
Notes 7: Finite groups.

Version 0.00 — with misprints,

Basic concepts. In this note G will denote a finite group. We’ll give some of the
most basic results about the theory of complex representations of finite groups, not
sheared by infinite Lie groups.

The group algebra. Concider the group algebra1
K[G] whose elements are formal

complex linear combinations
�

g∈G
agg where ag ∈ K. The elements g ∈ G form by

definition a linear basis for the group algebra K[G], and the dimension of K[G] is
therefore equal to the order |G| of G.

The unit element in the group will always be written as 1 in the algebra, and for
obvious reasons the group G is supposed to be written multiplicatively.

There is a product on C[G], which on basis elements g and h from G is just the
product gh in the group G, and then it is extended to the whole of K[G] by linearity.
The full formula is:

�

g∈G

agg ·
�

h∈G

ahh =
�

x∈G

(
�

gh=x

ahag)x (✧)

There are several remarks to make. First of all, the coefficient being real or
complex numbers is not important in the definition. It works perfectly well with
coefficients from any commutative ring R (of course, associative with 1). The group
algebra is then denoted by R[G]. Different choices of R give group algebras of a
multitude of flavours, a basic choice being the group agebra over the integers Z[G].
Even if R is a field, there are great differences. We’ll explore the differences between
R[G] and C[G] in a few cases.

Secondly, the group algebra is a kind of Janus-head with two faces, and the swap
between is what one could call “the Fourier theory” for finite groups. The group
algebra,as defined above, plays the role of “ a universal algebra of operators”. That
is, any element x ∈ K[G] operates on any G-module. The other face K[G] has, is
that it may concidered as the space of functions on G with values in K, a function a

corresponding to the element
�

g∈G
a(g)g. When the product in the group algebra

1For the moment we do not know that it is an algebra, but in five lines it will be
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is expressed in terms of functions, it becomes the convolusion product :

a � b(x) =
�

g∈G

a(g−1
x)b(g), (★)

(just solve for h in the definition ✧ of the product above) and this makes you think
about Fourier theory.

Thirdly, the group algebra is functorial. Any group homomorphism φ : G → H

extends by linearity to a K-algebra homomorphism K[G] → K[H] which we as well
will denoted by φ.

Example �. — A cyclic group Cn of order n. Let t be a generator for the
cyclic group Cn. Then t

m = 1 if and only if n|m. Hence C[Cn] = C[T ]/(T n − 1)
where the generator t corresponds to the class of T . Since we may factor T

n−1 over
the complex numbers as T

n − 1 =
�

n−1
k=0(T − ξ

k) where ξ is a primitive n-th root of
unity, e.g., ξ = e

2πi/n, the group algebra splits as a product of n copies of C, i.e.,

C[Cn] =
n−1�

k=0

C[T ]/(T − ξ
k) =

�

0≤k<n

Lk.

The generator t acts as multiplication by ξ
k in the corresponding factor, which

explains that the factors are the representations Lk we saw earlier.
Over the reals the situation is slightly of another flavour. Still there is the de-

scription R[Cn] = R[T ]/(T n − 1), but when it comes to the factorisation of T
n − 1,

thing are different. The polynomial T
n− 1 splits as a product of irreducible quadra-

tic factors, one for each conjugate pair of roots ξ
k and ξ

−k, and one or two linear
factors depending on the parity of n:

(T n − 1) = (T − 1)(T + 1)�
�

0<k<n/2

(T 2 − 2 cos(2πk/n)T + 1)

where � = 0 if n is odd and � = 1 if n is even.
This gives the corresponding decomposions of the group algebra:

R[Cn] = R⊕ �R− ⊕
�

0<k<n/2

Rk.

In both cases Rk denotes as usual the representation of Cn on R
2 that rotates R

2

with an angle of 2πk/n in positive direction, and R− is the representation where the
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generator acts as multilication by −1 on R, corresponding to rotation by the angle
π.

If the base field is the field Q of rational numbers, the flavour becomes distinc-
tively of another sort. Then the irreducible factors of T

n − 1 are the cyclotomic
polynomials, We do not intend to dive into that material here, but for example, if
n = p is a prime, T

n − 1 = (T − 1)(T p−1 + · · · + T + 1) and T
p−1 + · · · + T + 1 is

irreducible, so Q[Cp] = Q⊕Q(ξ), where Q(ξ) is the p-th cyclotomic field. ❅

The regular representation. The group G acts on K[G] by left multiplication,
and that representation is called the regular representation. Its character is denoted
by χreg. The regular representation is just the permutation representation coming
from the action of G on it self by left multiplication. We saw in example 11 on page
17 in note six, that for a premutation representation K[X] induced by the action of
G on a set X, the trace of a group element g, is the number of the fixed points g

possesses in X. But in our case, the equation gx = x has no solution unless g = e,
and in that case any x ∈ G satisfies it. Hence

χreg(g) =

�
0 if g �= e

|G| if g = e.

This enables us to say something about the decomposition of C[G] into irreducible
components:
Proposition 1 Let G be a finite group. Then the multiplicity of a complex, irredu-
cible representation V in the regular representation C[G] is equal to dim V . In other
words:

C[G] �
r�

i=1

(dim Vi)Vi.

where V1, . . . , Vr is a set of representatives for the isomorphism classes of the complex
irreducible G-modules.
Proof: Let V be an irreducible G-module and denote by nV the multiplicity it has
in the regulaer representation. We use proposition 8 on page 19 in Notes 6, and in
the expression there for nV , the only non-zero contribution is from the term with
g = e:

nV = �χV , χreg � =
1

|G|
�

g∈G

χ
V
(g)χreg(g) =

1

|G| dim V · |G| = dim V.

❏

— 3 —
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Corollary 1 |G| =
�

i
(dim Vi)2

There is a more intrinsic description of the isomorphism in the proposition 1
above. In fact, for any G-module W the group algebra C[G] maps naturally to
EndC(W ) — just by letting g acty as g, so to speak — or more formally, if ρ : G →
Gl(W ) is the group homomorphism defining the representation, ρ extends by linarity
to a homomorphism ρ : K[G] → EndC(W ), i.e., ρ(

�
agg) =

�
agρ(g).

Taking the product over the representatives V1, . . . , Vr of the irreducible modules,
we obtain an algebra homomorphism

E : C[G] →
�

i

EndC(Vi).

Any element g ∈ G different from e, acting non-trivially on C[G], acts non-trivially
on at least one irreducible G-module. It follows that E is injective, and by corollary
1 the dimensions of the to algebras are the same, hence E is an isomorphism. We
have proven

Proposition 2 The natural C-algebra homomorphism

E : C[G] →
�

i

EndC(Vi)

is an isomorphism.

Example �. — Commutative groups once more. The algebra EndC(Vi),
which is just isomorphic to a matrix algebra of dim Vi × dim Vi-matrices, is commu-
tative if and only if dim Vi = 1. We have allready seen that if the group G is abelian,
any complex, irreducible representation of G is one-dimensional. Now we can prove
the inverse:

Proposition 3 The finite group G is abelian if and only if every complex, irreducible
representation is one-dimensional.

Proof: The group G is abelian if and only if the group algebra C[G] is abelian,
and since C[G] �

�
i
EndC(Vi), this is the case if and only if all the EndC(Vi) are

abelian, that is, if and only if for all i we have dim Vi = 1. ❏

❅
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Classfunctions and the centre of C[G]. Recall that a class function on G is a
function f : G → C such that f(hxh

−1) = f(x) for all x and h from G. In other words
it is a function that is constant on the conjugacy classes. An important property of
class functions, is that the corrsponding element

�
x∈G

f(x)x in the group ring is
central in K[g] — that is, it commutes with every other element. And the converse
also holds true:

Proposition 4 Let f : G → K be a function. Then the the element
�

x∈G
f(x)x is

central in K[G] if and only f is a class function.

Proof: Indeed, we have the equality

h(
�

x∈G

f(x)x)h−1 =
�

x∈G

f(x)hxh
−1 =

�

y∈G

f(h−1
yh)x

where x and y are related by y = hxh
−1. Hence, as the elements of G are linearly

independent in the group algebra K[G], we get that we have the the equality

�

x∈G

f(h−1
xh)x =

�

x∈G

f(x)x

if and only if f(h−1
xh) = f(x) for all x ∈ G, that is if and only if f is a class

function. ❏

This enables us to find bases for the centre of C[G]. Let χ1, . . . ,χr be the irre-
ducible characters of G. That is the characters of a set of representatives V1, . . . , Vr

for the isomorphism classes of the irreducible G-modules.
The characters are class functions, by one of the realy fundamental properties

of the trace, an the irreducible they are orthogonal with respect to the L
2-inner

product. Therefore span a linear subspace of C[G] of dimension r. On the other
hand the group algebra C[G] is the direct product of r matrix algebras, each having
a one-dimensional centre, so the centre of C[G] is r-dimensional. The conclusion is

Proposition 5 The irreducible, complex characters χ1, . . . ,χr form a basis for the
vector space of complex class functions on G. The elements

�
x∈G

χi(x)x for 1 ≤
i ≤ r form a basis for the centre of C[G].

Corollary 2 There are as many complex, irreducible representations of G as there
are conjugacy classes.

— 5 —
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Finding the isotypical components For every irreducible representation V of
G, or more precicely any isomorphism of such a representation, there is a universal
idempotent κV ∈ C[G] associated to V . It has the property that for any representa-
tion W of G, the projection onto the isotypical component of W corresponding to
V is given as κV |W , hence κV merits the praising label universal.

Recall the notaton κV |W . It means the endomorphism ρ(κV ), where ρ : C[G] →
End(V ) is the map extended by linearity from the “action homorphism” ρ : G →
Gl(V ).

The idempotent κV is given by the expression

κV =
dim V

|G|
�

g∈G

χ
V
(g)g, (✭)

and the task to accomplish is to check that κV |W = 0 if W is an irreducible not
isomorphic to V , and that κV |V = idV .

Now, χ
V
(g) is a class function and therefore is central in C[G] by the above re-

mark. By Schur’s lemma, κV must act on an irreducible W as a scalar multiplication,
say by λ. Then tr κV |W = λ dim W . On the other hand,

λ = dim V
−1 tr κV |W = |G|−1

�

g∈G

χ
V
(g) tr(g|W ) = |G|−1

�

g∈G

χ
V
(g)χW (g).

By the fundamental orthogonality relation of the characters, λ = 0 if W �� V and
λ = 1 if W � V , which is exactly what we were to show.

A divisibility restriction. There is an obvious basis for the class functions, name-
ly the characteristic functions of the conjugacy calsses, which by many people are
called the indicator functions. The characteristic function of a conjugacy class is ob-
viously constant on the conjugacy classe, hence a class function. The corresponding
central element in the group algebra C[G] is kC =

�
x∈C

x. We have:

Proposition 6 The elements kC =
�

x∈C
x, where C runs through the conjugacy

classes of C, form a basis for the centre of C[G].

We shall exploit this basis to prove another strong restriction on the dimensions
of the irreducible representations, namely that they all must divide the order of the
group. For any conjugacy class C, we let hC denote the number of element it has.

We start with the following proposition

— 6 —
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Proposition 7 Let V be an irreducible representation of G and let g ∈ G be an ele-
ment having h differenet conjugates, then the number χV (g)h/dim V is an algebraic
integer.

Proof: There are two basic observations in the proof. The first is that given the
irreducible representation V of G (which is fixed throughout the proof), then kC |V
is a scalar multiplication after Schur’s lemma, say by λC . Hence the formula

tr kC |V = hC tr g = λC dim V

where g ∈ C is any element. It follows that

tr g =
λC

hC dim V
,

and we will be through if we show that λC is an algebraic integer.
The second observation is that the products kC · kC� are in the centre of K[g] as

well. Therefore, since the kC ’s form a basis for the centre, we may write down the
relations in C[G]of the type

kCkC� =
�

D

M
D

C,C�kD, (✮)

where the summation index D runs over the set of conjugacy classes. The coefficients
M

D

C,C� are a priori complex numbers, but in fact they are integers. This holds true
since M

D

C,C� equals the number of different ways an arbitrary, but fixed element in
D, can be written as a product of elements in C and C

�.
When both sides of ✮ are applied to the irreducible G-module V , the equation

✮ transforms into

λCλC� =
�

D

M
D

C,C�λD.

Or, with a slight reformulation and C
� being fixed, it takes the form of a homogeneous

linear system of equations:

�

D

(δD,C�λC −M
D

C,C�)λD = 0,

where the running indices of the system is C and D – each taking on r differenet
values — and δD,C� is an apdapted Kronecker-delta, being one when D = C

� and
otherwise zero.

— 7 —
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In the equations above not all λD = 0 since χV (e) = dim V > 0. It follows that
the determinant det(δC,C�λC −M

D

C,C�) = 0, and this shows that λC is the root of a
monic polynomial in with integral coefficients. Hence it is an algebraic integer. ❏

Here comes the announced restriction on the dimension of an irreducible repre-
sentation:

Corollary 3 Let G be a finite group and let V be a complex, irreducible representa-
tion of V . Then dim V divides the order |G| of the group.

Proof: We start with the ubiquious

|G| =
�

g∈G

χ
V
(g)χV (g) =

�

C

hCχV (gC)χ
V
(gC)

where in the second term we sum over all conjugacy classes C and where we have
picked one element in gC in each class. This gives

|G|
dim V

=
�

C

hCχV (gC)

dim V
χ

V
(gC)

where each term in the sum is an algebraic integer; hCχV (gC)/dim V by the propo-
sition and χ

V
(gC) because it is a sum of roots of unity.

Hence |G|/ dim V is an algebraic integer, and in addition being rational, it is an
integer. ❏

Orthogonality relations and the representation table. We have seen that
the number of different irreducible characters and the number of conjugacy classes
in a finite group are the same.

So it is very natural to introduce the r × r matrix A, where r is this common
number, with rows indexed by the different irreducible characters, say χ1, . . . ,χr,
with columns indexed by the r conjugacy classes C1, . . . , Cr, and whose entry at the
crossing of row i and column j is the value of the i-caharacter on the j-conjugacy
class. This matrix is called the representation table — the name dating back to a
pre-matrix area when tables were tables — and contains an awfull lot of information
about the group and its representations.

By a common convention we assume that χ1 is the trivial character and that
C1 = {e}.

— 8 —
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We’ll also singel out one element gi from each conjugacy class Ci. Then

A = (aij) = (χi(gj)).

We need som more notation. We let n = |G| and let hi = #Ci be the number
of elements in the conjugacy class Ci. Then hi = n/|CG(gi)|, where CG(gi) is the
centraliser of gi in G.

The fundamental orthogonality relation that we proved in xxx says that �χi, χj � =
δij, which in our present setting reads follows:

1

n

r�

k=1

hkχj
(gk)χi(gk) = δij. (✢)

We can interpret these relations as an identity of matrix products. Indeed, if we
introduce the matrix B = (hiχj

(gi)), the orthogonality relation ✢ can be expressed
as the matrix equation

AB =
�
χi(gj)

��
n
−1

hiχj
(gi)

�
= I,

but then by MMM we know that

BA =
�
n
−1

hiχj
(gi)

��
χi(gj)

�
= I.

Writing this out, we obtain the following relation:
r�

k=1

n
−1

hiχk
(gi)χk(gj) = δij

or
r�

k=1

χ
k
(gi)χk(gj) = nh

−1
i

δij

We sum up:

Theorem 1 Let G be a finite group. Let χ1, . . . ,χr be the different characters and
C1, . . . , Cr the different conjugacy classes of G. Chose an element gi from each Ci.
Then we have the two orthogonality relations

r�

k=1

hkχj
(gk)χi(gk) = nδij

r�

k=1

χ
k
(gi)χk(gj) = nh

−1
i

δij

— 9 —
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Examples Example �. — The dihedral groups D2n. Recall that the dihed-
ral group D2n is the group of isometries of a regular plane n-gone. There are two
generators, a rotation ρ that rotates the n-gone an angle of 2π/n and a reflection σ

reflecting the plane through the x-axis. The matrices in standard basis are
�

cos 2π/k − sin 2π/n

sin 2π/n cos 2π/n

�
σ =

�
1 0
0 −1

�

The fundametal relations in D2n is in addition to ρ
n = 1 and σ

2 = 1 that

σρσ = ρ
−1

.

The rotations form a normal subgroup A⊆D2n generated by ρ and this is the kernel
of the determinant det : D2n → µ2. Hence there is the exact sequence

1 �� A �� D2n

det �� µ2 �� 1

Every element in D2n can be written uniquely as σρ
k with 0 ≤ k < n, and the

multiplication is determined by σρ
k = ρ

−k
σ.

W’ll cescribe all irreducible representations of D2n anf find the representation
table. There is a significant difference between the even and the odd case, and w’ll
treat them separetly beginning with odd case which is simplest.

So assume that n is odd. Since σρ
k
σ = ρ

−k, there are (n−1)/2 conjugacy classes
{ρk

, ρ
−k} each with two members. Further on σρ

k = ρ
−a

σρ
a where a is a solution

to the conguence equation k ≡ 2a mod n, which can be solved since, n being odd,
2 is invertible mod n. Then of course there is trivial conjugacy class {1}.

So what are the representations? We know there are (n− 1)/2 + 2 = (2n + 3)/2
of them.

Two come for free, the trivial one, anf the one given by the determinant. For the
rest, they are best treated as what is called induces representations from the group
A, so this is a very good introduction to the induced representations.

We start by analysing a representation V of D2n of dimension two. Ther is a
subspace W⊆V invariant under the cyclic group A, and as a A-module, it is one of
the Lk. That is the generator ρ acts as multiplication by ξ

k.
Now we claim that σW also is invariant. ❅

Example �. — The quaternion group Q8. Let e1, e2 and e3 = e1e2 be three
orthogonal purely imaginary quaternions. Then the subset Q8 = {±1,±e1,±e2,±e3}
of the quaternion algebra H is closed under multiplication and therefore is a group
of order 8. It is called the quaternion group of ordeer 8.

— 10 —
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{1} {−1} {e1,−e1} {e2,−e2} {e3,−e3}
1 1 1 1 1

χ1 1 1 1 -1 -1
χ1 1 1 -1 1 -1
χ1 1 1 -1 -1 1
χ 2 -2 0 0 0

Tabell 1: The reprentation table of Q8

The centre of Q8 is the subgroup {±1} of order two, and there is a central
extension

1 �� {±1} �� Q8
π �� µ

2
2

�� 1. (✫)

Indeed, the ei-s commute modulo the centre, so there images in the quotient Q8/{±1}
form a Klein four group µ

2
2.

There are five conjugacy classes in Q8. The two trivial ones {1} and {−1} and
three twins {ei,−ei} for i = 1, 2, 3 — one sees that −ei = eieiei, so ei and −ei are
conjugate, and if i �= j, ±ei and ±ej anti-commute whereas ei commute with it self,
so ej is not conjugate to ei.

From the sequence ✫ we get for free four different one-dimensional representa-
tions of Q8. They are just as the composition of the projection π with the four
different maps µ2 → C. One of these is the trivial representation , given by the
map sending all of µ

2
2 to one. The three others are determined by chosing one of the

ei-s to be sendt to 1 and the two others to −1, hence the corresponding character χi

of Q8 is given by χi(ei) = 1 and χi(ej) = χi(ek) = −1. Of course χi(−1) = χi(1) = 1.
This accounts for four of the five irreducible representations. The fifth, whose

character we denote by χ, must be of dimension two to make the square sum of
the dimensions equal to 8. The regular representation vanishes on the non trivial
conjugacy classes, and χreg(ei) = 1+

�
χj(ei)+2χ(ei) but among the χj(±ei) there

are two equal to −1 and one to 1, hence χ(ei) = 0. In a similar way,
�

χj(−1) = 3,
so χ(−1) = −2,

Indeed, we have allready come across the fifth representation. Recall the three
Pauli spin matrices

σ1 =

�
i o

0 −i

�
σ2 =

�
0 1
−1 0

�
σ3 =

�
0 i

i 0

�
.

One easily verifies that they all three are of square minus one and that they anti-

— 11 —
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commute. Hence letting ei act on C
2 by σi we obtain a representaion of Q8 with the

character χ.
Hence the complex group algebra C[G] decomposes as

C[G] = 4C⊕M2(C).

Let us also remark that the three one dimensional representations χi are real,
but that χ is not. It is instuctive to compare this to the situation over the reals.
Recall the action of Q8 on the quaternion algebra H by right multiplication. That
representation is real, and it is irreducible. Indeed if W⊆H is invariant, W · H⊆W

since the elements in Q8 are algebra generators for H, but then it follows that W = H

by the simple fact that there are invertible quaternions! Furthermore EndQ8
(H) = H,

with H operating from the left.
Hence the real group algebra R[Q8] decomposes as:

R[Q8] = 4R⊕H,

indeed there is no room for more than one copy of H. This also shows that represen-
tation given by the Pauli spin matrices is not real; Q8 has no two dimensional real,
irreducible representation. ❅

Example �. — The dihedral group D8. We’ll study the dihedral groups more
in detail later, but it is wortwhile to do the one with 8 elements separately, because
it has a character table identical to the one of Q8!

So D8 has two generators ρ and σ with ρ
4 = 1 and σ

2 = 1. The defining relation
is σρσ = ρ

−1 = ρ
3. Furtheremore ρ

2 = −1, and the centre of D8 is {±1}.
Hence there is a central extension:

0 �� {±1} �� D8
�� µ

2
2

�� 0 (✥)

which is amazingly similar to the central extension ✫ involving Q8. When we deter-
mined the character table of Q8, the only thing we used was the central quotient µ

2

and general theory, so obviuosly because of ✥ we must get the same table as for Q8!
It follows that the complex group algebras are isomorphic, but there is distinction

over the reals. The “fifth” representation of D8 of dimension 2 and with the character
χ is real, where as the one for Q8 is not. Indeed, it is the point of departure for the
diahedral group, the representation on R

2 by rotation and reflection! (Check the
character!). So the real group algebra R[D8] is different from R[Q8] and decomposes
as

R[D8] = 4R⊕M2(R)

❅

— 12 —
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Induced representations. The setting of this paragraph is as follows: We are give
a finite group G and a subgroup H⊆G. And the ground field is as usual denoted by
K, standing for either R or C.

Since H is a subgroup of G, if G acts on a vector space V , then of course H also
does. To be precise, if the action G is given by the homomorphism ρ : G → Gl(V ),
then the action of H is just given by the restriction ρ|H of ρ to H. This obviously
defines a functor of the forgetfull sort:

resG

H
: RepKG → RepKH.

In this process the vector space V does not change, neither any of maps or
anything else of the linear algebra involved. So the functor is clearly additive (i.e.,
takes direct sums to direct sums), takes exact sequences to exact sequences and
commutes with the formation of tensor products.

The terminology is as usual florishing. There are notational variants like V |H
and VH , and we’ll from time to time drop the super- and sub-script refering to the
two groups and only write res V .

The restriction functor resG

H
also depends functorially on the groups, in the sense

that if K⊆H is a subgroup of the subgroup H⊆G, then

resG

K
= resH

K
◦ resG

H
.

There is — in our case where the groups are finite — a very nice functor the
other way called induction:

indG

H
: RepKG → RepKH,

It is defined in the following way using the tensor product. The group algebra K[H]
is a subalgebra of K[G], and we may thus regard K[G] as a right K[H]-algebra and
define

indG

H
W = K[G]⊗K[H] W.

The reason we want K[G] to be a right K[H]-module is the relation gh⊗w = g⊗ hw

for g ∈ G, h ∈ H and w ∈ W . Extended by linearity, it enables us to freely move
elements from K[H] across the the tensor symbol, but like renegates, from a right
position to a left position.

Clearly indG

H
is a functor. It is additive and exact, and it depends functorially

on the groups in the sense that

indG

K
= indH

K
◦ indG

H

— 13 —
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whenever K⊆H⊆G is a tower of subgroups. This follows from the very general
fact that A⊗B B⊗C M = A⊗C M where A is B-algebra is a C-algebra and M any
C-module.

Example �. — The dihedral group D2n. Let G = D2n be the dihedral group.
It has two generators, the rotation ρ of order n, and the involution σ. The defining
relations for D2n is σρσ = ρ

−1 in addiition to ρ
n = 1 and σ

2 = 1 Wev let A⊆G be
the subgroup generated by ρ. It is a cyclic group of order n.

Recall that for any p ∈ Z/nZ the cyclic group A has the complex representation
Lp. They are all of dimension one, and ρ acts as ρ · v = ξ

p
v, where ξ is a primitive

n-root of unity.
Then the induced module indG

A
Lp can be described as follows: Equip the A-

module Lp ⊕ L−p with the action of σ defined by σ(x, y) = (y, x). The action of A

is of course ρ(x, y) = (ξp
x, ξ

−p
y). W’ll identify Lp with the subspace Lp ⊕ 0⊆V of

V and L−p with the subspace 0⊕ L−p. The σLp = L−p.
We have

ρσ(x, y) = ρ(y, x) = (ξp
y, ξ

−p
x) = σ(ξp

x, ξ
−p

y) = σρ(x, y)

so this is indeed a G-module, the actions of ρ and σ respecting the defining relations
of G.

Let’s check that C[G]⊗C[A] Lp � V . Indeed since elements in G either are of the
form σρ

i or ρ
i for some integer i, the elements σ⊗ 1 and 1⊗ 1 constitute a free

basis for C[G] as a module over C[A]. So C[G]⊗C[A] Lp � (1⊗ Lp) ⊕ (σ⊗ Lp), and
sending the first summand to Lp⊆V and the second to L−p⊆V gives us the desired
isomorphism.

The difference between the even and odd case. It is worthwhile remarking
that there is a significant difference between the case of n being odd and n being
even. As long as p �≡ −p mod n, the module indD2n

A
Lp = Lp ⊕ L−p, is irreducible.

Indeed, in that case Lp and L−p are not isomorphic as A-modules, so if W⊆Lp⊕L−p

is nontrivial, proper and invariant subspace and maps surjectively to say Lp, it must
map to zero in L−p by Schur’s lemma, and therefore is contained in Lp. Hence it is
not invariant.

If on the contrary, n = 2p, then indD2n
A

Lp = Lp ⊕ Lp decomposes. Indeed, let
v+ = (1, 1) and v− = (1,−1), then the subspaces V+ = Cv+ and V− = Cv− are
invariant , so indD2n

A
Lp decomposes as V+ ⊕ V−.

On V+ the element σ acts as the identity and ρ as multiplication by −1, and on
V− both σ and ρ acts as multiplication by −1 ❅

— 14 —
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A basic basis. There is a general lesson to be learned from this example. Let
σ1, . . . ,σr denote representatives of the different left cosets of H in G. That is
G/H = {σ1H, . . . , σrH}. Then

Lemma 1 σ1, . . . ,σr is a free basis for K[G] over K[H].

Proof: If g ∈ K[G] it lies in one of the cosets hence g = σih for some i and some
h ∈ H. This shows that the σi’s generate. The maximal dimension K[G] can have,
being generated by r elements over K[H], is r dimK K[H], and this maximum occures
precisely when σ1, ..,σr is a free basis (e.g., take a look at the map

�
r

i=1 K[H] →
K[G] sending (xi, .., xr) to

�
σixi).

On the other hand, dimK K[G] = |G| = r|H| = r dimK K[H] by elementary group
theory, and we are done. ❏

Corollary 4 For any H-module W , the induced module indG

H
W = K[G]⊗K[G] W

has a decomposition as a direct sum of H-modules

K[G]⊗K[H] W =
r�

i=1

σi⊗W

Proof: This follows since K[G] is a free module over K[H] with basis σ1, . . . ,σr. ❏

Frobenius reciprocity There are two canonical maps that we shall use to show
this. Assume first that W is an H-module. There is the simple map of H-modules

ιW : W → K[G]⊗K[H] W = resG

H
indG

H
W

sending w to w⊗ 1. On the other hand, for any G-module V , there is a very natural
map of G-modules

πV : indG

H
resG

H
V = K[G]⊗K[H] V → V

which we define by sending g⊗ v to gv and then extend by linearity.
A pair of maps like that, is what it needed for the two functors to be adjoint:

Proposition 8 Assume that H⊆G is a subgroup and that V and W respectively is
a G-modulee and an H-module. The there are are isomorphisms of vetorspaces

θV,W : HomH(W, resG

H
V ) � HomG(indG

H
W,V )

functorial both in W and in V .
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Proof: The map θ is defined as follows. Given a map φ : W → res V , we send it to
the composition πv ◦ ιW :

ind W
ind φ

�� ind res V
πV �� V.

This might appear as a smokescreen for many, so let us explain the simple facts it
boils down to when the lavish terminology is stripped off. The sequence above reads

K[G]⊗K[H] W
�� K[G]⊗K[H] V

πV �� V

where the first map is g⊗w �→ g⊗ φ(w) and the second just πWV , so the composition
is g⊗w �→ gφ(w).

There is a map the other way around. Given a map ind W → V we send it to
the composition

W
ιV �� res ind W

res ψ
�� res V

which in cleartext reads

W �� K[G]⊗K[H] W
�� V

where the first map is w �→ 1⊗w and the second sends g⊗w to ψ(g⊗w). One
checks that these two constructions are reciproque. ❏

Corollary 5 (Frobenius reciprocity) If χ and ψ are characteres of G and H-
modules respectively, we have

�
χ, resG

H
ψ

�
=

�
indG

H
χ, ψ

�

Proof: We have for any group K and any representatios A and B that

dim HomK(A, B) = �χA, χb � ,

the corolary follows from the proposition. ❏
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The character of the induced representaion There is a formula for the
value at g of the character of an induced representation indG

H
W in terms of the

character of W and the relation between the conjugates of g and H.
For any class function χ on H, we define a class function χ̇ on G by

χ̇(x) =

�
0 x �∈ H

χ(x) x ∈ H
.

With this notation we have

Proposition 9 Let H⊆G be a subgroup of the finite group G and let W be an H-
module. Then the chatacter of the induced representaiton V = indG

H
W is given by

the formula

χV (g) =
1

|H|
�

x∈G

χ̇V (xgx
−1)

Proof: Let g ∈ G. Our task is to compute the trace tr(g|V ). Since V =
�

σi⊗W ,
the matrix of g has block structure as shown in figure 1 the blocks being indexed by
(i, j). 2

To discribe the action of g, fix an index i. The product gσi may be written as
gσi = σjh for some j and h ∈ H. Then g maps σi⊗W into σj ⊗W and the mapping
is σi⊗w �→ σj ⊗ h(w).

This signifies that the basis vectors in σi⊗W all ends up in σj ⊗W , so the
corresponding columns in the matrix have zeros everywhere except in the block
indexed by (i, j), and that block is filled with the matrix of h,

If i �= j, this block stays away from diagonal (like the yellow block in figure 1)and
does not contribute to the trace. If i = j, it is a diagonal block (like the blue one
in figure 1) and contributes, the contribution being the trace of the block, which is
just tr h.

The condition i = j is the same as gσi = σih, so σ
−1
i

gσj ∈ H, hence

tr(g|V ) =
r�

i=1

χ̇W (σ−1
i

gσi) =
1

|H|
�

x∈G

χ̇W (x−1
gx)

The last equality is true since if σ
−1
i

gσi ∈ H then (σix)−1
g(σix) = x

−1(σ−1
i

gσi)x ∈
H for all x ∈ H, and as the character χW takes the same value on conjugate elements,

2We have chosen a basis wk for W , which we do not want to mention, and uses the basis σi⊗ wk

for V .
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σ1⊗W

σ2⊗W

σ3⊗W

σ4⊗W

σ5⊗W

σ1⊗W σ2⊗W σ3⊗W σ4⊗W σ5⊗W

Figur 1: The block structure of the matrix of g.

the contributions from the |H| elements (σix)−1
g(σix) are all equal to χW (σ−1

i
gσi).

❏

Versjon: Tuesday, October 2, 2012 5:30:02 PM
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