strong. We shall see in a proof that G having an open, connected
neigbourhood of the unit sufficies.

We start with a two lemmas:
Lemma 1 If H⊆G is an open subgroup of a topological group G, then H is also

closed.

Proof: A left coset of H is of form gH = λg(H) and hence open since the translation
λg is a homeomorphism. The complement of H is equal to the union of those cosets
gH not equal to H, hence it is open. ❏

Lemma 2 If U⊆G is an open neigbourhood of e, then the group H generated by U
is open.

1The quotient G/G0 is of course equipped with the quotient topology, the strongest topology
making the projection continuous; i.e., a subset is open precisely when inverse its image in G is.
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Proof: The group H consists of all finite products x�1
1 · · · · · x�k

k
where xi ∈ U and

�i ∈ {±1}. Therefore H =
�

x∈H
xU , which is open since each xU is open. ❏

Proposition 1 If G is a topological group, the the connectected component G0 con-

taining the neutral element e is normal subgroup. If G is a Lie group, G0 is open

and closed, and π0G = G/G0 is a discrete topological group.

Proof: Let V be the connected component of e; i.e., a maximal connected subset
of G containing e. Let x ∈ V . Since the translation λx−1 is a homeomorphism, x−1V
is also a maximal connected subset. The maximal connected subsets of X form a
partition, so any two of them are either equal or disjoint. Now e ∈ V ∩ x−1V , and
therefore V = x−1V . This means that if y ∈ V , then x−1y ∈ V , and V is a subgroup.

Assume now that G is a Lie group. Then G is locally homeomorphic to a vector
space, so e certainly has an open, connected neibourhood U . As G0 is maximal
among the connected sets containing e, the neigbourhood U is contained in G0. By
the lemmas 1 and 2 the neigbourhood U generates a group which is both open and
closed, hence equal to G0.

The statement that G0 is a normal subgroup is proven along the same lines using
that the conjugation map cg(x) = gxg−1 is a homeomorphism: gG0g−1 is a maximal
connected subset containing e, hence equal to G0. ❏

Some times the following proposition is usefull in identifying the connected com-
ponent of the unit, which for short is called the identity component :

Proposition 2 Assume that G and H are a Lie groups of the same dimension and

that H is connected. Assume that φ : H → G is a homomorphism og Lie groups

whose kernel i discrete. Then G0 = φH.

Proof: The kernel being discrete, the derivative deφ : TeH → TeG is injective, and
since the dimension of the two tangent spaces are equal, it is an isomorphism. By the
inverse function theorem φ is therefore locally a diffeomorphism round e, and there
is an open neighbourhood of e in H with φU open in G. The subgroup generated
by U is on the one hand contained in φH, and on the other it is equal to G0 by
the lemmas 1 and 2. Hence G0⊆φH. Since H by assumption is connected, φH is
connected, and therefore G0 = φH. ❏

The knowledge of G0 and G/G0 tells a lot about the group G, but by no means
does it determine G. We have the exact sequence

1 �� G0
�� G

p
�� G/G0

�� 1,
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and there are in general many ways to fill in the middle term even if the two extremal
groups are fixed. Classifying all middle terms goes under name of the extension

problem, and that kind of problem is in general very difficult.
Often — an this is a good thing — there is a copy of A = G/G0 contained in G

as a subgroup and mapping isomorphically onto G/G0. It acts on G0 by conjugation
ca(x) = axa−1 since G0 is normal, but the complication is, that there could be
several possibilities for this action.

Eksample — O(2) A simple example (see also exercise 5 on Ark1) of this nontrivial
behavior is the group O(2) of orthogonal transformations in the plane. The subgroup
of rotations SO(2) = S1 is connected, and the determinant takes values in µ2, so
there is an exact sequence

1 �� S1 �� O(2) �� µ2 �� 1.

This shows that π0 O(2) = µ2 and that the connected component of O(2) is S1. If
R is any reflection and rt denotes the rotations an angle t about the origin, then
RrtR = r−t. This action is nontrivial.

The two groups O(2) and S1 × µ2 have the same connected component and the
same π0, but they are not isomorphic, one being abelian, the other not.

Example — Minkowski space and the Lorentz group O(1, 3) A more ela-
borated example is the following about the Lorentz group O(1, 3) so important in
physics. Recall the Minkowski space being R4 equipped with a symmetric form of
type (3, 1); that is the associated norm (|x| = �x, x �) is given as

�x� = x2
1 − x2

2 − x2
3 − x2

4.

One nice way of realising the Minkowski space is to regard R4 as the space M of
hermitian 2 × 2-complex matrtices, i.e., matrices fullfilling x = x†. Their diagonal
elments are real, and the two entries off the diagonal are conjugate complex numbers.
One may present a hermitian matrix as

x =

�
x1 + x2 x3 + ix4

x3 − ix4 x1 − x2

�
with x1, x2, x3, x4 ∈ R,

the nice thing being that the Minkowski norm is just the determinant:

det

�
x1 + x2 x3 + x4

x3 − ix4 x1 − x2

�
= x2

1 − x2
2 − x2

3 − x2
4.
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Now Sl(2, C ) acts on M , the effect of an element g acting on x ∈ M is x �→ gxg†.
This action preserves the Minkowski norm since det gxg† = det g det g† det x = det x,
and consequently there is a homomorphism

Sl(2, C ) → O(1, 3).

It is not difficult to see that the kernel of this map is µ2 = {±I} — take e.g., x to
be a matrix with one entry equal to one and the others equal to zero — hence there
is an exact sequence

1 �� µ2 �� Sl(2, C ) �� O(1, 3).

Both Sl(2, C ) and O(1, 3) are of dimension six, and Sl(2, C ), being connected, the
connected component of the Lorentz group O(1, 3) is after proposition 2 above the
image of Sl(2, C ) — which as a group is isomorphic to Sl(2, C )/µ2 and normally
denoted by PSl(2, C ).

The universal cover

Recall that any respectable 2 topological space X has a universal cover. That is a
covering map

π : X̃ → X

with X̃ simply connected. Recall that a covering map has the property that any
x ∈ X has a neigbourhood U with π−1U being a disjoint union of open sets each
mapping homeomorphically to U . The map π above is universal in the sense that for
any other map ρ : Y → X where Y is simply connected, there is a lifting ρ̃ : Y → X̃
with πρ̃ = ρ. The lifting is almost unique: Two liftings coinciding in one point are
equal. Hence in a theory involving basepoints, the liftings are unique.

One may prove that if X is a smooth manifold, then there is a unique differenti-
able structure on X̃ with the covering π being a local diffeomorphism. In fact, this
no big deal: Take any coordinate covering Ui of X with sets small enough that π−1Ui

are disjoint union of open sets each mapping homeomorphically to Ui. Pick one of
those open sets, say Vi. The intersection Vi∩Vj is either empty or maps homeomorp-
hically onto Ui∩Uj. Hence composing the coordinates ξ : Ui → U �

i
⊆Rn with π|Vi , one

obtains smooth coordinates on Vj since on the intersections Ui ∩ Uj the transition
functions for X̃ are exactly the same as for X! (There is some transportation up
and down along π, but at the end of the day, they all cancel).

2The precise hypothesis is often cited as connected, locally path-connected and semi-locally simply
connected which is certainly true for connected manifolds which concernes us here.
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Proposition 3 Let G be a connected Lie group and let π : G̃ → G be the universal

cover. Chose a point ẽ ∈ G̃ lying over the unit e ∈ G. Then G̃ has a unique structure

of a Lie group with unit ẽ making the covering map π into a homorphism of Lie

groups.

Proof: We know that G̃ has a manifold structure and that π is smooth, so our task
is to construct the group structure on G̃. Let µ : G×G → G be the multiplication
map µ(x, y) = xy. Composing µ with π × π gives us a map

G̃× G̃
π×π

�� G×G
µ

�� G ,

and as G̃ × G̃ is simply conected, this lifts to a smooth map µ̃ : G̃ × G̃ → G̃ with
(ẽ, ẽ) mapping to ẽ, which for sure is the multiplication on G̃. To verify associativity
one observes that the two maps µ̃(x, µ̃(y, z)) and µ̃(µ̃(x, y), z) both lift the map
µ(πx, µ(πy,πz)), and as they coincide in (ẽ, ẽ, ẽ), they are equal. That arranges
the associativity. The rest of the axioms are without any difficulties verified in an
anloguous way, but we leave that to the industrious student. ❏

Lemma 3 The centre Z(G) of G is a closed subgroup.

Proof: If xi is a sequence from Z(G) converging to x, then gxg−1 is the limit of
gxig−1 = xi by continuity. Hence gxg−1 = x and x ∈ Z(G). ❏

Lemma 4 If H⊆G is a discrete, normal subgroup and of a connected Lie group G,

then H is contained in the centre.

Proof: Chose a point h ∈ H an regard the map g �→ ghg−1. It is a continuous map
from the connected set G to the discrete set H, hence constant. ❏

Proposition 4 Assume that G is a connected Lie group and let π : G̃ → G be the

universal cover. Then the kernel Ker π = π1G is contained in the centre Z(G̃). Hence

π1G is abelian.

Proof: The kernel Ker π is discrete (π being a covering, all fibres are discrete).
Hence by lemma 4 it is contained in the centre. It acts on G̃ with quotient G, and
this characterises the fundamental group. Hence Ker π = π1G. ❏
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Example — S1 The most basic exampel of a universal cover is of course the expo-
nential

exp: R → S1

sending t to e2πit, and it is constituent of the mathematical mother’s milk that this
is a group homorphism.

Example — SO(n). When we talked about the quaternions, we constructed the
fundamental double cover

SU(2) → SO(3),

thus realising the universal cover of SO(3). From this and the basic action of SOn on
the sphere Sn−1, it follows, as we saw, that π1 SO(n) = Z/2Z for all n ≥ 2. Naturally,
this rises the obviuos question: Which group is the universal cover of SO(n)?

The answere is not to find among the groups we have come across so far, but is
the so called spin groups constructed with the help of Clifford algebras. Hopefully
we shall have time to come back to that construction.

Example — O(1, 3) again. If O(1, 3)+ denotes the identity component of the
Lorentz group O(1, 3), then π1 O(1, 3)+ = µ2 and the universal cover is Sl(2, C ).
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