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The basic theory of Lie groups can naturally be divided in two parts. One
where the machinery from group theory is “redeveloped” in a differentiable
setting. Ideally we want to have subgroups and quotients in the category of Lie
groups, as well as kernels and images. And of course, we want all that stuff
so important for understanding and working with ordinary groups — like
the centre of a group, normalizers, centralizers, conjugation and conjugation
classes etc — to be available in the category of Lie groups. Finally, some of the
topological properties of Lie groups belong here, like the household accounts
of the connected components and the coverings (that is π0 and π1).

The second part is concerned with “the tangent behavior” of Lie groups
and the maps between them. We shall set up the functorial correspondence
between Lie groups and Lie algebras and show the main properties it enjoys,
e.g., this functor is close to being an equivalence of categories. Another basic
task is to construct the exponential map and establish its properties; to mention
one of these, the Baker-Campbell-Hausdorff formula. This part of the theory
really lies at the heart of the theory of Lie groups.

The basic theory also includes a series of examples, or may be one should
rather say the study of a bunch of specific Lie groups, as they are more than
mere examples. They form an important part of the theory. In many applica-
tions one single or a few specific groups play a major role (like U(1)× S1U2×
S1U3 which is very popular among many physicists, or Sl(2, R) the favorite
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of many mathematicians). For us, as a starter, this menagerie will include the
general and special linear groups, the different orthogonal groups, the unitary
groups and the symplectic groups, and of course, the abelian ones.

1.1 Basic definitions

The kind of groups we shall study are groups with a marriage between the
groups structure and another geometric structure.

If G is a group we introduce the notation µ : G × G → G for the multi-
plication map and ι : G → G for the group inverse so that µ(x, y) = xy and
ι(x) = x−1. The unit element will be denoted by e.

If G is endowed with a topology such that both maps µ and ι are continuous,
we say that G is a topological group; strictly speaking, both the topology and the Topological groups
group structure are parts of the structure as a topological group. Naturally, a
continuous group homomorphism is said to be a map of topological groups.

If G is a manifold and µ and i both are differentiable maps, we say that G
is a Lie group; again both the manifolds structure and the groups structure are Lie groups
parts of Lie group structure. A homomorphism between two Lie groups that is
differentiable, is map of Lie groups or a Lie group homomorphism. The set of Lie Lie group homomorphism
group homomorphisms from H to G will be denoted by HomLieGr(H, G)

The topological groups form a category TopGr and the Lie groups a category
LieGr.

(1.1) Sometimes the map ν : G × G → G given as ν(x, y) = xy−1 turns out to
be useful. It holds true that ν is smooth (resp. continuous) if and only µ and
ι are smooth (resp. continuous). Indeed one recovers ι from ν by restricting it
to e× G, so ι is smooth (resp. continuous) when ν is Subsequently, one notices
that µ = ν ◦ idG × ι, so µ is smooth (resp. continuous) as well.

An immediate use of the map ν is the following:

Lemma 1.1 The topological group G is Hausdorff if and only if e is a closed point.

Proof: Points in Hausdorff spaces are closed, and that takes care of one of the
implications. So assume that e is closed. Consider the map ν : G× G → G with
ν(x, y) = xy−1. The fibre over the unit element of the map ν is the diagonal
∆ = { (x, x) | x ∈ G }. Hence ∆ is closed if e is, and G being Hausdorff is
equivalent to ∆ being closed. o
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Example 1.1. Examples abound. The additive groups of any topological field
is (by definition) a topological group. For the fields R and C they are Lie-
groups as well, since obviously x + y and −x are smooth maps, but the field
of rational Q is merely a topological group, and there are more sophisticated
examples like the p-adic fields Qp. Similarly the groups of invertible elements
K∗ form topological groups, and in the case of R and C we have Lie groups R∗

and C∗. K

Example 1.2. The “mothers of all Lie groups” (to use a hackneyed expression)
are the general linear groups Gl(n, K), where K either stands for R or C. They
consist of the invertible n × n-matrices with entries in K, and are manifolds
since they are open1 sets in the linear space Mn(R) of all n× n-matrices. 1 The complement is the locus where

the determinant vanishes.Matrix multiplication is obviously smooth, the entries of AB being quadratic
polynomials in the entries of A and B. Inversion is slightly more complicated,
but A−1 = (det A)−1 A† where A† is the cofactor matrix of A whose entries are
the maximal minors of A, hence they are polynomials in the entries of A. K

Example 1.3. Any group equipped with the discrete topology is a topological
group (all maps are continuous), but unless they are countable, they are not Lie
groups, since the underlying topology of a manifold is required to be second
countable2; but any finite discrete group and any countable discrete group is a 2 This means that there is countable

basis for the topology.Lie group. K

Direct products

If G and H are two topological groups their direct product equipped with the The direct product
product topology, will be one as well. If the two are Lie groups, their product
will be a Lie group, of course when endowed with the product manifold struc-
ture. This is easily seen by considering the diagram in the margin where s is
the map swapping the two middle factors. This swapping map is obviously
continuous or differentiable in the case of Lie groups. A similar consideration
(left to the students) yields that the inversion map ι is continuous or differenti-
able.

G× H × G× H

µG×H
''

s

��

G× G× H × H
µG×µH

// G× H

The direct product is a categorical product. It enjoys the universal property
characterizing direct products: The two projections πG and πH are maps of Lie
groups (or of topological groups), and any map into the product is a map of
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Lie groups (or of topological groups) if and and only if the compositions πG ◦ f
and πH ◦ f are.

The construction of the direct product evidently extends to any finite num-
ber of factors by induction. In the of case topological groups, even arbitrary
product of topological groups will be a topological group (a slight reorganizing
of the above swapping-argument goes through).

From the theory of manifolds one knows that the tangent space at a point
(g, h) of G × H decomposes canonical as the direct sum of the tangent spaces
of the two submanifolds g× H and G× h. Now and then we need to be precise
about this, so let ig and ih be the inclusion maps with ig(y) = (g, y) and ih(x) =
(x, h). They are smooth, and their derivatives identify the tangent space ThH

g× H
ig
// G× H

G× h
ih // G× H

with T(g,h)(g× H) (and TgG with T(g,h)(G× h)). One has

Lemma 1.2 With the notation above, the linear map

dgih + dhig : TgG⊕ Th H → T(g,h)G× H,

is an isomorphism with d(g,h)πG × d(g,h)πH as the inverse.

(1.2) The tangent space of G × G at the unit element (e, e) is particularly im-
portant, and it is identified with TeG⊕ TeG. The multiplication map µ of course
sends (e, e) to e, and to the first order it behaves just like an addition map near
(e, e). To be precise, its derivative equals the addition map TeG ⊕ TeG 7→ TeG.
Similarly, the inversion map ι takes e to e, and to the first order, equals the
antipodal map TeG → TeG; i.e., the map v 7→ −v.

Lemma 1.3 It holds true that d(e,e)µ(v, w) = v + w and deι(v) = −v.

Proof: The first formula follows from the fact that the restrictions of the mul-
tiplication µ to {e} × G and to G × {e} both are the identity map on G—
that is µ ◦ ig = idG and µ ◦ ih = idH and therefore—after the appropriate
identifications—one has d(e,e)µ(v, 0) = v and d(e,e)µ(0, w) = w.

The second statement follows from the fact that the composition of the maps

G α //G× G
µ
//G,

where α(g) = (g, g−1), is constant and equal to e. Hence, taking the derivative
at e, one deduces by the chain rule and the first part of the lemma that 0 =

de(µ ◦ α)(v) = d(e,e)µ(de idG (v), deι(v)) = v + deι(v) for any tangent vector
v ∈ TeG. o
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Example 1.4. The underlying structure of any finite dimensional real or com-
plex vector space is a Lie group, and similarly, vector spaces of finite dimension
over topological fields will be topological groups. Of course, by definition,
topological vector spaces are topological groups! K

Examples—the classical groups

In this section we introduce some of of classical groups. They will all play a
prominent role in the theory, particularly among the compact Lie groups. The
tori will turn about to be the only compact abelian groups, and the triumvir-
ate SU(n), SO(n, R) and Sp(n) constitute the three infinite families of simple
compact groups. Together with the five sporadic groups they are the backbone
of the family of compact Lie groups. Up to finite kernels and cokernels, every
compact Lie group is a product of these groups.

Example 1.5. —The unit circle and tori. The unit circle S1 in C is given
by |z| = 1 and is evidently closed under multiplication. Hence, it inherits a
manifold structure as well as a group structure from the multiplicative group
C∗ and is therefore a Lie group. Any product Tn = (S1)n of a finite number
of copies of S1 is called a torus. The tori are abelian and compact Lie group and Tori
play a fundamental role in the theory.

The exponential map exp : R → S1 with t 7→ exp 2πit is a map of Lie groups
whose kernel is the group of integers Z. It has a variant in several variables
exp : Rn → Tn that sends a tuple (t1, . . . , tn) to (exp 2πit1, . . . , exp 2πitn), and
its kernel is the lattice in Rn of points with integral coordinates.

The tangent space of the unit circle S1 at the origin is the imaginary axis.
Indeed, the unit circle is the fiber over 1 of the map α : C → R that sends the
complex number z to zz. The derivative of α at z is a linear map dzα : TzC →
T|z|R whose effect on w ∈ TzC = C is w 7→ (zw + zw). Indeed, developing and
ignoring second order terms we find

(z + εw)(z + εw)− zz = ε(zw + zw).

Hence the tangent space of the unit circle at z, being the kernel of dzα, is given
as wz+wz = 0. At z = 1, this reduces to w+w = 0, which is just the imaginary
axis.

Problem 1.1. Show that the tangent space TzS1 at z ∈ S1 is the translate zT1S1

(as lines in C). M

Problem 1.2. Show that the derivative of exp : R → S1 at 0 is the linear map
sending 1 to 2πi. M
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K

Example 1.6. —The special linear groups. The subgroups Sl(n, K) of
Mn(K) consisting of matrices of determinant one are Lie groups. They are
the fibres of the determinant maps det : Mn(K) → K over 1, and to see that
Sl(n, K) is a submanifold, it suffices, by the rank theorem from calculus of
several variables, to show that the determinant is a submersive map along
Sl(n, K); that is, its derivative is surjective there.

Lemma 1.4 Let a ∈ Sl(n, K) and let x ∈ Te Mn(K). Then one has

da det x = − tr(a−1x).

The tangent space at a ∈ Sl(n, K) is given as

Ta Sl(n, K) = { ax ∈ Mn(K) | tr(x) = 0 }.

Obviously the trace map is surjective, so the lemma shows that the determinant
is submersive. Notice that the tangent space Ta Sl(n, K) is just the translate
of TI Sl(n, K) of the tangent space at the unit matrix. This anticipates a gen-
eral theorem about tangents of Lie groups. Choosing a basis v1, . . . , vr of the
tangent space at the unit matrix gives a global basis for the tangent bundle.
Any global smooth vector field can be written as ∑i fi(a)avi where the fi’s are
smooth functions on Sl(n, K).

Proof: Letting ε be a small number, we compute while ignoring terms of
second order or higher in ε and find using that det a = 1:

det(a+ εx) = εn det a det(ε−1 I + a−1x) = εn(ε−n− ε−n+1 tr(a−1x)) = (1− ε tr(a−1x)),

and this gives the formula for the derivative since. The tangent space of the
fibre of a submersive map at a point is the kernel of the derivative at the point,
hence the second statement follows. o

K

Example 1.7. —The orthogonal groups. The orthogonal groups O(n, R) are
the subgroups of Mn(R) of orthogonal matrices; that is, the matrices satisfying
ata = I where I as usual is the identity matrix. The subset O(n, R) is clearly
closed under multiplication and inversion, and to see that it is a Lie group it
suffices to check that it is a submanifold. To that end, we resort to the map
Ψ : Mn(R) → S sending a to ata, where S is the space of symmetric matrices.
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The space S is given by the equations xij = xji in Mn(R). Hence it is a linear
subspace, and is its own tangent space at all points. The dimension is n(n −
1)/2.

The orthogonal group being the fibre of this map over I, we proceed like we
did for the special linear group and compute the derivative. Ignoring higher
order terms, one finds

(a + εx)t(a + εx) = ata + ε(xta + atx) + o(ε),

and hence the derivative at a is given as daψ(x) = xta + atx.

Proposition 1.1 The orthogonal groups O(n, R) are Lie groups of dimension n(n−
1)/2. The tangent space at I is the space of anti-symmetric matrices; that is,

TI O(n, R) = { x ∈ Mn(R) | xt + x = 0 }.

In a general point a it holds that

Ta O(n, R) = { ax | x ∈ Mn(R), xt + x = 0 }.

Proof: The derivative daΨ is surjective everywhere along O(n, R) since any
symmetric matrix can be written as y =

(
(ay)ta + at(ay)

)
/2 when ata = I,

hence Ψ is submersive in all points of O(n, R) and O(n, R) is a submanifold.
The tangent space at a equals the kernel of the derivative at a and we find

Ta O(n, R) = ker daΨ = { x | xta + atx = 0 } = { ay | y + yt = 0 },

just substitute x = ay. The dimension of the space of anti-symmetric matrices
equals n(n− 1)/2, since their entries on the diagonal vanish and xij = −xji for
the rest, and the statement about dim O(n, R) follows. o

In contrast to the special linear groups the real orthogonal group O(n, R) is
compact. Indeed, it is closed in Mn(R) = Rn2

being the fibre of a continuous
map, and it is contained in the sphere S of radius n since

∑
i,j

a2
ij = ∑

i
∑

j
a2

ij = n.

The orthogonal groups are not connected, but have two connected compon-
ents corresponding to the determinant being 1 or −1. Those with determinant
one constitute the special orthogonal group written SO(n, R). This subgroup is The special orthogonal groups
connected and is therefore the unit component of O(n, R). This follows from
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the result of linear algebra that any orthogonal matrix a is conjugate to a mat-
rix of the shape

d =


R1 0 . . . 0
0 R2 . . . 0

0 0
. . . 0

0 0 0 1


where the Ri’s are 2 × 2-rotational3 matrices and where the 1 at the bottom 3 Matrices of the form(

cos θ sin θ
− sin θ cos θ

)
.

occurs only in the case n is odd. One can thus write a = bdb−1. Letting dt be
the matrix d with Ri(θ) replaced by Ri(tθ) gives a path at = bdtb−1 connecting
a to the identity.

Proposition 1.2 The special orthogonal group SO(n, R) is compact and connected of
dimension n(n− 1)/2.

K

Example 1.8. —The unitary groups. Next we proceed to the unitary groups The unitary groups
U(n) and special unitary groups SU(n), they are introduced in very similar
manner to the orthogonal groups. In stead of the standard inner product on Rn

one uses the standard hermitian product on Cn, and the matrices a of interest
are those leaving that product invariant:

〈 av, aw 〉 = 〈 v, w 〉

for all v, w ∈ Cn. They are called unitary and they satisfy a∗a = I where a∗

denotes the complex conjugate transposed of a; that is, if a = (aij) one has
a∗ = (aji).

The map we shall use this time is the map Ψ : Mn(C) → S where S is the set
of self adjoint matrices; that is, those satisfying a∗ = a. It is a real linear subspace
of Mn(C). The diagonal entries must be real whereas aji = aij for the entries off
the diagonal, and the (real) dimension of S is n2.

We proceed in to compute the derivative of the map Ψ:

(a + εx)∗(a + εx) = a∗a + ε(x∗a + a∗x) + o(ε)

and find that daΨ(x) = x∗a + a∗x. This gives

Proposition 1.3 The unitary group U(n) is a Lie group of dimension n2. The tangent
space at I is the space of anti-self adjoint matrices; that is,

TIU(n) = { x ∈ Mn(R) | x∗ + x = 0 }.
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In a general point a it holds that

TaU(n) = { ax | x ∈ Mn(R), x∗ + x = 0 }.

Proof: By now this is standard; s small point being that the derivative is sur-
jective everywhere since y =

(
(ay)∗a + a∗(ay)

)
/2 for any self adjoint matrix y.

o

By a well known procedure in linear algebra any unitary matrix a can be
diagonalized. It can be written as a = bdb∗ where b is a unitary matrix and d is
a unitary and diagonal; being unitary d has diagonal entries of absolute value
one, i.e., of the shape exp θri. Letting dt be diagonal with entries exp tθri and
letting t vary between zero and one, one obtains a continuous path at = bdtb∗

in U(n) going from d to I. Hence U(n) is connected.
The unitary group is also compact. One has Mn(C) = Cn2

and U(n) is
closed in Mn(C). Moreover, in similar manner to what we did for the ortho-
gonal groups we find that

∑
i,j

∣∣aij
∣∣2 = n

hence U(n) is contained in the sphere of radius n in Mn(C).

Proposition 1.4 The unitary groups U(n) are compact and connected of dimension
n2.

(1.3)—The special unitary groups. Inside the unitary groups U(n) reside
the special unitary groups SU(n) consisting of the unitary matrices of determin- The special unitary group
ant one. They sit in the exact sequences

1 // SU(n) // U(n) det // S1 // 1.

since aa∗ = 1 imply that |det a| = 1.

Proposition 1.5 The special unitary group SU(n) is a compact and connected Lie
group of dimension n2 − 1. The tangent space at I is the space of anti-self adjoint
matrices of zero trace; that is,

TISU(n) = { x ∈ Mn(R) | x∗ + x = 0, tr(x) = 0 }.

In a general point a it holds that

TaSU(n) = { ax | x ∈ Mn(R), x∗ + x = 0, tr(x) = 0 }.

Proof: This is more or less clear. The statement about the tangent space fol-
lows by proposition 1.3 above and the fact that the derivative of the determin-
ant is the trace.
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The dimension and the compactness follow from the exact sequence. For
the connectedness, we can still use the path constructed above to proved that
U(n) is connected. Indeed (with notation as above), if det a = 1, it follows that
∑i θi = 0, hence ∑i θit = 0 for all t, and the path lies entirely within SU(n). o

Example 1.9. —The compact symplectic groups. On the quaternionic vector
space Hn one has the standard hermitian form < v, w >= ∑ viw∗i , and n is the
group of matrices in Mn(H) leaving this form invariant. Every a has an adjoint
a∗ such that < av, w >=< v, a∗w > and a∗a = I for elements a ∈ Sp(n). K

K

Translations

Lie groups and topological groups enjoy very strong homogenity properties;
they act transitively on themselves by translations.

For any element g ∈ G we define the left translation λg by λg(x) = gx and
the right translation by ρg(x) = xg−1.

One obviously have the following relations, showing that λ and ρ are com-
muting group homomorphisms from G into the group of diffeomorphisms of
G (or the groups of homeomorphisms):

• λgh = λg ◦ λh and ρgh = ρg ◦ ρh,

• λe = ρe = idG ,

• λg ◦ ρh = ρh ◦ λg.

The translations of a Lie group are smooth maps being the restrictions of the
multiplication map µ to the submanifolds g× G or G× g. Even more, they are
all diffeomorphisms; λg−1 is the inverse of λg and ρg−1 is the inverse of ρg.

Having translations maps the Lie groups enjoy strong homogeneity prop-
erties with vast implications. A very modest instance is the following. For any
point g ∈ G the derivative deλg : TeG → TgG is an isomorphism since λg is a
diffeomorphism, and this leads to the observation that dim TgG is independ-
ent of the point g. A general manifold may have connected components with
different dimensions, but this does not happen for Lie groups. We can hence-
forth speak about the dimension of a Lie group G; and, as usual, it is denoted Dimension of Lie groups
by dim G.

In the same vein, the inversion map ι is a diffeomorphism (resp. homeo-
morphism), as well as the conjugation maps cg : G → G given as cg(x) =
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gxg−1. The conjugation cg being the restriction of the triple multiplication4 4 That is, the map µ ◦ (µ× idG ) that
sends (x, y, z) to xyz.map G× G× G → G to the submanifold {g} × G× {g−1} is smooth, and it has

cg−1 as inverse map.
As usual cgx is a homomorphism both when considered a function of g and

of x:
cgh = cg ◦ cg and cg(xy) = cg(x)cg(y).

(1.4) To ease the notation we make some conventions. For any subset X⊆G
and any element g ∈ G we shall write gX and Xg for respectively the left
translate of X and the right translate; that is, gX = λg(X) = { gx | x ∈ X }, and
Xg = ρg(X){ xg | x ∈ X }. In view of the translations being homeomorphisms,
these translates enjoy any topological property that X might have, like open,
closed, connected etc.

The set X−1 is defined as X−1 = ι(X) = { x−1 | x ∈ X }, and if Y⊆G is
another set XY = { xy | x ∈ X and y ∈ Y }.

Much of the structure of a topological group, or even more for a Lie group,
is determined by what happens near the unit element. The first observations
are the following

Lemma 1.5 If {Ui} is a fundamental system of neighbourhoods at the unit element
e, then {gUi} is one at g for any g ∈ G. Likewise, {U−1

i } is a fundamental system of
neighbourhoods at e.

Proof: This is direct consequence of the translation λg and the inversion map
ι being homeomorphisms. o

Lemma 1.6 For any open neighbourhood U of e there is an open neighbourhood V
with VV−1⊆U. There is a fundamental system of neighbourhoods about e consisting
of symmetric open sets. For any natural number n, there is a neighbourhood V of the
unit element such that Vn⊆U.

Proof: Let µ−1(U) is open in G× G and contains an open of the form U1 ×U2

with Ui both open neighbourhoods of e. Put V = U1 ∩ U−1
2 . Then V⊆U1

and V−1⊆U2 so that V × V−1⊆ µ−1(U). For the second statement, if V is any
neighbourhood of e, V ∩ V−1 is symmetric and contained in V. The last state-
ment follows by considering the multiplication map µn : Gn → G multiplying
the components together; i.e., it sends (xi) to x1, . . . , xn. It is clealy continu-
ous. The inverse image µ−1

n (U) is open, and therefore contains an open set
of the form U1 × . . . ×Un with the Ui being open neighbourhoods of e. Then
V = U1 ∩ . . . ∩Un will do.

o
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(1.5) The raison d’être of Lie groups is their role as symmetry groups for a great
number of mathematical and physical structures (like the universe!) and the
way of expressing such a symmetry is through an action. In addition to this
glorious justification, actions play an important role in developing the theory of
Lie groups, as we will see.

Assume that X is a manifold and G a Lie group. An action of G on X is just
the usual thing we know from the theory of finite groups, but additionally we
require the action to take place in the category LieGr of Lie groups. So an action
of G on X is a smooth map→ G × X → X, simply denoted by (g, x) 7→ g · x,
complying to the two rules

• e · x = x for all x ∈ X,

• g · (h · x) = (g · h) · x for all g, h ∈ G and all x ∈ X.

In the case of G being a topological group, the actions take place in the
category TopGr meaning the X is a topological space and the map G× X → X
is continuous.

(1.6) One special and important instance of actions are the linear representations Linear representations
(or representation for short); that is, when X = V is vector space. In the case of
a Lie group action, we assume that V is of finite dimension. Just as with finite
groups, giving an action of G on V is equivalent to giving a smooth map

ρ : G → AutK(V)

Indeed, if the action map is α, one puts ρ(g)(v) = α(g, v), which is easily seen
to be smooth.

In case of topological groups, V can be any topological vector space and one
requires that G×V → V be continuous.

Notice when G is a Lie group, there are many important representations
of G on infinite dimensional vector spaces, but the action map is in that case
just required to be continuous (smooth maps between such spaces are tricky
to define). Frequently appearing examples are the different vector spaces of
functions on G; one instance being the space C∞

R (G) of smooth function on G
with compact-open topology and action given as g · f = f ◦ ρg.

1.2 First properties of homomorphisms

The strongly homogeneous nature of Lie groups implies that Lie group ho-
momorphisms have a lot of very nice properties. They are in some sense also
homogenous, in that they behave in the same manner around every point of
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the source. This paragraph is about some of the the properties of homomorph-
ism derived by translation arguments, combined with traditional theorems
about C∞ maps.

(1.1) Our first result is about the rank of a homomorphism.

Proposition 1.6 (Constant rank lemma) Let φ : H → G be a map of Lie groups.
Then the rank of the derivative dgφ : TgH → Tφ(g)G is constant along H; that is, it
does not depend on g.

Proof: Since φ is a Lie group homomorphism, φ(gx) = φ(g)φ(x), or in other
words φ ◦ λg = λφ(g) ◦ φ. Taking derivatives at the unit element e ∈ H, we
conclude that dgφ ◦ deλg = deλφ(g) ◦ deφ, and the claim follows, both deλg and
deλφ(g) being isomorphisms. o

Recall the rank theorem from differential geometry, which basically states
that if φ : X → Y is a smooth map between two manifolds whose derivative is
of constant rank, say k, then locally, φ looks like a linear projection. All fibres
are closed submanifolds of dimension dim X − k with tangent space ker dxφ

at the point x, and moreover the image of φ is locally a submanifold of Y of
dimension k; that is , every point x ∈ X has a neighbourhood such that φ(U) is
a submanifold of Y of dimension k.

We shall soon come back to the thorough discussion of subgroups, but at
the present stage we need the concept of a regular subgroup. This is a subman-
ifold also being a subgroup. As restrictions of smooth maps to submanifolds
persist being smooth, the group structure a regular subgroup inherits from the
surrounding group, makes into a Lie group.

Combining the rank theorem with proposition 1.6 above, we immediately
obtain the following:

Proposition 1.7 If φ : H → G is a map of Lie groups, then all the fibres φ−1(g) are
closed submanifolds of H. In particular the kernel ker φ is a regular Lie subgroup. The
tangent space of the kernel is the kernel of the derivative:

Te ker φ = ker(deφ : TeH → TeG).

More over, any point g ∈ G has an open neighbourhood U such that φ(U)⊆H is a
submanifold; that is φ(U) is locally a submanifold of dimension dim H − dim ker φ.

Notice that the fibre φ−1(g) very well may be empty (but for the sake of simple
statement we accept the empty set as a closed submanifold). More over, the
non-empty fibres are all translates of each other. Indeed, if g = φ(h) it holds
true that

λg−1 ◦ φ = φ ◦ λh−1
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so that

φ−1(g) = φ−1(λge) = φ−1λ−1
g−1(e) = λ−1

h−1
(φ−1e) = λhφ−1(e).

The following is just a reformulation of proposition 1.7

Proposition 1.8 Assume that G and H are Lie groups and that there is an exact
sequence

1 // N i // H
φ
// G // 1

where φ is Lie group map. Then the kernel i(N) is a strong Lie subgroup of G, and
there is an exact sequence of tangent spaces

0 // TeN
dei
// Te H

deφ
// TeG // 0

(1.2) The two extreme cases that the rank of deφ equals respectively dim H
and dim G merit special mentioning. Recall that a smooth map X → Y is an
immersion if the derivative is injective everywhere and submersion when it is
surjective everywhere.

Corollary 1.1 If the kernel of a Lie group map φ : H → G is trivial, that is φ−1(e) =
{e}, the map φ is an injective immersion. If G is connected and deφ is surjective, the
map φ is a surjective submersion.

Proof: This follows from the theorem 1.7 above and the comment following
it about fibres being translates of each other. For submersive case, proposition
1.7 gives that there an open U containing eH such that φU is a submanifold of
dimension equal to G, that is φU is an open neighbourhood of eG, hence φ is
surjective over φU and hence surjective everywhere. o

Next comes the combined case:

Corollary 1.2 Assume that φ : H → G is surjective map with discrete kernel. Then φ

is a covering map.

Proof: To prove that φ is a covering map we need to exhibit an open neigh-
bourhood V of any g ∈ G such that φ−1V is the disjoint union of open subsets
each mapping homeomorphically (that is diffeomorphically in our context)
onto V. By a standard translation argument we may assume that h = e.

Now, the subgroup N being discrete implies that TeN = 0, and hence deφ is
an isomorphism. By proposition 1.6 above dhφ is an isomorphism for all h ∈ H,
and φ is a local diffeomorphism everywhere.

From the inverse function theorem we deduce that there is an open neigh-
bourhood of e such that φ(U) is open and φ|U is a diffeomorphism.
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For any two different elements x and x′ from N one has xU ∩ x′U = ∅;
indeed, a relation xu = x′u′ with u, u′ ∈ U would imply that φ(u) = φ(u′).
Since φ is a diffeomorphism on U, one would have u = u′ and consequently
x = x′. Hence the translates xU are all disjoint, and one easily verifies that
φ−1φ(U) =

⋃
x∈N xU and that φ|xU is a diffeomorphism onto φ(U). o

(1.3) A final illustration of how useful translations are, we shall prove the pretty
strong property, that two Lie group maps with the same source and whose
derivatives coincide at the unit element, are equal. In a categorical slang, the
“tangent space at unity” functor LieGr → VectR sending groups G to TeG and
maps φ to deφ, is a faithful functor. It is certainly not full—to get a faithful and
full functor one needs more structure on the tangent spaces, the structure of a
Lie-algebra.

Proposition 1.9 Let G and H be two Lie groups, and assume that G is connected.
Assume that φ and ψ are to Lie group maps from G the H whose derivatives coincide
at the unit element. Then φ = ψ.

Proof: We shall make use of the map ψ : G → H defined as the composition

G
η
// H × H ν // H

where η(x) = (φ(x), ψ(x)), and as usual ν(x, y) = xy−1, in other words
ψ(x) = ν(φ(x), ψ(x)) = φ(x)ψ(x)−1. The tangent space of H × H at (e, e)
decomposes as the direct sum TeH ⊕ Te H, and the derivative of η becomes
deφ + deψ (by lemma 1.2 on page 10). Moreover the derivative of ν is just the
map TeH ⊕ Te H → H sending (v, w) to v − w, and computing the derivative
deψ by the chain rule we find

deψ = d(e,e)ν ◦ deη = deφ− deψ = 0.

The proof is finished by a translation argument analogous to the ones above. G
ψ
//

λg

��

H

λφ(g)◦ρψ(g)

��

G
ψ
// H

One has
ψ ◦ λg = λφ(g) ◦ ρψ(g) ◦ ψ,

from which one infers using the chain rule that

dgψ ◦ deλg = deλφ(g) ◦ deρψ(g) ◦ deψ.

We deduce that dgψ = 0 for any g ∈ G. The group G being connected, it
follows that ψ is constant, and evaluating at e, we see that the constant is equal
to e. Hence φ = ψ. o
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Maps between tori

Proposition 1.10 Any continuous group homomorphism φ : R → R is R-linear.
That is φ(a) = aφ(1).

Proof: The map φ being a group homomorphism immediate gives us that
φ( p

q ) = p
q φ(1) whenever p, q ∈ Z. Hence φ and the map a 7→ aφ(1) coin-

cide over the dense subset of rational numbers Q. Both being continuous, this
implies they are equal. o

Proposition 1.11 Any map of Lie groups φ : S1 → S1 is given as z 7→ zn for some
n ∈ Z. The only automorphisms of S1 are the identity and the inversion map z 7→ z−1.

Proof: Any smooth map φ : S1 → S1 lifts to a smooth φ̃ : R → R, and if
we impose that φ̃(0) = 0, the lifting is unique. This shows that φ̃ is a group
homomorphism (keeping u fixed, the maps φ̃(u + t) and φ̃(u) + φ̃(t) both lift
the map φ(e2πi(t+u)) and they coincide for t = 0). And clearly φ̃(0) has to be an
integer, since φ(1) = 1. o

One way of phrasing this last statement is to write HomLieGroups(S
1, S1) = Z

and Aut(S1) = µ2, and in the same vain, the preceding one may be written
HomLieGroups(R, R) = R.

Examples

1.10. For every natural number n, the n-th power map [n] : S1 → S1 given as
z 7→ zn is a surjective Lie group homomorphism whose kernel is the group µn

of n-th roots of unity, and there is an exact sequence

1 // µn // S1 n // S1 // 1

The map S1 × S1 → S1 given as (z, w) 7→ zawb where a and b are relatively
prime natural numbers is a Lie group homomorphism. The kernel equals the
subgroup of S1 × S1 given as { (zb, z−a) | z ∈ S1 }, this submanifold is also
known as a torus knot. There is an exact sequence

0 // S1 // S1 × S1 // S1 // 0

1.11. The map exponential map exp 2πiz is a surjective Lie group homomorph-
ism C → C∗ whose kernel equals Z. The absolute value |z| is a Lie group map
C∗ → R+ and ”the argument” z/ |z| is one as well, mapping C∗ to S1. It holds
that that C∗ is isomorphic to R+ × S1 as a Lie group.

The map exp t is a Lie group isomorphism R → R+ where R+ denotes the
multiplicative group of positive real numbers. One has R∗ ' R+ × µ2.
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Problems

1.3. Let G and H be Lie groups and let φ : G → H be a bijective Lie group
homomorphism. Show that φ is an isomorphism. Hint: Use a translation
argument and Sard’s theorem to show that φ−1 is smooth.

M

1.3 Subgroups

Our next task is to establish the notion of subgroups. What are the natural
subobjects in the categories LieGr and TopGr? This turns out to involve certain
subtleties. Already in the category of finite groups the normal subgroups is a
distinguished class of subgroups, they are the subgroups that can be kernels of
homomorphisms. This distinction persists, but additionally there are topolo-
gical distinctions as well.

(1.1) Let H be a group from one of the categories LieGr or TopGr, and let i : H →
G be an injective group homomorphisms. For considering the image i(H) to
be a subobject, we certainly want the map i to belong to category in question.
That is, i must be continuous in the topological case and smooth in the case
of Lie groups. Ideally one would want H and i(H) endowed with the induced
topology to be homeomorphic, but it is a fact of life that they are not.

This phenomenon occurs even for Lie-groups, but in that case the inclusions
are at least immersions, and the dichotomy is between subgroups being genuine
submanifolds, called regular subgroups, and those that are merely images of
immersions. A deep theorem of Eli Cartan’s states that closed subgroups of a
Lie group in fact are submanifolds, and regular subgroups are always closed.
Hence the benign subgroups in a Lie group are the closed ones.

In the case of topological groups all subgroups inherit a topology from the
surrounding group and they are therefore topological groups. However they
can lie in G in very complicated ways.

Example 1.12. For example the ideals prZp in Zp are both closed, and open
neighbourhoods the origin. They can be characterized by the inequality ‖x‖ <
2−(r−1) as well as ‖x‖ ≤ 2−r. Taking r large, one sees that any open neighbour-
hood of the origin contains an ideal prZp. So there is a system of neighbour-
hoods a the origin whose members all are compact and open subgroups! A
Lie groups does not have subgroups like that and, in fact, this is what distin-
guishes Lie-groups from the other topological groups, at least among those that
are connected and locally compact. K
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Example 1.13. The previous example was about “small” subgroups, this is
about subgroups that are “big” in some sense. In view of the lemma below,
subgroups shaped like Hα = Z + αZ of R are dense but not closed if α irra-
tional. Indeed, they are not monogenic since is α = m + m′α with m, m′ ∈ Z

would imply that α was rational, and they are countable and not be equal to R.
The image of Hα in the circle S1 under the exponential map exp 2πt is the

subgroup generated by exp 2πiα, and it persists being dense. Hence S1 is topo-
logically monogenic.

Lemma 1.7 Let H⊆R be a subgroup. Then either H is dense in R or generated by
one element, that is H = { nx | n ∈ Z } for some x ∈ R. In particular, any proper and
closed subgroups is monogenic.

Proof: Assume that H has an accumulation point. Then for each ε > 0 the
interval < −ε, ε > contains a point x from H, and hence any interval of length
less then ε contains one since nx ∈ H. So if H is not dense it has no accumu-
lation point. The infimum x0 = inf{ x ∈ H | x > 0 } must belong to H and
be positive, since if not, it would be an accumulation point. Given x ∈ H and
consider the integral part n = x/x0 of x/x0. Then 0 ≤ x − nx0 < 1, which
implies that x = nx0. o

Some general facts

This paragraph we establish a few general and mostly easily proved facts about
subgroup in topological groups.

Lemma 1.8 Open subgroups are closed.

Proof: If H is open, the cosets gH are open as well, translation being homeo-
morphisms. The complement of H is the union of the cosets different from H.
Hence H is closed. o

Lemma 1.9 Let H⊆G be a subgroup of the topological group G. The closure H is a
subgroup. If G is Hausdorff, the closure H of an abelian subgroup H is abelian. The
closure H of a normal subgroup H is normal.

Proof: The image of H × H = H × H under the map G × G → G sending
(x, y) → xy−1 is contained in H since the image of H × H equals H. Hence H
is a subgroup.

Assume that H is normal and g ∈ G. The conjugation map being a homeo-
morphisms, gHg−1 is the closure of gHg−1 = H.

If H is abelian and Hausdorff, the two maps xy and yx agree on H × H,
hence on the closure H × H. o
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Lemma 1.10 Let G be a topological group. Normalizers of closed subgroups are
closed. If G is Hausdorff, the centralizer of a closed subgroup is closed. In particular,
the center Z(G) of a Hausdorff group is closed.

Proof: Let H be a subgroup. Then normalizer is given as NG(H) = { x ∈ G |
xHx−1 = H }. Fixing an element h ∈ H, the set Ah = { x ∈ G | xhx−1 ∈ H }
is closed being the inverse image of H under the continuous map x 7→ xhx−1.
Obviously NG(H) =

⋂
h∈H Ah and hence NG(H) is closed. In the same vein, the

set ZG(h) = { x | xhx−1 = h } is closed being the fiber of x 7→ xhx−1 is closed,
and the centralizer is closed since ZG(H) =

⋂
h∈H ZG(h). o

Problems

1.4. Assume that the topological group G acts on a Hausdorff space X. Let
x ∈ X. Show that the isotropy group G(x) = { g ∈ G | g · x = x } is closed.

1.5. Orbits are not generally closed. Let G be the subgroup of Sl(2, R) given as

G = {
(

λ 0
0 λ−1

)
| λ ∈ R∗ }.

acting on R2 in the natural way. Describe all orbits, and conclude that the orbit
Gv of v ∈ R2 is closed if and only if v does not lie on exactly one of the axes.

1.6. Show that a proper closed subgroup of the circle group S1 is finite.

1.7. Let LatVect be the category whose objects are pairs (L, V) where V is a
finite dimensional vector space over R and L⊆V a lattice and whose maps are
linear maps preserving the lattices. Show that the category Tori of tori with
continuous group homomorphisms is equivalent to LatVect.

M

Regular subgroups

Let G be a Lie group and H⊆G a subgroup. If H is a submanifold as well,
we say that H is a regular subgroup or a subgroup in the strong sense of G. The Regular subgroupsStrong subgroups
restriction of smooth maps to submanifolds are smooth, so the restriction of
both multiplication and inversion restricted to H are smooth. It follows that H
is a Lie group.
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(1.2) Recall that a subset N⊆M of the manifold M is called a submanifold if for
every x ∈ M there is coordinate chart ξ : U → V⊆ T ' Rn around x and a
linear subspace T′⊆ T such that ξ−1(T′) = N ∩U. One makes N into a mani-
fold by giving it the induced topology and the atlas obtained by restricting the
charts on M.

A smooth map i : N → M is an embedding if i(N) is a submanifold and i is
a diffeomorphism between N and i(N). This is equivalent to i being injective,
of maximal rank and a homeomorphism onto i(N) when i(N) is equipped
with the induced topology (this is just the rank theorem). One says that N is a
local submanifold near x if there is an open neighbourhood U of x in N that is a
submanifold.

If the map i is merely injective and of maximal rank, it may very well hap-
pen that the topology on i(N) induced from M and the one transported by i
are different; that is, for some open U in N the image i(U) is not open in the
induced topology. This occurs when points in N far away from x has images
that are close to x; if there is non-convergent sequence {xn} in N such that the
sequence {i(xn)} converges to x in M.

A sketch of a path with such a behavior is seen in the margin. Going around
the loop, one approaches but never arrives at the point A.

Example 1.14. A more relevant example in our context is the map α : R →
S1 × S1 given by

α(t) =
(

exp(2πia1t), exp(2πia1t)
)

where the two ai’s are real numbers with irrational fraction. The map is inject-
ive since equations ait = ait′ + mi for i = 1, 2 with t 6= t′ and mi ∈ Z, would
give a2/a2 = m1/m2, which is incompatible with the hypothesis that a1/a2 be
irrational. Given a natural number n. By Dirichlet’s simultaneous approxima-
tion theorem one can find integers qn, p1 and p2 such that

|qnai − pi| < 1/
√

n

It follows that |sin 2πqnai| ≤ sin 2π/
√

n and consequently exp 2πiqnai → 1
as n → ∞. The sequence {qn} must tend to infinity with n since if not, the
quantities |qnai − pi| would be bounded away from zero. Choosing t ∈ R and
putting tn = qn + t we obtain a sequence {tn} in R such that {α(tn)} converges
to α(t). Hence every point in the image of α is the limit of a recurrent sequences
of points, and α(R) is nowhere a local submanifold. K

(1.3) A subgroup being regular near one point will be regular everywhere. This
follows by a standard translation argument.



basics 27

Lemma 1.11 If the subgroup H⊆G is locally a submanifold of the Lie group G near
one point h ∈ H, it is a submanifold.

Proof: Let x ∈ H be any other point. The translation λxh−1 is a diffeomorph-
ism of G taking h to x and leaving H invariant. So if V⊆ T = ThG is a chart
with coordinate function ξ : U → V from the neighbourhood U of h, and
ξ(H ∩U) = V ∩ T′ for some linear subspace T′⊆ T, then ξ ′ = ξ ◦ λhx−1 : U′ =
λxh−1U → V defines coordinates round x with ξ ′(U′ ∩ H) = V ∩ T′. o

Lemma 1.12 If H⊆G is a regular subgroup of the Lie group G, then H is closed.

Proof: Every submanifold is locally closed: There is a neighbourhood U
round any point h ∈ H with U ∩ H closed in U (this is no deeper than the
fact that if U⊆Rn is open and Rm⊆Rn is a linear subspace, then U ∩Rm is
closed in U).

Hence, for a suitable neighbourhood U of e, it holds true that U ∩ H =

U ∩ H. Now, let h ∈ H̄ be an element. Then hU is a neighbourhood of h and
hU ∩ H 6= ∅ since h ∈ H. So we can pick an element x ∈ hU ∩ H. This gives
that h−1x ∈ U ∩ H = U ∩ H, and hence h−1x ∈ H. But x ∈ H, so h−1 ∈ H, and
therefore h ∈ H. o

The converse of this result is also true, but much, much deeper. It is nor-
mally attributed to Eli Cartan, and is an example of the “bootstrapping” that
goes on in the theory of Lie groups, i.e., things that a priori are only of a topolo-
gical nature turn out to live in the differentiable category. We state the theorem
here, but postpone the proof.

Theorem 1.1 (Eli Cartan) Let G be a Lie-group and let H⊆G be a closed subgroup.
Then H is a submanifold (and hence a regular Lie subgroup).

Cartan’s theorem has many consequences, we mention one which is a good
examples of the strong “bootstrapping” taking place. In categorical terms it
says that the forgetful functor LieGr→ TopGr is faithful and full.

Corollary 1.3 Assume that G and H are Lie-groups and that φ : H → G is a con-
tinuous group homomorphism. Then φ is smooth

Proof: Let Γ = (h, φ(h))⊆H × G be the graph of φ. It is a closed subgroup,
an according to Cartan’s theorem, it will be a submanifold. The projection map
π : Γ → H is therefore smooth and it is a priori a homeomorphism. By corollary
1.2 on page 20 it is a diffeomorphism, and we can deduce that φ = prG ◦ π−1 is
smooth. o
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Corollary 1.4 Assume that G and H are two Lie groups and that φ : H → G is a
homeomorphism. Then φ is a diffeomorphism.

Proof: Apply corollary 1.3 above to both φ and φ−1. o

Problems

1.8. Let G and H be two Lie groups and let φ : G → H be a map. Show that φ

is a Lie group homomorphism if and only if the graph Γφ = (g, φ(g))⊆G× H
is a regular Lie subgroup.

1.9. Let G be a Lie group, and H and K two commuting regular Lie subgroups,
such that H ∩ K = {e}. Assume that dim H + dim K = dim G. Show that G is
isomorphic to K× H.

1.10. Let the Lie group G act on the manifold X. Assume that the action is
transitive; i.e., for any couple of elements x, y from X, there is a group element g
such that gx = y. For any x ∈ X, the isotropy group Gx is the subgroup of G of
elements fixing x, i.e., Gx = { g ∈ G | gx = x }.
a) Show that any two isotropy groups Gx and Gy are conjugate subgroups.

b) Show — by a translation argument — that the isotropy groups are Lie sub-
groups in the strong sense, i.e., they are submanifolds.

1.11. (The semi-direct product). Let G and H be two Lie groups and assume that
G acts from the right on H; that is, there is a map α : H × G → H written
(h, g) 7→ hg satisfying the criteria for being a right action. On G× H define the
product (g, h)(g′, h′) = (gg′, hg′h). Show that this gives G× H the structure of a
Lie group. It is called the semi-direct product of G and H and is written G oα H.
Show that H is a normal, regular subgroup of G oα H.

1.12. (Triangular matrices). Let T stand for the space of upper triangular n× n-
matrices with entries in K and all diagonal element equal to one.

a) Show that T is a Lie group.

b) What is the tangent space to T at I?

c) Is T connected? Is T compact?

M
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1.4 Connected components

Recall that a topological space X is said to be connected if is not the union of
two disjoint and non-empty open subset and any subset Y⊆X is connected
when it is connected in the induced topology. One easily verifies that the union
of two intersecting connected subset is connected, indeed if Y ∪ Y′ = U ∪U′

with U and U′ open and disjoint, Y = (U ∩ Y) ∪ (U′ ∩ Y′), so if U is connected,
either U ∩ Y or U ∩ Y′ is empty, let us say U ∩ Y′ = ∅. A symmetric argument,
gives that Y′⊆U or Y′ ∩U′ are empty, but it can not be Y′ ∩U′ because then
U′ would be empty. Hence Y′⊆U′ and Y and Y′ are disjoint.

This has the consequence that the union of all connected sets having x as a
member is connected, and it is obviously the maximal connected subset con-
taining x and is called the connected component of x. The set of the connected
components of points in X form a partition of X; That is, they are either equal
or disjoint, and their union equals to X. Connected components are always
close, but need not be open. For instance, the only connected subsets of the
rational Q (with induced topology from /R) are the points. However, if every
point of X has an open and connected neighbourhood, which is certainly true
for Lie groups, the components of X are open, .

(1.1) In a Lie group G the connected component G0 where the neutral element
e lives, plays a special role. It turns out to be an open and normal subgroup, and
the connected components of G will just be the cosets of G0. Hence G/G0 is a
group, and has the structure of a discrete5 Lie group. 5 The quotient G/G0 is of course

equipped with the quotient topology,
the strongest topology making the
projection continuous; i.e., a subset is
open precisely when inverse its image
in G is.

This property of Lie groups is not shared by all topological groups. We
have already mention the rationals Q, another example would be the infinite
countable product G = ∏∞

i=1 Z/2Z. The topology of G is totally disconnected,
i.e., the connected components are all reduced to points. However G is not
discrete—e.g., it is compact being the product of compact spaces (Thykonov’s
theorem) and infinite—so points are not open.

Lemma 1.13 If U⊆G is an open neighbourhood of e, then the group H generated by
U is open and closed.

Proof: The group H consists of all finite products xε1
1 · . . . · xεk

k where xi ∈ U
and εi ∈ {±1}. Therefore H =

⋃
x∈H xU, which is open since each xU is open.

It is closed since all opens subgroups are closed (lemma 1.8 on page 24). o

Proposition 1.12 If G is a topological group, then the connected component G0

containing the neutral element e is a normal subgroup. If the unit element in G has
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an open and connected neighbourhood, the component G0 is open and closed, and
π0G = G/G0 is a discrete topological group.

Lie groups are locally homeomorphic to vector spaces, so their neutral ele-
ments certainly have an open and connected neighbourhood, and the last state-
ment of the proposition applies to them.

Proof: Let V be the connected component of e; i.e., a maximal connected
subset of G containing e. Let x ∈ V. Since the translation λx−1 is a homeo-
morphism, x−1V is also a maximal connected subset. The maximal connected
subsets of X form a partition, so any two of them are either equal or disjoint.
Now e ∈ V ∩ x−1V, and therefore V = x−1V. This means that if y ∈ V, then
x−1y ∈ V, and V is a subgroup.

Next, assume that G has an open, connected neighbourhood U of e. As G0

is maximal among the connected sets containing e, the neighbourhood U is
contained in G0. By lemma 1.13 above the neighbourhood U generates a group
which is both open and closed, hence equal to G0.

The statement that G0 is a normal subgroup is proven along the same lines
using that the conjugation map cg(x) = gxg−1 is a homeomorphism: gG0g−1 is
a maximal connected subset containing e, hence equal to G0. o

The following proposition is from time to time useful in identifying the
connected component of the neutral element, which for short is called : the identity component

Proposition 1.13 Assume that G and H are a Lie groups of the same dimension and
that H is connected. Assume there is a homomorphism φ : H → G of Lie groups whose
kernel is discrete. Then G0 = φH.

Proof: The kernel of φ is discrete so the derivative deφ : TeH → TeG is in-
jective, and since the dimensions of the two tangent spaces are equal, deφ is an
isomorphism. By the inverse function theorem φ is therefore locally a diffeo-
morphism round e. Hence there is an open neighbourhood U of e in H with
φU open in G. The subgroup generated by φU is on one hand contained in
φH, and on the other hand, it is equal to G0 by the lemmas ?? and 1.13. Hence
G0⊆ φH. Since H by assumption is connected, φH is connected, and therefore
G0 = φH. o

Some times the following easy lemma is useful:

Lemma 1.14 If G acts smoothly on the manifold X, then the group π0G acts on π0X.
If this action is transitive, G has more connected components than X.

Proof: The action is a smooth map γ : G× X → X. If G′ and X′ are connected
components of G and X respectively, G′ × X′ is connected and γ(G′ × X′) is
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contained in a unique component of X. This defines the action π0G on π0X;
the axiom for an action are easily checked. o

The identity component of G and π0G fit in the exact sequence

1 // G0 // G
p
// G/G0 // 1,

of Lie groups. The map π may r may not have a section, and in case it has, the
action of π0G on G0 may or may not be trivial.

Example 1.15. The determinant maps the orthogonal group O(n, R) onto
µ2 = {±1}, and any connected set containing the identity matrix I must map
to 1. The fibre over 1 being the special orthogonal group SO(n, R) which is
connected (see example 1.7 on page 12), the group SO(n, R) is the connected
component of the unit.

If n is odd, one has det(−I) = −1, and the other coset in O(n, R) than
SO(n, R) is −I ·SO(n, R). Since −I is a central element, it follows that O(n, R) =

SO(n, R)× µ2. If n is even O(n, R) is just the semi-direct product SO(n, R)o µ2

with the non-trivial element of µ2 acting as a 7→ a−1 on SO(n, R). K

Problems

1.13. Assume that G is a Lie group that sits in an exact sequence

1 // S1 // G // Z/nZ // 1.

Show that if n is odd, then G ' S1 ×Z/nZ. Hint: Aut(S1) is of order two.

1.14. (The boost group). Let O(1, 1) be the group of real 2× 2-matrices that leave
the quadratic form

q(v, w) = v0w0 − v1w1

on the two dimensional space R2 invariant. This group has a certain import-
ance in the theory of relativity where mysterious things called “boosts” play a
role. The space R2 with the metric v0w0 − v1w1 is a “Mini-Minkowski” space,
with one time-coordinate v0 and one spacial coordinate v1, and it describes one
dimensional relativistic phenomena.

The group O(1, 1) is described as the group of matrices a so that aQat = Q
where Q is the matrix

Q =

(
1 0
0 −1

)
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a) Show that O(1, 1) is a Lie group of dimension one and that the tangent space
at the unit element is described as

TIO(1, 1) = {
(

0 t
t 0

)
| t ∈ R }.

b) Let β : R→ O(1, 1) be the map

β(t) =

(
cosh t sinh t
sinh t cosh t

)
.

Show that β is a group homomorphism and compute its derivative at 0. Show
that β identifies R with identity component of O(1, 1).

c) Show that O(1, 1) can be identified with the set(
ε1 cosh t ε1 sinh t
ε2 sinh t ε2 cosh t

)

where t ∈ R and ε1 and ε2 can be choose independently from µ2. Show that
π0O(1, 1) = µ2 × µ2.

M

1.5 Quotients

Let G be a Lie group and H⊆G a normal regular subgroup. It is essential to
be able to form the quotient G/H in the category of Lie groups. Even if H is
not normal, it is desirable to give G/H a manifold structure; in theory of finite
groups the quotient G/H turned out to be a fundamental tool, and the same is
true for Lie groups.

In mathematics most quotient behave badly, so putting a manifold structure
on the quotient G/H is a subtle thing. The reason is works well for the quo-
tient G/H is first of all that we work with closed subgroups H, and secondly
that the action of H on G by right translation is a free action meaning that all free action
isotropy groups are trivial. There are instances that quotients by actions with
isotropy are manifolds, but the general pictures is that they are not.

(1.1) The space G/H is what is called an orbit space; that is, the elements are the
orbits of the action of H, and in our case when H acts by right multiplication,
these are just the left cosets of H. The topology on G/H is the quotient topo-
logy. Recall, that the quotient topology is the strongest topology with π being
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continuous. The open sets are those subsets U with π−1(U) open in G; so π

will be an open map. It is Hausdorff since π−1(e) = H is closed (and lemma
1.1 on page 8), and it is second countable since the topology on G.

The quotient G/H will be endowed with a manifold structure such that
the projection map π : G → G/H is smooth and enjoys the usual universal
property for quotients. Any ψ : G → X that is invariant under H, i.e., for all
g ∈ G and h ∈ H it holds that ψ(gh) = ψ(g) (in other words, ψ is constant on
the cosets), factors through G/H

1.5.1 The slice lemma

One says that a smooth map ψ : X → Y has a slice near the point x in X if slice
there is an open neighbourhood V of x with the following properties. Firstly,
U = ψ(V) is an open neighbourhood of ψ(x). Secondly, there is a submanifold
S⊆V such that ψ|S is a diffeomorphism between S and U (and naturally, S
is the slice). Thirdly, there is a manifold T and a diffeomorphism between V
and the product S× T in a way that ψ|V corresponds to the projection prS. In
short, ψ looks like a projection locally around x. One often calls a smooth ψ a
submersion when the derivative dxψ is surjective for all points x ∈ X. submersion

Lemma 1.15 (The slice lemma) Assume that ψ : X → Y is a submersion and
x ∈ X a point. Then ψ has a slice near x.

V
ξx

'
//

ψ|V
��

V′ //

��

TxX

dxψ=pr

��

U
ξy

' // U′ // TyY

Proof: This is just a rephrasing of the rank theorem, which we begin with by
recalling. Adapted to our situation it says that every point x ∈ X has a coordin-
ate neighbourhood V such that U = ψ(V) is a coordinate neighbourhood of
y = ψ(x), and in these two neighbourhoods, one may find coordinate functions
ξx : V → V′⊆ TxX and ξy : U → U′⊆ TyY satisfying

ψ|V = ξ−1
y ◦ pr ◦ ξx,

where pr : TxX → TyY is a linear projection6. 6 Choosing suitable coordinates in the
tangent spaces, one has TxX = Rn

and TyY = Rm and the projection
pr simply becomes pr(v1, . . . , vn) =
(v1, . . . , vm).

By the definition of the product topology, we can assume that the open set
V′ has the shape V′ = S′ × T′ where S′ is open in a linear subspace mapping
isomorphically onto TyY and where T′ is open in a complementary space.
Hence, via the coordinate function ξx the neighbourhood V also splits as a
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product V = S× T where S = ξ−1
x (S′). And since ψ maps S diffeomorphically

onto U, it is a slice. o

Problem 1.15. Give an example of a smooth map X → Y such that both Y and
all fibres are connected, but X is not connected. M

Problem 1.16. Let X and Y be two topological spaces and let ψ : X → Y be
an open and surjective continuous map all whose fibres are connected. If Y is
connected, show that X is connected. M

1.5.2 Quotients

We want to equip the quotient G/H with the structure of a manifold such that
the canonical map G → G/H becomes smooth and has the usual universal
property for smooth maps.

Theorem 1.2 Assume that G is a Lie group and that H⊆G is a Lie subgroup in the
strong sense. Then there is a manifold structure on G/H such that the two following
statements hold:

• The canonical map π : G → G/H is smooth.

• For any smooth map ψ : G → X such that ψ(gh) = φ(g) for all g ∈ G and h ∈ H,
there is a unique smooth map θ : G/H → X such that ψ = θ ◦ π.

Once we have established Cartan’s theorem about closed Lie subgroups be-
ing regular subgroups, we can in view of the theorem freely form quotients
whenever H is a closed subgroup of G. The maps π and θ in the theorem are
naturally defined as maps of sets, the point is that they are smooth.

Proof: The topology on G/H is the quotient topology which is the strongest
topology such that π is continuous. A subset U⊆G/H is open if and only if
the inverse image π−1U is open in G, and as already noticed, G/H is a Haus-
dorff topological space since H is a closed subgroup,(lemma 1.1 on page 8),
and it is second countable because G is.

To give a manifold structure on G/H we have to exhibit a neighbourhood
Ux about each point x ∈ G/H and coordinate functions ξx on Ux such that the
transition functions ξx ◦ ξ−1

y are smooth where they are defined. To begin with,
for each coset in G/H we choose a representative g ∈ G. The idea is to use
subsets Sg in G that look like the slices we saw in the previous paragraph. The
sets Sg will have the following four properties:

1. Every Sg is a submanifold of G containing g and being contained in a co-
ordinate patch.
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2. Sg ∩ gH = {g} and TgG = TggH ⊕ TgSg.

3. The restriction π|Sg is a homeomorphism onto Wg = πSg; in particular,
every s ∈ Sg lies in exactly one coset gH.

4. The set Sg · H⊆G is open and the multiplication map Sg × H → Sg H is a
diffeomorphism.

It is not very hard getting such a collection of “look-alikes” satisfying the three
first properties, but the fourth property is subtle and requires some work. We
begin by finding an S near e, and then the translates Sg = gS will do the job
near g—this is not complicated to check and is left to the industrious students.
To lay our hands on S, we choose coordinates ξ around e and let T⊆ TeG be
any linear subspace complementary to the tangent space TeH of H. We put
S = ξ−1T, then TeG = TeH ⊕ TeS.

Let µ denote the multiplication map µ : S× H → G. The derivative of µ at
(e, e) is the identity, and it ensues that µ is a local diffeomorphism near (e, e).
Shrinking S if necessary, we may assume that there is an open neighbourhood
V⊆H of e such that µ restricted to S × V gives an open immersion; that is,
SV is open in G and µ : S× V → SV is a diffeomorphism. However, this does
not a priori exclude that different points in S lie in the same orbit, i.e., it might
happen that s′ = sh for two distinct points s, s′ ∈ S; but of course not with h in
V. By further shrinking S, one eliminates this bad behavior:

Lemma 1.16 There exists an open subset S0⊆ S containing e such that no two dis-
tinct points of S0 lie in one orbit. Hence the restriction π|S0 is bijective onto π(S0).

Proof: Assume no such S0 exists. Let Si be a descending chain of opens in S
with

⋂
i Si = {e}. In each Si, there must, by assumption, be two distinct points

si and s′i lying in the same orbit, i.e., such that s′i = sihi for some hi ∈ H. Both
si and s′i must converge to e, but then hi = s−1

i s′i converges to e as well, and for
i >> 0, it holds that hi lies in V, contradicting the fact that S×V ' SV. o

We continue the proof with S0 in place of S, and accordingly rename S0 to S.
The next lemma takes care of requirement number four above and the first part
of number two:

Lemma 1.17 The subset SH⊆G is open, and the multiplication map S× H → SH
is a diffeomorphism.

Proof: The sets S and V were chosen so that µ(S × V) = SV, and as the
right translations are diffeomorphisms, the subsets SVh are open for all h. Now
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SH =
⋃

h∈H SVh, and therefore SH is open. Notice that S × Vh is an open
neighbourhood of (e, h) in S× H and SVh one of h in SH. The map µ(S×V) =

SV is bijective; indeed, that it is surjective is clear and it is injective because
sh = s′h′ would imply that s and s′ lie in the same coset, which is not the case
since S was shrunk according to lemma 1.16.

A standard translation argument shows that the multiplication map is a
diffeomorphism, see diagramme in the margin. o

S×V

idS ×ρh

��

// SV

ρh

��

S×Vh // SVh

Let us verify that π|S is a homeomorphism onto W. We already now it is
bijective, and W is open in G/H since π−1W = SH is open in G by the lemma.
Clearly π|S is continuous, and for any open S′⊆ S the proof of the lemma gives
that S′H = π−1π(S′) is open as well, so πS′ is open, and π|S is a homeo-
morphism. This enables us to use W = πS as a coordinate neighbourhood of
π(e) with coordinate function π|−1

S , and subsequently Wg = π(Sg) as a chart
around π(g) with π|−1

Sg
as coordinate function.7 7 From the outset, we have a coordinate

function ξ on S, hence one on each
Sg by translation. Not to notationally
overload the presentation, we have not
included those. Most precisely one
uses ξg = ξ ′g ◦ π|−1

Sg
where ξ ′g is the

translate of the coordinate function on
S.

It remains to check that the transition functions between any two coordinate
neighbourhoods Sg and Sg′ is smooth. So how does this transition function
operate?

The intersection Wgg′ = Wg ∩Wg′ has a preimage Zg′ in Sg′ and a preimage
Zg in Sg = gS. The working mechanism of the transition function τ between
Zg to Zg′ is as follows: An element x ∈ Zg is projected down to π(x) ∈ Zgg′

and subsequently lifted up to the unique preimage y of π(x) in Zg′ ; and then
it holds that τx = y. Now Zg⊆ SgH ∩ Sg′H, and any of its elements may
therefore be written as a product

x = yh,

where and y ∈ Sg′ and h ∈ H both being uniquely defined by x because
S ∩ H = {e}. Stated in words: Take x and split it as a product of one element
from y from Sg′ and one from H, then τ(x) = y; but this means that τ fits in
the following commutative diagram where p denotes the projection

Zg //

τ
��

Sg′H
' // Sg′ × H

p
��

Zg′ // Sg′

and therefore τ is smooth.
The universal property is easier to verify. Since ψ is constant on the fibres of

the projection π, there is a unique map of sets θ, such that ψ = θ ◦ π, and our
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task is to show that this smooth. This is a local question on G so we can pass
to any coordinate patch around g, in particular we can use the patch gSV. The
situation in gSV is described in the diagramme below

gS ·V
ξg

'
//

ψ|gSV

��

A �
�

// TgG

Sg '
//

?�

OO

π|Sg

��

T ∩ A �
�

//
?�

OO

T
?�

OO

C Wg
θ|Wg

oo

where C is a coordinate patch in X such that ψ(gSU)⊆C. Since π|Sg is invert-
ible, we see that θ|Wg is the composition θ|Wg = ψ ◦ π|−1

Sg
of two smooth maps,

hence is smooth. o

The crucial point in the proof is the fourth property that µ : Sg × H → SgH
is a diffeomorphism; we made essential use of this when establishing that τ

is smooth. In the more general case of G acting on a manifold, this condition
translates into the action being free; that is, all isotropy groups are reduced to
the trivial group. To be sure a quotient exists (as a smooth manifold) an addi-
tional topological requirement must be fulfilled. The action must be proper;
that is, the map G× X → X × X defined as (g, x) 7→ (g · x, x) must be a proper
map (inverse images of compacts are compact).

Corollary 1.5 With the notation as in the theorem, the quotient map π is submersive
everywhere, and there is an exact sequence of tangent spaces

0 // Te H // TeG
deπ
// Tπ(e)G/H // 0.

In particular, it holds true that dim G/N = dim G− dim H.

Proof: This follows directly from the way the slices Sg were constructed as the
pullback of a linear complement to TggH in TgG. o

Corollary 1.6 Let G be a Lie group and let N⊆G be a normal and regular subgroup.
Then G/N is a Lie group and the projection π : G → G/N is homomorphism of Lie
groups with kernel N.

Proof: As map of sets the multiplication and the inversion on the quotient
groups are well known, so what must be checked, is that they are smooth.
Now G × G → G/N × G/N is a smooth quotient map, and the composition
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π ◦ ψ : G× G → G → G/N is smooth and invariant under the action of N since
N is normal; hence it factors uniquely through G/N × G/N as a smooth map,
and this factorization is the product on G/N. The inversion map is treated
similarly, the details are left to industrious student. o

(1.1)—Quotients are fibre bundles. The quotient map π : G → G/H is a
very nice map—as nice as we can hope for—it is what is called a fibre bundle Fibre bundle
with fibre H. This means basically that locally on G/H it is shaped like the
projection of product, very much like in lemma 1.17. To be precise: There is for
every point in G/H a neighbourhood U of x and a diffeomorphism U × H '−→
π−1(U) such that π|π1(U) coincides with the projection prU : U × H → U.

(1.2)—Transitive actions. Assume that the Lie group G acts transitively on
the manifold X. Pick a point x ∈ X and let H = H(x) be the isotropy group
of x. Then H is closed and therefore (appealing to Eli Cartan’s theorem) is a
regular subgroup. Let Ψ : G → X be the map Ψ(g) = gx. Being the restriction
of the action map Ψ is smooth and it is surjective by the assumption that the
action be transitive. Clearly Ψ is G-equivariant, and therefore it factors through
the quotient map π : G → G/H, so we have a commutative diagram

G

Ψ

��

π

""

G/H

θ
||

X

A standard set-theoretical argument shows that θ is bijective, and since the
action is transitive, we deduce by a translation argument that Ψ is submersive.
It follows that θ is submersive, and hence an isomorphism. We have shown

Proposition 1.14 Assume that the Lie group G acts smoothly and transitively on the
manifold X. If H denotes the isotropy group of a point x ∈ X, there is a G-equivariant
diffeomorphism X ' G/H.

Example 1.16. —Flag varieties. Let V be a vector space of dimension n
over the field K (which is either R or C). By a a flag in V we understand an Flags in vector spaces
ascending chain of subspaces

0 = V0⊆V1⊆V2⊆ . . . Vr−1⊆Vr = V.
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The sequence of dimensions ni = dim Vi is called the nationality of the flag.
Clearly AutK(V) acts on the set of flags of a given nationality; in particular
Gl(n, K) acts on the flags in Kn. In the case that dim Vi = i and consequently
r = n, one says that the flag is complete, in what follows we shall use the quo-
tient theorem to put a manifold structure on the set F(n, K) of complete flags,
and in fact, it will be a compact manifold.

So the task is to describe the isotropy group of a fixed complete flag. We let
{vi} be a basis for V and consider the flag Vi =< v1, . . . , vi >. If a is an element
of Gl(n, K) leaving the flag invariant; that is, aVi = vi, the matrix of a in the
basis {vi} must be upper triangular

a =


∗ ∗ ∗ ∗ ∗
0 ∗ ∗ ∗ ∗
0 0 ∗ ∗ ∗
0 0 0 ∗ ∗
0 0 0 0 ∗


and the isotropy group of the flag is the subgroup H of upper triangular
matrices. It is clearly a regular subgroup (given by linear equations) of di-
mension dimK H = n(n + 1)/2.

Proposition 1.15 The variety of complete flags F(n, K) in a n-dimensional vector
space is a manifold. One has dim F(n, R) = n(n − 1)/2 and dim F(n, C) =

n(n− 1) where the dimensions are dimensions as (real) manifolds.

To further describe the variety of flags, we use an inner product on V; the
euclidean in the real case and a hermitian the complex. We assume that V =

Kn and let {Ei} be the standard flag Ei =< e1, . . . , ei > with ei being the i-th
standard basis vector.

Every flag has an orthonormal basis; given a complete flag {Vi} in Kn there
is a basis {vi} with 〈 vi, vj 〉 = δij. Consequently the matrix a = (vi) with i-th
column being vi takes the standard flag to the flag {Vi}; the point we make is,
that a is orthogonal when K = R and unitary when K = C. Hence O(n, R)

and U(n) act transitively on the flag varieties F(n, R) respectively F(n, C).
We can take a to have determinant one; if necessary just change the one of the
basis vectors by det a−1.

(1.3)—The real case. It is obvious that matrices that are both orthogonal
and upper triangular must be diagonal matrices having diagonal entries of
absolute value one, that is, they are either 1 or −1, so they form a subgroup Dn

of SO(n, R) that is isomorphic to the product of n− 1 copies of µ2.

Proposition 1.16 The variety F(n, R) of complete flags in Rn is diffeomorphic to
the quotient SO(n, R)/Dn where Dn is a finite group of diagonal matrices of order
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2n−1 with Dn ' µ2 × . . .× µ2. The flag variety is compact, connected of dimension
n(n− 1)/2.

(1.4)—The complex case. In the case of flags in Cn one finds that the isotropy
group Dn of the standard flag in the special unitary group SU([)n] is diagonal
with diagonal entries being of absolute value one, so in this case, the diagonal
entries are numbers form the unit circle, and the isotropy group is a product of
n− 1 copies of the unit circle.

Proposition 1.17 The variety F(n, C) of complete flags in Cn is diffeomorphic to the
quotient SU(n)/Dn where Dn is an abelian group of diagonal matrices of dimension
n− 1 with Dn ' S1 × . . .× S1. The flag variety is compact, connected of dimension
n(n− 1)t.

K

Example 1.17. The special orthogonal group SO(n, R) leaving the euc-
lidean scalar product invariant, acts on the unit sphere Sn−1 in Rn, and this
action is obviously transitive; if v is vector of norm one, any orthogonal mat-
rix A having v as its first column sends the standard basis vector e1 to v.
The isotropy group of v leaves the orthogonal complement of v invariant,
and hence the isotropy group of v equals SO(n − 1, R). This means that
SO(n, R)/ SO(n− 1, R) ' Sn−1, and SO(n, R) is a fibre bundle over Sn−1 with
fibre SO(n− 1, R). Sometime this is displayed similarly to an exact sequence:

SO(n− 1, R) //SO(n, R) //Sn−1

Fro the representation of SO(n, R) as a fibre bundle with base Sn−1 and
fibre SO(n− 1, R) one can by induction compute several of the topological in-
variants of SO(n, R) (of course, one can merely hope to find invariants known
for spheres).

We illustrate this with two instances. First we reestablish that SO(n, R) is
connected; indeed, one has SO(2, R) = S1 and as Sn−1 is connected for n ≥ 2,
this follows by induction and the fact that the total space of a fibre bundle is
connected if both the base and the fibre are.

Those initiated in the secrets of algebraic topology know that from a fibre
bundle one gets a long exact sequence of homotopy groups, a part of which
looks like

π2Sn−1 //π1 SO(n− 1, R) //π1 SO(n, R) //π1Sn−1

Since π1Sn−1 = π2Sn−1 = 0 for n ≥ 4, it follows that π1 SO(n, R) '
π1 SO(3, R) = Z/2Z. K
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Example 1.18. Like in the previous example, the special unitary groups U(n)
acts on the vectors in Cn of hermitian norm one, that is the unit sphere S2n−1.
The action is transitive and the isotropy group of a point is SU(n− 1), since it
leaves the orthogonal complement to the point invariant. It follows that SU(n)
is a fibre bundle over the sphere S2n−1 whose fibre is SU(n − 1). Displayed it
looks like

SU(n− 1) // SU(n) // S2n−1

the part of the long exact homotopy sequence is shaped like

π2S2n−1 //π1SU(n− 1) //π1SU(n) //π1S2n−1

and as long as 2n− 1 ≥ 3; that is n ≥ 2, it holds true that π2S2n−1 = π1S2n−1 =

0, hence π1SU(n) ' π1SU(n− 1) ' . . . ' π1SU(1) = 0, since SU(1) = 1. We
conclude that the special unitary groups are compact, connected and simply
connected Lie groups. K

Problem 1.17. Show that π1U(n) = Z. M

Problem 1.18. Let n = (n1, . . . , nr) be a sequence of natural numbers, and
let F(n1, . . . , nr, C) be the variety of flags of nationality n in Cm. Show that
F(n1, . . . , nr, C) is diffeomorphic to U(m)/ ∏i U(mi) where mi = ni+1 − ni. M

1.6 Appendix: Quaternions

Before we proceed to define the so called symplectic groups, we review the
construction of the quaternions. They give a natural setting for some of the
symplectic groups, the compact symplectic groups. Another good reason is that
they furnish the famous double cover:

S3 → SO(3, R)

with kernel {±1} showing that π1 SO(3, R) = Z/2Z. This double cover is
the ultimate reason that particles have spin, and so we owe it our existence!
Spatial rotations are of course also extremely important in many branches of
applied mathematics like in robotics and not to speak about in the aviation
industry—to keep an airplane stable is a task of its own (it can rotate about
three axes i.e., pitch, roll and yaw)—and quaternions is now widely used in
many of these technological branches. And nowadays, the game industry is a
strong consumer of rotations, hence of quaternions.

Sir William Rowan Hamilton,
(1805–1865)

Irish mathematician
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(1.1)—The construction and algebraic properties. The quaternions con-
stitute a four dimensional real, normed division algebra usually denoted by
H ( to honor their discoverer William Rowan Hamilton, although Gauss might
have known about them 20 years before). One way of constructing the qua-
ternions is as follows. We let H be the subspace of M2(C) of 2 × 2 complex
matrices of the form

q =

(
x y
−ȳ x̄

)
(1.1)

where x and y are complex numbers. Is is obvious that H is a real vector space
of dimension four, and one checks without difficulty that H is closed under
matrix multiplication:(

x y
−ȳ x̄

)(
x′ y′

−ȳ′ x̄′

)
=

(
xx′ − yȳ′ xy′ + yx̄′

−ȳx′ − x̄ȳ′ −ȳy′ + x̄x̄′

)

The conjugate q∗ of a quaternion q is defined to be q∗ = q̄t, that is The conjugate of a quaternion

q∗ =

(
x̄ −y
ȳ x

)
. (1.2)

The determinant of q satisfies det q = xx̄ + yȳ and is a real positive number,
so to define the norm |q| as the non-negative number with |q|2 = det q is The norm of a quaternion
meaningful. Then |q|2 = xx̄ + yȳ, and |q| > 0 whenever q 6= 0. Since both the
determinant and the square root (of positive numbers) are multiplicative, it is
clear that |p| |q| = |pq|, and we have an honest multiplicative norm on H.

One easily sees that qq∗ = det q · I = |q|2 · I where I is 2× 2-identity matrix.
Hence q and q∗ commute and q is invertible in H if and only if q 6= 0; the
inverse is given as q−1 = |q|−1 q∗.

A quaternion q satisfies the relation q∗ = q if and only if y = 0 and x
is a real number. Such quaternions are called real, and they constitute a one Real quaternions
dimensional real subspace R · I of H. We shall identify this subspace with R

and denote it by Re H. Under this identification the identity matrix takes the
appearance of the real unit 1. The real quaternions commute with all other
quaternions, and it is easy to check that they in fact form the centre of H. The
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real part of a quaternion q is defined as Re q = 1
2 (q + q∗) = 1

2 tr(q), and with the The real part of a quaternion
representation as in (1.1) one has Re q = Re x. We have established

Proposition 1.18 The quaternions form a four dimensional, normed and central
real division algebra. It carries an involution q 7→ q∗ satisfying (pq)∗ = q∗p∗ and
qq∗ = |q|2.

A quaternion is called purely imaginary if q∗ = −q. The set of such qua- Purely imaginary quaternions
ternions constitute a linear subspace; indeed, it is immediate that the condition
is invariant under addition and multiplication by real quaternions, and this
subspace is denoted by Im H. Being purely imaginary is obviously equivalent
to Re q = 0, or to Re x = 0 when q is written as in (1.1) above, so the constraints
imposed amount to just one linear equation. It follows that dimR Im H = 3.

(1.2)—The scalar product. Not only the norm, but the euclidean scalar
product on R4 has a quaternion incarnation as well. Putting

〈 p, q 〉 = 1
2
(p∗q + q∗p) = Re p∗q, (1.3)

we see that |q| = 〈 q, q 〉, and 〈 p, q 〉 is a real number since 〈 p, q 〉∗ = 〈 p, q 〉.
Obviously 〈 p, q 〉 is symmetric in p and q, and as |q| = 〈 q, q 〉, the quadratic
form 〈 p, q 〉 is non-degenerate. Hence it is a scalar product— and expanding
it in real and imaginary parts of x and y in the representation (1.1), we recover
the euclidean product.

The scalar product is compatible with the multiplication in the following
sense:

〈 ap, q 〉 = 1
2
(p∗a∗q + q∗ap) = 〈 p, a∗q 〉,

so a∗ acts as the transpose of a. Furthermore one has the following two import-
ant equalities:

〈 pa, qa 〉 = |a|2 〈 p, q 〉 (1.4)

〈 ap, aq 〉 = |a|2 〈 p, q 〉 (1.5)

where p, q and a are three quaternions. We shall show the first of them, but
will it leave it to the reader to check the second one:

〈 pa, qa 〉 = 1
2
(a∗p∗qa + a∗q∗pa) = a∗〈 p, q 〉a = a∗a〈 p, q 〉 = |a|2 〈 p, q 〉,

where we used that 〈 p, q 〉 is real and hence central.
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(1.3)—Quaternions of norm one and the Lie group S3. Using the real and
imaginary parts of x and y as coordinates and expanding xx̄ and yȳ as square
sums of their respective real and imaginary parts, we recognize |q| as the good
old euclidean norm on R4. Hence the quaternion of norm one is the three sphere
S3. As the norm is multiplicative, we deduce that S3 is Lie group:

Proposition 1.19 The norm one quaternions are isometric to the three sphere S3

and is a Lie group. The tangent space at the unit element equals the purely imaginary
quaternions. As a Lie group S3 is isomorphic to SU(2).

Proof: From the representation

q =

(
x y
−ȳ x̄

)

of a quaternion q one sees immediately that the two columns are orthogonal
with respect to the standard hermitian product on C2. And to ask for q to be
of norm one is to require that xx̄ + yȳ = 1; that is, the two columns are of
hermitian norm 1.

To establish the statement about the tangent space we compute the derivat-
ive of the norm square, as usual while ignoring terms of second order:

(q + εx)(q + εx)∗ = qq∗ + ε(xq∗ + qx∗) + o(ε).

Hence, setting q = 1 one obtains

T1S3 = { x ∈H | x + x∗ = 0 } = Im H.

o

Notice that the tangent space at a general point q is the translate of the tangent
space at unity:

TqH = { qx | x∗ + x = 0 } = q Im H.

(1.4)—The purely imaginary quaternions. Recall that a quaternion is called
purely imaginary if q∗ = −q. The space Im H they form is a real, linear subspace
of dimension thee. Their basic properties are summed up in the following
proposition:

Proposition 1.20 The space Im H of purely imaginary quaternions is the orthogonal
complement to the real axis. A purely imaginary quaternion q is of norm one, if and
only if q2 = −1. Two purely imaginary quaternions are orthogonal if and only if they
anti-commute; that is, for any pair e, f ∈ im H it holds that

〈 e, f 〉 = 0⇐⇒ e · f = − f · e.
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Proof: One has
〈 r, q 〉 = Re rq = r Re q,

where r is any real quaternion, and this shows that 〈 r, q 〉 = 0 just when Re q =

0, i.e., when q ∈ Im H.
Since |q|2 = qq∗, a purely imaginary quaternion q is of norm one if and only

if q2 = −1.
If e and f are two purely imaginary quaternions we find:

2〈 e, f 〉 = e∗ f + e f ∗ = −(e f + f e),

hence 〈 e, f 〉 = 0 if and only if e f = − f e. o

In some sense this expresses that “equator” of the three sphere S3; i.e., the
“great S2” perpendicular tho the real axis, consists of the imaginary units, in
other words the square roots of −1.

(1.5)—Standard bases. Pick any two orthogonal and purely imaginary qua-
ternions e and f . Their product will we purely imaginary as well, and will be
perpendicular to both e and f . Indeed, computing we find using that e and f
anti-commute

(e f )∗ = f ∗e∗ = f e = −e f .

Now
〈 e, e f 〉 = 〈 1, e∗e f 〉 = 〈 1,− f 〉 = 0

since f is orthogonal to the real axis, and by symmetry 〈 f , e f 〉 = 0. Hence we
arrive at:

Proposition 1.21 Let e and f be two orthogonal purely imaginary quaternions. Then
e f is purely imaginary and orthogonal and {1, e, f , e f } forms an orthonormal basis for
H as real vector space.

Such triples are frequently denoted by i, j and k, and there is a standard
choice called the standard basis:

i =

(
i 0
0 −i

)
, j =

(
0 1
−1 0

)
, k =

(
0 i
−i 0

)
.

(1.6)—Maximal subalgebras. The choice of an equatorial point e (or in other
words a purely imaginary quaternion of norm one), gives rise to the real subal-
gebra

C(e) = R · 1 + R · e

of H. it is clearly closed under multiplication

(x + ye)(x′ + y′e) = (xx′ − yy′) + (xy′ + y′x)e.
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The algebra C(e) is isomorphic to the complex numbers, sending i to e gives an
isomorphism.

Of course, the antipodal quaternion −e of e gives rise to the same subalgebra
as e. The subalgebras C(e) are therefore in one-to-one correspondence with
the pairs of antipodal points of the equatorial sphere S2, and hence they are
parametrized by the real projective plane RP(2).

Proposition 1.22 Every maximal, real subalgebras of H is of the the form C(e) for
a purely imaginary quaternion e uniquely defined up to sign. The algebra C(e) equals
the centralizer of e.

Proof: The last statement, that the centralizer of e equals C(e), follows from
the first, for if q commutes with e, th set C(e) + Rq would be a subalgebra of
dimension 3.

Assume that A is a real subalgebras. The crux of the proof is to consider
the intersection Z of A with the equatorial sphere. If dim A ≥ 2, one has
dim A ∩ Im H ≥ 1, hence Z contains at least two antipodal points, say ±e, and
A contains C(e).

Moreover, when dim A = 2 the intersection dim A ∩ Im H is a line because
A is not contained in Im H (the reals lie in A). Hence Z consists exactly of two
antipodal points ±e, and A = C(e).

If dim A ≥ 3, one infers that dim A ∩ Im H ≥ 2, least 2 and Z contains a
circle. An in a circle one always finds perpendicular points to e and f say. Since
A is an algebra, it ensues that e f ∈ A and consequently A = H. o

(1.7)—Structures as complex vector space. The quaternions are not a com-
plex vector space in a canonical fashion, but any choice of a purely imaginary
quaternion e induces via the algebra C(e) ' C the structure of complex vector
space on H. It is of dimension two with a basis {1, f } where f is any purely
imaginary quaternion orthogonal to e. The scalar product on H becomes iden-
tified with the hermitian product.

The universal cover of SO(3, R)

The group of unit quaternions S3 acts by conjugation on H. A unit quaternion
a ∈ S3 acts on q be sending it to aqa∗ This action leaves the the subspace im H

of purely imaginary quaternions invariant; indeed, when q∗ = −q it holds true
that

(aqa∗)∗ = aq∗a∗ = −aqa∗.

The action also preserves the scalar product between elements from Im H:

〈 aqa∗, aq′a∗ 〉 = 〈 qa∗a, aa∗q′ 〉 = 〈 q, q′ 〉.
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by the formulas 1.4 and 1.5. Hence the action of a on Im H is orthogonal, that
is a gives an element in O(Im H). The space Im H with the quaternion scalar
product, is isometric to R3 endowed with the euclidean product, and with such
an identification in place, we obtain elements Θ(a) ∈ O(3, R).

The assignment (a, q) 7→ aqa∗ is smooth in both q and a, since the product
in H is (and the conjugation), and one has Θ(ab) = Θ(a)Θ(b), indeed as
(ab)∗ = b∗a∗ one has

(ab)q(ab)∗ = a(bqb∗)a∗,

hence we have a genuine action, and Θ is a Lie group homomorphism. Since
S3 is connected, Θ takes values in the unit component SO(3, R) of O(3, R).

Every element in SO(3, R) is the rotation about an axis, and the natural
question to ask is: Which quaternions correspond to rotations about a given
unit vector? A unit vector in our model is just an e ∈ Im H of norm one, and
we observe that e is fixed under the action of a, that is aea∗ = e, if and only
if a and e commute. Hence the a’s that act as rotations about the axis e are
precisely those lying in the centralizer C(e) = { a | ae = ea } of e. That is
C(e) = R + R · e as found in proposition 1.22 above.

Proposition 1.23 The map Θ is surjective and ker Θ = µ2 = {±1}. Hence Θ is a
double cover, and there is an exact sequence

1 // µ2 // SU(2) // SO(3, R) // 1.

Proof: To prove surjectivity, let e, f and e f be an orthonormal basis for Im H.
By proposition 1.22 above, the quaternions commuting with e are those of
the form a = x + ye with x and y real. If in addition |a| = 1, it holds that
x2 + y2 = 1, and one may write a = cos θ + sin θ e for a suitable angle θ. Then
a∗ = cos θ − sin θ e, and a little calculation shows that

a f a∗ = (cos θ + sin θ e) f (cos θ − sin θ e) = cos 2θ f + sin 2θ e f

and
ae f a∗ = cos 2θ e f − sin 2θ f .

The matrix of Θ(cos θ + sin θ e) in the basis e, f , e f is therefore equal to1 0 0
0 cos 2θ − sin 2θ

0 sin 2θ cos 2θ

 , (1.6)

the rotation by the angle 2θ about the axis e. As the quaternion e can be chosen
arbitrarily among the vectors of norm one in Im H, and as any element in
SO(3, R) is the rotation about some axis, we can conclude that Θ is surjective.
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If a commutes with all purely imaginary q; that is, Θ(a) is the identity, the
quaternion a is real (this follows for example from C(e) ∩ C( f ) = R), and being
of norm one, it is either equal to 1 or −1, so the kernel of Θ equals {±1}.

A final remark, the factor two in the rotation angle corresponds to Θ being
a double cover, the quaternions a = cos(θ + π) + sin(θ + π)e and −a =

cos θ + sin θe give the same rotation. o

We found in xxx that the tangent space to the unit sphere S3 is equals the
space of purely imaginary quaternions:

TeSU(2) = Im H,

With this description, it is not difficult to determine the derivative of the map
Θ:

Proposition 1.24 The derivative of Θ at the unit element is given by the matrix

dIΘ(xi + yj + zk) =

 0 2z −2y
−2z 0 2x
2y −2x 0


in the standard basis {i, j, k} of Im H.

Proof: It suffices to remark that to the quaternion cos εt + sin εti corresponds
the rotation matrix 1 0 0

0 cos 2εt − sin 2εt
0 sin 2εt cos 2εt


which upon derivation and evaluation at t = 0 gives0 0 0

0 0 −2ε

0 2ε 0

 .

And the result follows by treating the two other basis elements j and k in a
similar fashion. o

Corollary 1.7 The universal cover of SO(3, R) is isomorphic to S3, and consequently
one has π1 SO(3, R) = Z/2Z.

Proof: The sphere S3 is simply connected and the map Θ is a covering map.
(Any surjective homomorphism of Lie groups with finite kernel is.) o
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From our description of the map Ψ we find an explicit generator for π1 SO(3, R),
namely the image of half a unit circle in C(e). For example the part from −i to
i is described as the path cos t + sin te with −π/2 ≤ t ≤ π/2. The homomorph-
ism maps it to the a full loop about e given as in 1.6 by the matrix1 0 0

0 cos 2εt − sin 2εt
0 sin 2εt cos 2εt


in the basis {e, f , e f } of H.

Problem 1.19. Let X = H∗/µ2. Show that H∗ = S3×R+. Show that the norm
map nrm : H∗ → R+ is a Lie group homomorphism, and that q 7→ (|p|−1 q, |q|)
is an isomorphism H∗ → S3 ×R+. Show that the norm map descends to a
map E = H∗/µ2 → SO(3, R) that is a fibre bundle with fibre R+. Show that
the restriction of this bundle to the loops above are “Möbius bands”. M

Corollary 1.8 For any n ≥ 3, we have π1 SO(n, R) = Z/2Z.

Proof: Those fundamental groups are all isomorphic to π1 SO(3, R), this
follows by induction on n from the fibration in example 1.17 on page 40 and
the relevant part of the corresponding long exact sequence of homotopy groups

π2Sn−1 → π1 SO(n− 1)→ π1 SO(n)→ π1Sn−1,

where π2Sn−1 = π1Sn−1 = 0 when n ≥ 4. o

Example 1.19. If one introduces the standard orthonormal basis i, j and k
of Im H corresponding to the x-, y- and z-axis in R3, any purely imaginary
quaternion of norm one e may we written e = cos αi + cos βj + cos γk, where
the coefficients usually are called the directional cosines. The rotation by an angle
θ about the axis e, is then, as we found above, represented by the quaternion

a = cos θ/2 + sin θ/2e = cos θ/2 + sin θ/2(cos αi + cos βj + cos γk),

a formula often cited as the Euler-Rodrigues formula8. K 8 Although he expressed it differently,
Euler found this formula in 1771.
That is 70 years before Hamilton
found the multiplication rules for the
quaternions.Problems

These exercises treat some classical formulae related to spacial rotations and
quaternions.
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1.20. Assume that e and f are (not necessarily orthogonal) elements from
Im H. Show that Re e f = −〈 e, f 〉 = and that 2 Im e f = [e, f ] = e f − f e.
Show that 〈 e, [e, f ] 〉 = 0.

1.21. Let e, f ∈ Im H. Show that e · f = −Re e f and that e× f = Im e f . (Here
e · f and e × f denote respectively the old fashioned dot-product and the old
fashioned cross-product of e and f considered as vectors in R3.) Hint: For the
second equality: Check it out on the standard basis.

1.22. (The Hamilton formula). Let R respectively R′ denote the spacial rotation
an angle of θ respectively θ′ about the axis e respectively e′. Prove that the
cosine of the angle of rotation α of the composed rotation RR′ is given as

cos α = cos θ/2 cos θ′/2− (sin θ/2 sin θ′/2) e · e′,

and that the axis of rotation f of RR′ is given by

(sin α) f = (cos θ/2 sin θ′/2) e + (sin θ/2 cos θ′/2) e′ + (sin θ/2 sin θ′/2) e× e′.

1.23. (Rodrigues’ formula). Let e and f be two norm one purely imaginary
quaternions. Show that e f e − f = −2〈 e, f 〉e. Use this to show that if a =

cos θ/2 + sin θ/2 e, then

a f a∗ = cos θ f + sin θ(e× f ) + (1− cos θ)〈 e, f 〉e.

M

1.6.1 Quaternion vector spaces

This section quick recap of the quaternion vector spaces Hn and the linear
maps between them. Of course Hn has both a right and a left vector space
structure over H; if v = (vi) is a vector in Hn and q ∈ H we can form both
q · v = (qvi) and v · q = (viq).

To keep the old formulas for matrix multiplication (with vectors being
column vectors), we shall use maps that are linear with respect to the right
vector space structure of over H; that is, maps φ : Hn → Hm satisfying
φ(v · q) = φ(v) · q. Any n × m-matrix A = (aij) with entries from H gives a
map Hn →Hm by the usual formula

A(vi) = (∑
j

aijvj),

and this map is is obviously linear when we multiply from the right. Moreover,
one easily shows that any linear map Hn → Hm is of this shape. Indeed, if φ is
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linear, one writes φ(ei) = (φij), where ei is the i-th standard basis vector for H,
and then φ(v) = (φij)(vi) when v = (vi). The columns of (φij) are the vectors
φ(ej).

One has the usual rule for composition and matrix multiplication.

B(A(v)) = B(∑
j

aijvi) = ∑
k

bki(∑
j

aijvi)

Mimicking the definition of the standard hermitian product on Cn, one
introduces a quaternion hermitian product on Hn in the following way The quaternion hermitian product

〈 v, w 〉 = ∑
i

v∗i wi.

Lemma 1.18 The quaternion product hermitian product additive in both variables.
It is a sesquilinear form, linear in the second variable and conjugate linear in the first.
That is, if a ∈H one has

〈 v · a, w 〉 = a∗〈 v, w 〉, 〈 v, w · a 〉 = 〈 v, w 〉a.

Notice, one must be careful about on which side the scalar exits the form.

Proof: From the definition we have

〈 v · a, w 〉 = ∑
i
(via)∗wi = ∑

i
a∗v∗i wi = a∗∑

i
v∗i w = a∗〈 v, w 〉,

and the second equality follows similarly. o

We have seen that H with the scalar product p∗q is isometric to R4. Hence
the real product 〈 v, w 〉 is a inner product and there is an isometry Hn ' R4n

where R4n is equipped with the standard euclidean product. In particular,
the norm given as |v|2 = 〈 v, v 〉 is the equivalent to the euclidean norm on
Hn ' R4n.

If A = (aij) is a matrix, the conjugate matrix A∗ is defined as A∗ = (aji)
∗

that is (A∗)t. One verifies that

〈 Av, w 〉 = 〈 v, A∗w 〉.

1.6.2 The compact symplectic groups

One forms the group Gl(n, H) of invertible linear endomorphism of Hn, or
if one wants, the group of invertible matrices in Mn(H). Of course, it is a Lie
group, but this merits an argument. Hence:

Proposition 1.25 The space Gl(n, H) is a Lie group of dimension 4n2.
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Proof: To begin with, the space Mn(H) of quaternion n × n-matrices is as
a manifold diffeomorphic to R4n2

in a natural way, and after having chosen
a standard basis for H over R, the diffeomorphism is canonical. It sits inside
M4n(R) since every quaternion linear map is linear over the reals. Moreover,
it sits in M4n(R) as real linear subspace; the sum of two quaternion maps is
quaternion linear and the real multiple of one is quaternion linear as well.
Hence Mn(H) is a (linear) submanifold of M4n(R).

The composition of two maps is a pure set-theoretical construction not de-
pending on any additional structure the maps have, and as the matrix product
corresponds to composition, it follows for free that the product in Mn(H) is the
restriction of the product in M4n(R), and hence is smooth.

In the same vein, a quaternion linear map is invertible if and only if it
is bijective, a pure set-theoretical condition, and it ensues that Gl(n, H) =

Gl(n, R) ∩Mn(H). This shows that Gl(n, H) is an open subset of Mn(H), and
the multiplication is smooth. It also shows that the inversion map is inherited
form the one on Gl(n, R) and therefore is smooth as well. o

A quaternion matrix a is said to be unitary if aa∗ = I; or what is the same,
〈 av, av 〉 = 〈 v, w 〉 for all v, w ∈ Hn. This means that the columns are orthonor-
mal with respect to the quaternion inner product.

Proposition 1.26 The symplectic group Sp(n) is a Lie group of dimension 2n2 + n.
It is compact, connected and simply connected. The tangent space at the identity is the
space of anti self adjoints matrices:

TISp(n) = { x ∈ Mn(H) | x∗ = −x }.

Proof: We mimic the earlier proofs for the orthogonal and unitary groups,
and introduce the space S of self adjoint quaternion matrices: That is, matrices
such that a = a∗. Looking at the constraints this imposes on the matrix and
counting the parameters one arrives at S being a real linear space of dimension
2n2 − n.

Next we introduce the map Ψ : Mn(H) → S that sends a matrix a to a∗a. Its
derivative is computed in the now usual way: One finds for x ∈ Mn(H) that

(a + εx)∗(a + εx) = aa∗ + ε(a∗x + x∗a) + o(ε)

and extracting the derivative, this yields daΨ(x) = a∗x + x∗a. The surjective at
points in Sp(n) and Sp(n) is a manifold. o

Proposition 1.27 The symplectic groups Sp(n) are simply connected; in fact π2Sp(n) =
0 and π3Sp(n) = Z.
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Proof: As Sp(n) acts on Hn respecting the norm (which is equivalent to the
euclidean norm), it acts on unit sphere S4n−1, and this action is transitive.
Given a point e ∈ S4n−1, the orthogonal complement to e must be invariant
under the action, and the isotropy group of e turns out to be isomorphic to
Sp(n− 1). Hence there is a fibre bundle

Sp(n− 1) // Sp(n) // S4n−1.

The long exact homotopy sequence has the shape

πi+1S4n−1 //πiSp(n− 1) //πiSp(n) //πiS
4n−1

For n ≥ 2 one has 4n − 1 ≥ 5 and πiS
4n−1=0 for 1 ≤ i ≤ 4. By induction

we infer that πiSp(n) ' πiSp(1) for 1 ≤ i ≤ 3, but Sp(1) is the group of unit
quaternions; that is, it equals S3, and we are through. o
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In this section we study vector fields on (compact) Lie groups and establsih
their basic properties. As with many other aspects of Lie groups, the homogen-
ity properties they enjoy have strong implications.

By extending tangent vectors at the unit element, that is elements in, TeG
by way of left translation, one obtains a global basis of for the smooth vector
fields. In other terms, the tangent bundle of a Lie group is tivial; it is canonic-
ally isomorphic to the trivial bundel G× TeG.

There is the technical term parallelizable for manifolds having this property,
and it is one step on the way to having global coordinates. However, there are
integrability conditions that are not satisfied in general Lie-groups. Any how,
being parallelizable is a strong property of a manifold. Among the spheres, for
instance, only S1, S3 and S7 are. The two first are Lie groups being the elements
of unit length in the algebras C and H, and S7 is closely related to an algebra
called the algebra of octonions. This algebra is not associative and S7 is not a Lie
group, but it shares some of their properties.

2.1 Vector fields.

Recall that a smooth vector field, or just a vector field for short, on G is a section
of the tangent bundle; in other words, it is a smooth map X : G → TG such
that X ◦ π = id G. The map X picks out a tangent vector X(x) ∈ TxG for each
x ∈ G, and it does this in smooth way.

If U is a coordinate patch with coordinates x1, . . . , nn the restriction of X to
U mau be expressed as a linear combination

X|U = ∑
i

ai∂/∂xi (2.1)
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where the ai are smooth functions in U.
A vector field X over an open subset U⊆M has a representation as deriv-

ation C∞(U). That is, a linear map DX : C∞(U, R) → C∞(U, R) satisfying the
good old Leibnitz’ rule for the derivative of a product:

DX( f g) = f DX(g) + gDX( f ).

Indeed, given a smooth function f one forms the function DX( f ) given as
DX( f )(x) = X(x)( f ). A tangent vector at a point x is a point derivation,
and X(x) f is that point derivation applied to f , and hence Leibnitz’ rue is
valid. Restricting to coordinate patches like in (2.1) above and expressing X in
coordinates, one sees that X( f ) is smooth when f is.

(2.1) The tangent bundle and the derivate depend functorially on the mani-
folds, which is no more than a fancy way of stating the chain rule. If M and N
are manifolds and φ : M → N is a smooth map, the derivatives dxφ : Tx M →
Tx N at the different points x in M can be recollected to a map dφ : TM → TN
beween the tangent bundles. It is smooth, linear on the fibres and respects the
projections maps (i.e., it fits into the commitative diagramme in the margin)

TM
dφ
//

��

TN

��

M
φ
// N

Moreover it holds true that d(ψ ◦ φ) = dψ ◦ dφ whenever ψ and ψ are
composable smooth maps.

(2.2) Vector fields, however, are not fully functorial. A section X of TM does not
induce a section of TN, but merely one of the pull-back-bundle φ∗TN; that is,
one has the diagramme

TM
dφ
//

��

TN

��

M

X

HH <<

φ
// N

where the diagonal map, that is the composition dφ ◦ X, is the section of the
pull-back-bundle bundle φ∗TN. In general there is no reason what so ever that
φ∗X should descend to N. This would e.g., imply it be constant along the fibres
of φ, and most vector fields are not. Even if X were constant along fibres, one
could merely descend X to a field on the image φ(M), and in general one can
not extend it to N.

(2.3) In the language of derivations, the section φ∗ corresponds to the map
C∞(N, R) → C∞(M, R) given a sthe composion φ∗X = X ◦ φ∗, where
φ∗ : C∞(N, R) → C∞(M, R) is φ∗( f ) = φ ◦ f . If it can bedscenet it should
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fit into the diagramme

C∞(M, R) //

��

C∞(M, R)

��

C∞(N, R) // C∞(N, R)

In the case that φ is a diffeomorphism, however, the field dφ ◦ X ◦ φ−1 gives
a section of TN, as in the diagramme

TM
dφ
//

��

TN

��

M

X

HH <<

N.
φ−1
oo

(2.4) Interpreting vector field X as a derivation X : C M → C M, the induced
field dφ ◦ X is given as dφ ◦ X = φ∗X = X ◦ φ∗, where φ∗ : C∞(N) → C∞ M is
the composition f 7→ f ◦ φ. One has φ∗X( f )(x) = X( f (x)), and this is not a
field on N but one on N.

2.2 Left invariant vector fields

On a Lie group there is a particular convenient class of vector fields called
left invariant fields. They turn out to form a global basis for all vector fields so
that any vector field X can be written as (unique) linear combination of them
with smooth functions as coefficients. There is of course also a completely
symmetric notion of right invariant vector fields, but by choice, we stick to the
left invariant ones.

(2.1) A vector field X on the Lie group G is said to be left invariant if Left invariant vector fields

X(gh) = dhλgX(h) (2.2)

for all g, h ∈ G, where λg as usual denotes left translation by g. Thinking
abpout the vector field X as a global smooth section of the tangent bundle,
the condition of being left invariant is expressed by the following diagramme
being commutative:

TG
dλg
//

��

TG

��

G
λg

//

X

HH

G.

X

VV
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In terms of the felds alter ego, the derivation associated with X, the condition of
being left invariant takes the form

X ◦ λ∗g = λ∗g ◦ X. (2.3)

In practical terms, X being invariant means it does not matter if we first trans-
late and then compute the derivative or if we compute the derivative first and
then translate.

Examples

2.1. The first and simplest example is G = R and the vector field is d/dt,
which is left invariant. By the rule to the left in (2.3) we first compute f ′(x)
and then substitute x + a, whereas following the recipe to the right, we first
substitute x + a for x and then compute the derivative. Of course we get same
answer in the two cases since the derivative of x + a is one.

2.2. The next example is the multiplicative group G = R∗ and the vector field
is td/dt. First applying td/dt to a function f (t) and then substituting at for t
gives at f ′(at), whereas substituting first and then taking the derivative yields

t · d f (at)
dt

= at f ′(at).

The two coincide, and td/dt is left invariant.

2.3. Recall that for G = Gl(n, R) the tangent space at a point a equals TaG =

Mn(R) and the derivative of λa at I is just multiplication by a. So for any x ∈
TaG we have a left invariant field X given as X(a) = ax; indeed, one has

X(ab) = abx = a(bx) = a(X(b)).

Notice that X is a smooth vector field as its coordinates depend on a in a linear
fashion (the vector x is constant).

Lie groups are parallelizable

Inserting y = e in formula (2.2) above, we see that

X(g) = deλgX(e), (2.4)

so a left invatiant vector field X is uniquely determined by the value it assumes
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at the unit element e, and one can turn condition (2.2) into a definition. If v ∈
TeG is any tangent vector, one defines a vector field Xv by posing

Xv(g) = deλgv. (2.5)

Lemma 2.1 The field Xv defined by (2.5) is a smooth and left invariant vector field.

Proof: The chain rule ensures that the vector field Xv is left invariant; using
the equality λgh = λg ◦ λh, we find

Xv(gh) = deλghv = deλg ◦ deλhv = deλgXv(h).

Smoothness of Xv follows most easily by a global description of the construc-
tion. Consider the diagram

TG× TG
dµ
// TG

��

G× TeG pr1
//

η

OO

A

::

G

(2.6)

where all maps except η and A are self explanatory. The map A is defined
as the composition dµ ◦ η, and the map η has two components, i.e., η(g, v) =

(α(g), β(v)) with α being the zero section of TG; that is, the map G → TG send-
ing g to zero in TgG, and β being just the inclusion of the tangent space TeG in
TG as the fibre over e. The map η is an inclusion of a closed submanifold and
therefore smooth.

The point is that A turns out a global version of definition (2.5). In other,
words we shall establish that the fibre Ag over g is the map sending v to deλgv,
and A is smooth being the composition of the two a priori smooth maps µ and
η.

To understand the fibre Ag we consider the fibre of the diagramme (2.6) over
the point g ∈ G:

TgG⊕ TeG
d(g,e)µ

// TgG

TeG

ηg

OO

Ag

99

Now d(g,e)µ|TeG = deλg because µ|g×G = λg, and ηg(v) = (0, v) implies that
Ag(v) = deλgv. o

Summing up, we have proven the following:
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Proposition 2.1 Given a tangent vector v ∈ TeG. The assignment

Xv(g) = deλgv

defines a smooth left invariant vector field on G. This sets up a one–to–one correspond-
ence between left invariant smooth vector fields on G and tangent vectors in TeG.

(2.2) The left translations λg are all diffeomorphism so their derivatives deλg

are isomorphisms between the tangent spaces TeG and TgG. Given a basis {vi}
of the tangent space TeG at the unit element, the translated vectors Xvi (g) =

deλg(vi) will therefore form a basis for the tangent space TgG, and any vector
field X can consequently we written as a linear combination

X(g) = ∑
i

ai(g)Xvi (g)

where the coefficients ai are real valued functions on G. When X is a smooth
vector field, the coefficients ai will be smooth. To see this, notice that

dgλg−1 X(g) = ∑ Ai(g)vi

so that a(g) are the coefficients of dgλg−1 X(g) as g varies. In a similar way,
as we laid hands on A, we construct an inverse to A: The departure the dia-
gramme

TG× TG

��

dν // TG× TG

��

G× G // G× G

G //

∆

OO

G× e

η

OO

where ν(x, y) = x−1y, and ∆ is the diagonal map ∆(x) = (x, x) and finally, η

is the inclusion η(g, e) = (g, e). Restricting we the upper square to the bottom
map, we obtain

G // TG× TG|G
dν|G // TG× TeG // G× TeG.

and the composition is the map we are looking for; hence it is smooth.

Theorem 2.1 Given a Lie group G. Any basis {vi} of the tangent space TeG at the
unit element gives rise to a global basis {Xvi} for the tangent bundle TG. That is,
any smooth vector field X on an open set U⊆G, may be written uniquely as a linear
combination

X = ∑
i

aiXvi

where the ai’s are smooth functions on U.
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Proof: Using partitions of unity we may assume that X is globally defined,
and we are then back to the argument given just before the proposition. In-
deed, let {ηi} be a partition of unity subordinate to an open covering U = {Uj}
of G. Then ηiX is s globally defined smooth vector field (although zero outside
U ∩Uj), and X = ∑j ηjX. It follows that ηjX = ∑i aijXvi . Hence

X = ∑
j

ηjX = ∑
j

∑
i

aijXvi = ∑
i
(∑

j
aij)Xvi .

o

Another way of stating this theorem is to say that the tangent bundle to a
Lie group is trivial: One has a diffeomorphism TG ' Rn × G where n = dim G;
and indeed, the mapping Rr × G → TG sending (v, g) → Xv(g) is such an
isomorphism.

Theorem 2.2 Lie groups are parallelizable; that is, their tangent bundle is trivial.

Proof: The map A we produced in the proof of xxx, is a map of vector bundles

G× TeG

##

A // TG

~~

G

that is an isomorphism on each fibre since deλg is invertible. It follows that A
is an isomorphism of vector bundles. Or one can construct an explicit inverse
map. o

2.3 Volume forms and The Haar integral

(2.1)

(2.2)Volume elements On any manifold M of dimension n a non-vanishing
smooth n-forms gives rise to a volume element |ω|. This a measure or pos-
itive integral is another word. To any funcion on M suffiviently regular (i.e.,
Lebesgue integrable) one can associate the integral

∫
M f |ω|, which is a positive

number whenever f is a positive function.

(2.3) If U is a coordinate patch with coordinates xi, the form Ω restricts to
Ω|U = f · dx1 ∧ . . . dxn where f is a smooth function in U.

The same happens in anoter patch with coordinats say yi, and Ω|V = fV ·
dy1 ∧ . . . ∧ dyn. Om the intersection one has fU = fV · JVU where JVU is the
determinant of the jacobian matrix. ∂(y1, . . . , yn)/∂(x1, . . . , xn).
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The “form” |Ω| is given by the absolute values | fU | and transision functions
|JVU |. The good old formua for chainging variables in an integral yields that∫

U∩V
| fU | dx1 . . . dxn =

∫
UV
| fV | dy1 . . . dyn.

A standard “globalisation argument” using partitions of unity one defiens
the integral

∫
M F |Ω|. For any function F on M.

In fact, with one may find a covering ov coordinate patches so that the jac-
obian deteminants above all are positive, so that we infact integrates the form
Ω.

We do have the change of variable fimula If φ : N → N is a diffeomorphism
preserving the ortientation, then

∫
M φ∗Ω =

∫
N Ω

(2.4) On a Lie group G just as we have a global basis of left invaranit vector
fields, we have sa global basis of left invaraiant one-forms; The dual baisi will
do. Let {vi} be a basis for TeG and let Xi = Xvi be the corresponding left
invaraiant fields. Define one forms dXi by

dXi(Xj) = δij

They are invaraint and globally a basii for the one forms; indeed, any one form
can be written

ω = ∑
i

ω(Xi)dXi.

It follows that
Ω = dX1 ∧ . . . ∧ dXn

is a global nonvanishing smooth and invariant n-form. Hence defines an in-
variant volum element |Ω|.
(2.5) dXi are invariant 1-forms. Hence ω = dX1 ∧ . . . ∧ dXn is an invaraint,
non-vanishing n-form. Hence definies a measure.

Lemma 2.2 This is left invariant Haar-measure.

Example 2.4. Let G be the semi-direct product of R+ and R described by the
matrices (

x y
0 1

)
Then x−2dx ∧ dy is left Haar measure and x−1dx ∧ dy is right invariant. So the
two differ. K

Example 2.5. On R+ one has x−1dx as both left and right Haar measure. K

.
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2.4 One-parameter subgroups

A general and technic when studying manifolds is to use us different curves
on the manifold. For instance, on riemannian manifold the geodesic lines tell
us a lot about the structure of the manifold. On a Lie group the relevant curves
are the so called one-parameter subgroups; that is, homomorphisms from the ad-
ditive group R into the group. It turns out that they coincide with the integral
curves of the left invariant vector fields. Hence there is a triumvirate of gadgets
in mutual one-to-one correspondence; tangent vectors at unity, left invariant
vector fields and one-parameter subgroups, each playing its proper role, but
together they govern to a great part the structure of the Lie group.

The derivative of a curve

The real numbers R possesses the global invariant vector field Dt = d/dt, Any
other field may be written as f (t)d/dt for some smooth function f ∈ C∞(R).

If α : R → G is a smooth map, we denote by α′ the vector field dα(d/dt) and
α′(t) will be shorthand for the value dα(d/dt)(α(t)) of the field d(αd/dt) at the
point α(t). Interpreted as a derivation the action of α′(t) on a smooth function
f on G is

α′(t)( f ) =
d
dt

F(α(t)).

Notice that α′(t) is not a vector field on G, it merely a field on R, one could
envisage it being a field of tangent vectors to M along the image curve α(R),
but if α is not injective this need not be the case. The field α′(t) could have
different values at different branches through a point. In terms of commutative
diagrams it fits into the one in the margin.

TR
α //

��

TG

��

R

d/dt

GG

//

α′

==

G
(2.1) It is worth while developing the expression dα(D)(α(t)) In local coordin-
ates. Let U be a chart in G with coordinates x1, . . . , xn. Letting αi = xi ◦ α

denote the components of α, the chain rule tells us that

α′(t)( f ) = d f (α(t))/dt = ∑
i

∂ f /∂xiα
′
i(t),

and this means that the field dα(d/dt) is expressed as

α′(t) = ∑
i

α′i(t)∂/∂xi

in the local basis ∂/∂x1, . . . , ∂/∂xn of th tangent space. If the tangent spaces
are identified with Rn via that basis, we retrieve the good old formula for the
derivative

α′(t) = (a′1(t), . . . , α′n(t)).
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Integral curves

Let X be a smooth vector field on a manifold M. We say that a smooth map
α : I → M, defiend on an open interval I⊆R, is an integral curve for X if Integral curves
α′(t) = X(α(t)) holds throughout I. Given a point p ∈ M, we may require
the integral curve t pass through p, and that this occurs for a given parameter
value t0 ∈ I. These conditions constitute what is called an initial value problem Initial value problem
on M:

α′(t) = X(α(t)), α(t0) = p, (2.7)

where t ∈ I.

(2.2) The local existence of integral curves to vector fields is guarantied by the
Picard-Lindelöf theorem (or the Cauchy-Lipschitz theorem in the francophone
part of the world), stating that the initial value problem (2.7) has a solution
near p; in other words, it has a solution defined on some, however possibly
small, interval centered at t0. Moreover, and equally important, the solution is
unique.

Theorem 2.3 (Picard–Lindelöf) Let U⊆ Rn be an open set and I⊆R an interval.
Suppose that f : I ×U → Rn is a function which is Lipschitz continuous on I ×U.
Chose a t0 ∈ R and a point p ∈ Rn. Then for some ε > 0 the initial value problem

α′(t) = f (t, α(t)), α(t0) = p

has a unique solution over the interval < t0 − ε, t0 + ε >.

In our context the local existence theorem takes the form:

Theorem 2.4 Given a vector field X on the manifold M, a point x ∈ M and a t0 ∈ R,
then there is a unique smooth function α : I → M, where I is an interval about p,
solving the initial value problem

α′(t) = X(α(t)), α(t0) = p. (2.8)

Phrased in a slightly different way, the vector field X has an integral curve
through any point p; although a prori they are only defined on small intervals.

Proof: In a coordinate patch U about p with coordinates x1, . . . , xn, the vec-
tor field is given as X = ∑i ai∂/∂xi, where the ai’s are smooth functions on
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U. Thus the field X may be interpreted as a function X : U → Rn given by
X(p) = (ai(p), . . . , an(p)). Taking U small enough, i.e., with compact closure,
the function X has all partial derivatives bounded in U which is more than
sufficient to guarantee it is Lipshitz. Hence the initial value problem becomes

α′(t) = X(α(t)), α(t0) = p

which after the Picard-Lindelöf theorem can be solved in a unique way over
some interval round t0. o

(2.3) An integral curve α for the initial value problem (2.8) defined on I is said
to be maximal if it can not be extended to any strictly larger interval J. Obvi- Maximal integral curves
ously every initial problem has a maximal integral curve. The integral curve is
said to be complete if it is define on the entire real line R.

(2.4) Frequently in the applications the vector field X depends on some para-
meters, and it is an important part of the theory around the Picard-Lidelöf
theorem to analyze how such a dependence influence the solutions.

For our modest needs, it merely suffices to know that when the vector field
X depends smoothly on the parameters, the integral curves α do as well. To
be precise, if V denotes the parameter space and X : M × V → TM is the
vector field, there is a smooth map I × V → M, say α(t, u), such that α′(t, u) =
X(α(t), u), where the derivative is taken with respect to t.

One-parameter subgroups

On a Lie group G the left invariant vector fields form a very special and im-
portant class of vector fields, and their corresponding integral curve form
a very special and important class of curves on G. More precisely a one- One-parameter subgroups
parameter subgroup α is a Lie group homomorphisms α : R → G. Recall that
this means that α is a smooth map and obeys the rules

α(s + t) = α(s)α(t) α(0) = e.

Allthough the word subgroup appears in the name, a one-parameter subgroup
α need not injective, but naturally the image α(R) will always be a subgroup.

Example 2.6. Consider the circle group S1. A group homomorphism R → S1

is given as α(t) = exp 2πiat, where a ∈ R. Unless a = 0, these maps will be
surjective and certainly not be injective, so the term subgroup in the name is
delusive. Notice that the tangent space to S1 at unity is the imaginary axis, so α

is on the form α(t) = exp tv for v a tangent vector to S1. K
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Example 2.7. In the same vein, the two dimensional torus T = S1 × S1 has the
one-parameter subgroups given as

α(t) = (exp 2πiat, exp 2πibt)

with (a, b) ∈ R2. Again the notation exp vt makes sense since v = (2πia, 2πib)
is a tangent vector to T at unity. As wee saw in example 1.14 on page 26 the
one-parameter subgroups α behave in two radically different ways. If the slope
of the line through (a, b) is rational, α is not injective and the image is a closed
subgroup isomorphic to a circle, but when the slope is irrational, α is injective
and the image is a dense subgroup of T. K

(2.5) The set of one-parameter subgroups in G will be denoted by Hom(R, G).
It is functorial in G; if α ∈ Hom(R, G) and φ : G → H is a Lie group homo-
morphism, then clearly φ∗ = φ ◦ α ∈ Hom(R, H). Thus there is a covariant
functor

Hom(R,−) : Liegrps→ Sets.

(2.6) The tool for proving that Lie groups have sufficiently many one parameter
subgroups is the Picard-Lindelöf theorem. However a priori this give only local
solutions, and some work is needed to establish there are complete integral
curves being group homomorphisms.

Lemma 2.3 Let X be a left invariant vector field on G and α(t) an integral curve for
X with α(0) = e. Assume that α is defined on I. Then α(s + t) = α(s)α(t) whenever
α(s), α(t) and α(s + t) all three are defined; that is, whenever s, t and s + t lie in I.

Proof: We let β be the curve β(t) = α(s + t) and γ(t) the curve γ(t) =

α(s)α(t), where s is fixed and t is the running parameter. We shall show that
both these curves are integral curves for the vector field X, i.e., they satisfy the
differential equation

η′(t) = X(η(t)),

and, as obviously β(0) = γ(0) = α(s), uniqueness of the integral curve through
a point entails that α(s + t) = α(s)α(t).

For a moment let λs denote the translation by s in R, then β = α ◦ λs, and
since dλs = id everywhere, the chain rule entails that dβ = dα ◦ dλs = dα and
hence

β′(t) = α′(s + t) = X(α(s + t)) = X(β(t)).

On the other hand, γ = λα(s) ◦ α and dγ = dλα(s) ◦ dα. Computing the
derivative γ′(t) we find using the left invariance of X

γ′(t) = dλα(s)(α
′(t)) = dα(t)λα(s)X(α(t)) = X(α(s)α(t)) = X(γ(t)).

o
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Lemma 2.4 If X is a left invariant vector field on G, then the integral curve α(t)
passing through e, is defined for all t ∈ R.

Proof: Let I⊆R be a maximal interval containing 0 over which α is defined ,
and let t ∈ I be a non-zero parameter. On the interval t + I we may define the
curve γ(t + s) = α(t)α(s). It satisfies γ′(t) = X(γ(t)) (same argument as in the
proof of 2.3) and by lemma 2.3 agrees with α on the intersection I ∩ t + I, which
is a non-empty interval since t lies there. Hence, by maximality of I, it holds
that t + I⊆ I for all t ∈ I, and this implies that I = R. o

The two lemmas put together prove:

Theorem 2.5 To any tangent vector v ∈ TeG there is a unique one-parameter sub-
group αv such that α′v(0) = v. It solves the initial value problem

α′v(t) = Xv(αv(t)) αv(0) = e,

where Xv is the left invariant vector field extending v.

(2.7) The effect of the two functors Hom(R, G) and TeG acting on a map
φ : G → H are respectively and α 7→ α′(0). Putting β = φ ◦ α The chain
ruels yields the equality

(φ ◦ α)′(0) = deφ(a′(0)).

Indeed, putting α 7→ φ ◦ α one finds

β′(0) = d0β(
d
dt
) = d0(φ ◦ α)(

d
dt
) = deφ(d0α(

d
dt
)) = deφ(a′(0)),

in other words one has the following proposition.

Proposition 2.2 The association Hom(R, G) ' TeG that associate the derivative
α′(0) at zero to the one-paragraph subgroup α is a natural transformation between the
two functors.

Hom(R, G)
' //

φ∗

��

TeG

deφ

��

Hom(R, H) '
// Te H

2.5 The exponential map

A general feature of riemannian manifolds is that there so called exponential
maps. They map the tangent space at a point to the manifold, and are obtained
by by following geodesics that emanate from the point. For Lie groups there is
analogue construction, by using integral curves of left invariant vector fields in
stead of geodesics.
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The integral curves

Let G be a Lie group. We saw in the previous section with any tangent vector
v ∈ TeG there is associated a one-parameter subgroup αv that is an integral
curve of the left invariant vector field Xv. We now change the notation and
denote that one-parameter subgroup by ev(t) (later it will be equal to an ex-
pression exp(tv), a notation clearly inspired by the traditional exponential
function). It solves the initial value problem

e′v(t) = Xv(ev(t)) ev(0) = e, (2.9)

and as all one-parameter subgroups it as a Lie group homomorphism; hence

ev(s + t) = ev(s)ev(t).

(2.1) The one-parameter subgroup ev(t) depends of course smoothly on t, but it
also depends smoothly on v. This follows from the observation in proposition
2.1 that the left invariant vector field Xv depends smootly on v, and the fact
that solutions of initial value problems with parameters depend smoothly on
the parameters (if all input data do). Hence we may recollect the functions evt
for different v’s into one smooth function

E(t, v) : R× TeG → G.

given as E(t, v) = ev(t).

The exponential map and first properties

Evaluating the map E(t, v) for unit time, that is; for t = 1, gives us the search
for exponential. So we define the exponential map to be the map The exponential map

expG : TeG → G,

with expG v = E(1, v). Frequently, when understood which group we work
with, we shall drop the reference to the group G and simply write exp for the
exponential map.

(2.2) The first thing to establish is that we regain our initial integral curves ev(t)
as exp tv.

Proposition 2.3 One has exp tv = ev(t).

Proof: Consider the two integral curves etv(u) and ev(tu). Computing derivat-
ives of the first yields

e′tv(u) = Xtv(etv(u)) = tXv(etv(u))
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since clearly Xtv = tXv (one has Xtv(g) = deλg(tv) = tdeλgv = tXv(g) the
derivative deλg being linear) and etv satisfies the initial condition (2.9) with the
tangent vector tv.

Computing the derivative of the second gives

e′v(tu) = te′v(tu) = tXv(ev(tu)).

Notice that the leftmost derivative is with respect to t while the next equals
e′v(u) with tu substituted for u. The two functions solve the same initial value
problem and coincide for u = 0 and therefore they are equal. o

(2.3) The next result is fundamental property of the exponential map:

Proposition 2.4 The derivative of exp : TeG → G at the origin in TeG is the identity.
Hence exp is a local diffeomorphism near the origin.

Proof: One computes the effect of the derivative on a vector v by following a
curve in TeG with the given vector as tangent at 0, and the simples such curve
is tv.

So we have to compute the derivative of exp tv for t = 0, but by definition
one has exp′ tv = e′v(t) = Xv(ev(t)) and putting t = 0 gives ∂/∂t(exp tv)|t=0 =

Xv(e) = v. o

(2.4) The next proposition is just a restatement that the functions exp tv are
one-parameter subgroups by definition, but being an important property of the
exponential we repeat it:

Proposition 2.5 Let v be tangent to G at e and let s and t b two real numbers. Then

exp(s + t)v = exp sv · exp tv and d0 exp tv = v,

and these two properties characterize exp tv.

(2.5) Furthermore, the exponential map exp v depends functorially on the
group G in the following sense

Proposition 2.6 If φ : G → H is a Lie group map, then

expH ◦deφ = φ ◦ expG

for all v ∈ TeG.

TeG
expG //

deφ

��

G

φ

��

Te H
expH

// H
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Proof: Consider the two one-parameter subgroups φ(ev(t)) and edev(t). They
both satisfy the same differential equations, namely

η′(t) = Xdev(η(t)) (2.10)

and coincide for t = 0; hence the re equal, and setting t = 1 gives the lemma.
Now edev(t) complies to 2.10 by defnition, and for φ(ev(t)) we compute

φ(ev(t)) = dev(t)φ(e
′
v(t)) = dφXv(ev(t)) = Xdeφv(φ(ev(t)))

since

dgφXv(g) = dgφ ◦ deλg(v) = deλφ(g) ◦ deφ(v) = Xdeφ(v)(φ(g)).

o

Example 2.8. Understanding the exponential map for the group Gl(n, R) is
the key to understanding the exponential in general. In the group Gl(n, R) the
derivative of the translation map λα is just multiplication by the matrix α; that
is, dIλαa = α · a. So for a given tangent vector a ∈ TI Gl(n, R) = Mn(R), the
initial value problem defining exp ta becomes:

α′(t) = dIλα(t)a = α(t) · a α(0) = I. (2.11)

This initial value problem is solved by the good old power series exp at =

∑n≥0 tnan/n!. The series is absolute and uniformly convergent ; in fact this
holds true in any Banach algebra where absolute convergence implies conver-
gence. Furthermore, one can compute the derivative term by term, which gives
by usual formula

exp at′ = (exp at)a,

indeed, one finds (exp at)′ = ∑n≥1 tn−1an/(n− 1)! = ∑n≥0 tnan/n! · a =

(exp at)a. Obviously exp 0 = I so exp ta solves the initial value problem (2.11).
K

Example 2.9. It might be instructive to compute one explicit example and we
do that for matrices a satisfying a2 = −I. Separating terms of even and odd
degrees gives exp ta = ∑m≥0 t2ma2m/(2m)! + a ∑m≥1 t2m+1a2m+1/(2m + 1)! =
cos t · I + sin t · a so for example if

a =

(
0 1
−1 0

)
,
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then

exp ta =

(
cos t sin t
− sin t cos t

)
.

K

Example 2.10. Let us take a closer look at the exponential map of three
sphere.

Recall that S3 is the set unit quaternions and the that its tangent space at
unity is naturally identified with the space of im H of purely imaginary qua-
ternions. In analogy with our usual conception of terrestrial geometry, the
sphere S3 has the two poles ±1 and an equatorial sphere; the latter is the set
im H ∩ S3, or the set of imaginary units e with e2 = −1. By the previous ex-
ample, one has exp te = cos t + sin te, (which by the way equals the centralizer
of e).

In the earthly analogy the one-parameter subgroups therefore correspond to
the meridians, that is the great circles from pole to pole.

The neigbourhood of 0 in Im H where exp is a diffeomorphism is the ball
S = { te | |t| < π, e ∈ Im H∩ S3 }, and the corresponding open set in the sphere
is the complement of the South Pole.

The exponential map is periodic in the sense that exp tv = exp(2π + t)v. It is
singular along the spheres Sk = |z| = kπ for positive integers k. The sphere Sk

collapses to the South Pole when k is odd and to the North Pole for k even. In
between two neighbouring spheres it is injective. K

Problem 2.1. Let x, z ∈ S3 and let n be natural number. Show that if x 6= ±1
then zn = x has exactly n solutions. Show that the solutions of xn = 1 is i the
union of finitely many parallel-circles. Hint: The centralizer C(x) of x equals
the meridian where x lies when x 6= ±1. M

Problem 2.2. Show that det exp a = exp tr(a) for any matrix a and conclude
that the exponential carries the subspace sl(n, R) of traceless matrices into
Sl(n, R). Hint: det exp a and exp tr(a) are group homomorphisms having the
same derivative at unity. M

Problem 2.3. Show that if v us an eigenvector of the matrix a with eigenvalue
λ, then v is an eigenvetor of exp a as well, with eigenvalue eλ. M

Problem 2.4. Assume tha a is matrix with a2 = I. Show that exp ta = cosh t ·
I + sinh t · a. M
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The case of Sl(2, R)

The exponential map is not always surjective— for compact group is—but
already Sl(2, R) has an exponential map that is not surjective. The point is
that all matrices of the form exp a with tr(a) = 0 has both eigenvalues either
complex or non-negative.

Indeed, the characteristic polynomial of a is T2 − det a so when det a = 0 it
holds true that a2 = 0. Then exp ta = I + sinh t · a and since (sinh t · a)2 = 0, the
characteristic polynomial of exp a equals (T − 1)2. Therefore exp a is unipotent
with 1 as sole eigenvalue. When det a < 0 the characteristic polynomial T2 −
det a has purely imaginary roots it, and exp a has the complex eigenvalues eit

and e−it. Finally, when det a > 0, the eigenvalues of a are real and opposite, say
t and −t, and the eigenvalues of a are e−t and et.

(2.6) Any real square matrix is the product of an orthogonal matrix and an up-
per triangular one. The two factors are uniquely defines since the only matrix
which is both orthogonal and upper triangular is the unity matrix.Such a fac-
torization is called the Iwasawa decomposition after the Japanese mathematician
who gave corresponding decomposition theorem for any Lie group. This is just
Gram-Schmidt process.

Lemma 2.5 Any marrix a ∈ Sl(2, R) may be written as A = RDN where R is
an orthogonal matrix, D is diagonal with positive entries and N uppetrtriangular and
unipotent. That is one has

a =

(
cos θ sin θ

− sin θ cos θ

)(
y 0
0 1/y

)(
1 x
0 1

)

where y > 0 and the numbers θ, x and y are unique.

Proof: As indicated, this is just the Gram-Schmidt process. Indeed, let 〈 v, w 〉
be the Euclidean inner product on two dimensional vector space R2. Denote
by a1 and a2 the first and the second column of a. Then a1 and 〈 a1, a1 〉a2 −
〈 a1, a2 〉a1 are orthogonal; so that

r = a ·
(

y−1 x
0 y

)
(2.12)

is an orthogonal matrix of determinant one where y = 〈 a1, a1 〉 and x =

−〈 a1, a2 〉. Hence r is a rotation matrix, and solving a from 2.12 gives the
lemma. o

The lemma implies that there is a diffeomorphism Sl(2, R) = S1 ×R2, but of
course this is not a group homomorphism. Writing z = x + iy one may identify
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the matrix

u(z) =

(
y x
0 y−1

)
by a point in the upper half plane.

Now the group Sl(2, R) acts on the upper half plan H in the(
a b
c d

)
z =

az + b
cz + d
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The first appearance of Lie algebras in seems to ne the so called Poisson
brackets. One encounters these in the area of mathematics today called sym-
plectic geometry, but they omnipresent in physics as strongly related to the
hamiltonian formulation of physical problems, and it is was in this context they
were first studied by Jacobi. However one of the great achievements of Sophus
Lie with a heavy impact on mathematics, was to discover that the tangent
space of a Lie group at unity carries such a structure.

The ties between a Lie group and its Lie algebra are very strong. In a mod-
ern language the Lie algebra is functorial and gives a functor

Lie : LieGr→ LieAlg

between the categories of Lie groups and Lie algebras, where LieAlg is the
category of real lie algebras. Many important Lie groups carry a complex struc-
ture compatible with the group structure, and then the Lie algebra will be a
complex Lie-algebra, but this part of the course is confined to the real world, so
we shall barely touch upon complex groups.

Marius Sophus Lie, (1842–1999)
Norwegian mathematician

If one restricts attention to the Lie groups being connected and simply con-
nected, and denote the full subcategory of such groups by LieGr0, one obtains
an equivalence of categories

Lie : LieGr0 → LieAlg0,

where LieAlg0 is the full subcategory of finite dimensional Lie algebras. We
already proved that this functor is faithful (proposition 1.9 on page 21) in fact
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without using the Lie-structure. That it is full is due to Sophus Lie and is com-
monly called Lie’s third theorem. Finally the mathematician Igor Dmitrievich
Ado from Kazakhstan establishes that every finite dimensional real Lie algebra
is a subalgebra of the gl(n, R) which combined with Lie’s third, shows that
the Lie functor is essentially surjective. This equivalence of categories reduces
many problems about Lie groups to problems in linear algebra, which sup-
posedly are simpler to solve.

The Lie algebra is a priori a pure local invariant. The great thing is that i the
end the Lie algebra plays a global role and governs the complete structure of
the group, at least if the group is connected and simply connected.

The Lie algebra is a an extra structure of tangent space at the unit, and two
Lie-groups that look alike near e are not distinguished by the Lie algebra. So
groups having the same unit component or the same universal covering will
have the same Lie-algebra. This is of course the reason for restricting to the
subcategory LieGr0 to obtain an equivalence of categories.

3.1 Lie algebras

A real Lie algebra is a real vector space V equipped with real bilinear form Lie algebras
V × V → V, whic we shall denote by [v, w] and called the Lie product or the Lie
bracket. The bracket is subjected to the following two conditions:

• Antisymmetry: [v, w] = −[w, v].

• Jacobi identity: [u, [v, w]] + [w, [u, v]] + [v, [w, u]] = 0.

for any three elemenst u, v and w in V. If V is a complex vector space and the
form [v, w] is bilinear over C, we say that V is a complex Lie algebra — and of
course, one can give this definition over any field1. 1 The caracteristic of the field can not

be two, in which case antisymmetry
must replaced by the condition [v, v] =
0

Notice that in the Jacobi identity the three terms correspond to a cyclic per-
mutations of vectors. Requiring the form to be antisymmetric is equivalent
to demanding that [v, v] = 0 for all v; indeed, expanding [v + w, v + w] by
bilinearity one finds

[v + w, v + w] = [v, v] + [w, w] + [v, w] + [w, v],

so if all “squares” vanish, one deduces that [v, w] + [w, v] = 0.

Examples
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3.1. The arche-example of a Lie algebra is the vector space Endk(V) of linear
endomorphism of a vector space V over the field k endowed with the commut-
ator as the Lie product; that is, one poses [x, y] = x ◦ y− y ◦ x.

This is obviously a bilinear and antisymmetric form, and checking the Jacobi
condition is straight forward although it requires some patience, so we leave it
to the zealous student. In case V = kn, this Lie algebra is denoted gl(n, k).

3.2. The subspace sl(n, k) of gl(n, k) of traceless matrices is closed under the
commutator product; indeed it holds that tr(x ◦ y) = tr(y ◦ x) for all endo-
morphisms and [x, y] is traceless. Hence sl(n, R) is a Lie algebra. In fact, this
shows that the bracket of gl(n, K) takes values in sl(n, k), and every element in
sl(n, k) is a commutator.

3.3. The tangent space of the special orthogonal group SO(n, R) at the unity is
the space so(n, R) of traceless and antisymmetric matrices x ∈ Mn(R); that is,
those with tr(x) = 0 and xt = −x. The following easy computation shows that
so(n, K) is closed under the bracket operation:

(xy− yx)t = ytxt − xtyt = −(xy− yx).

Derivations

A very general class of examples is the spaces of derivations of algebras. So
let A be any algebra over some field k (not even assumed to be associative). A
k-derivation is k-linear map D : A→ A which satisfies the Leibnitz’ rule Derivations

D(ab) = aD(b) + D(a)b.

for all elements a and b from A, and let Derk(A, A) be the set of k-derivations
of A. A linear combination of derivations is easily seen to be a derivation and
Derk(A, A) is a vector space over k. The composition, however, of two deriva-
tion is not always a derivation, but most important in our context, the commut-
ator of two will be one. Computing while blindly following Leibnitz’ rule, one
finds

D ◦ C(ab) = D(aC(b) + C(a)b) = D(a)C(b) + aD(C(b)) + C(a)D(b) + D(C(a))b

C ◦ D(ab) = C(aD(b) + D(a)b) = C(a)D(b) + aC(D(b)) + C(D(a))b + D(a)C(b)

which upon subtraction gives what we want:

D ◦ C− C ◦ D(ab) = a
(

D(C(b))− C(D(b))
)
+
(

D(C(a))− C(D(a))
)
b.



78 ma4270—representation theory part ii

Problem 3.1. Assume that A has a unit 1, show that D(1) = 0. For a ∈ k,
show that D(a) = 0. Show that the set { a ∈ A | D(a) = 0 } is a subalgebra of
A. M

Problem 3.2. Show that the Jacobi identity is equivalent to the map v 7→ [v, w]

being a derivation. M

Categorical concepts

The usual algebraic concepts like homomorphisms, subalgebras and ideals carry
over to Lie algebras. A Lie algebra homomorphism φ : L → M between two Lie Lie algebra homomorphisms
algebras L and Mis a linear map respecting the Lie product, i.e., φ[v, w] =

[φv, φw].
A subalgebra of L is a vector subspace M⊆ L closed under the Lie product; Lie subalgebras

that is, it holds that [x, y] ∈ M whenever x, y ∈ M, and an ideal is a subvector
space A⊆ L closed under the product with any element in L: If x ∈ L and
y ∈ A, then [x, y] ∈ A.

Problem 3.3. Show that the sum of two Lie-algebra homomorphism is not
necessarily a homomorphism. If ψ, φ : L → M are two homomorphism, show
that their sum is a homomorphism if and only if

[φ(v), ψ(w)] = −[φ(w), ψ(v)]

for all v, w ∈ L. M

(3.1) Any ideal is a subalgebra, but not conversely. Subalgebras are not gen-
erally ideals. The ideals play a role analogous to normal subgroups. They
constitute those subspaces that can be kernels to Lie algebra homomorphisms.
If φ : L→ M is a homomorphism and φ(v) = 0, one has

φ[v, w] = [φ(v), φ(w)] = 0,

so [v, w] lies in ker φ whatever element w is.
Conversely, every ideal is a kernel. In other words in LieAlg one can form

quotients by ideals. So let A⊆ L be an ideal. One endows the quotient space
L/A with a Lie product on L/A along the usual lines of quotient formation.
Let x and y be representatives of two classes in the L/A. For arbitrary elements
a and b from the ideal A one finds

[x + a, y + b] = [x, y] + [x, b] + [a, y] + [a, b],
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and since A is an ideal, the three terms involving a or b all belong to A. Hence
the class of [x, y] is independent of which representatives x and y one chose.
This product on L/A satisfies the two requirements to be a Lie algebra and the
quotient map is a Lie algebra homomorphism with kernel A.

(3.2) A Lie algebra L might very well have a trivial product; that is [v, w] = 0
for all v and w in L. Such algebras are called abelian—a natural name if one Abelian Lie algebras
think about the Lie product as a commutator. The law of antisymmetry implies
that [v, v] = 0, so any one-dimensional Lie algebra is abelian. The centre of L is Centre of a Lie algbera
the ideal Z(L) = { v | [v, w] = 0 for all w ∈ L }.
(3.3) There is unique Lie product on L ⊕ M such that the two projections are
Lie algebra homorphisms, and that this product enjoys the usual universal
property for a direct sum. The point is to let M and L mutually kill each other;
that is, one poses [v, w] = [w, v] = 0 when2 v ∈ L and w ∈ M, so that 2 By standard abuse of language, v

denotes (v, 0) and ditto w = (0, w),[v + w, v′ + w′] = [v, v′] + [w, w′].

Representations of Lie algebras

A representation of a Lie algebra L is a homomorphism L → Hom(,R)VV.
That is ρ[v, w] = [ρv, ρw].

Example 3.4. With a Lie algebra over k there is associated a canonical repres-
entation called the adjoint representation The adjoint representation

ad? : L→ Endk(L)

where the star indicates where to put the variable; it is given by the assignment

advw = [v, w],

where the product is the Lie product in L. The map ad? is a homomorphism of
Lie algebras (when Endk(V) is a usual equipped with the commutator product)
since from the Jacobi condition one deduces that

ad[u,v]w = [[u, v], w] = [u, [v, w]]− [v, [u, w]] = adu(advw)− adv(aduw).

K
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3.2 The Lie algebra of a Lie group

There are several ways of constructing the Lie product on the tangent space
TeG, but basically two main division. either one does it locally or one cives a
global construction. There are pro and contras for both, so the lecturer ended
up in Winnie-the-Pooh’s manner saying “both—but don’t bother about the
bread, please”.

The global one, which is close to what Sophus Lie did, involves the smooth
vector fields, i.e., smooth global sections of the tangent bundle. For any man-
ifold such sections form a Lie algebra. A global tangent fields are just R-
derivations X : C∞(G) → C∞(G) and derivations of any algebra form a Lie
algebra when endowed with commutator product. The space of all global tan-
gent fields however is huge, far from being of finite dimension, for instance
if G = R the global fields are of the form f (x)Dx where f (x) is any smooth
function. The clue is of course to use the left invariant vector fields, they are in
one-one correspondence with the tangent space at unity; and one can transport
the Lie structure on the tangent fields back to TeG.

The local construction is astonishingly simple and general, and works for
formal power series over any field that behaves like a “local group”, in fact
being a “local monoid” will suffice. The deepest result use is the Taylor devel-
opment to the third order, but of course involves some calculations.

Neither do these methods explain the roots of the Lie-product. It is com-
pletly a local construction, and indeed it is very simple and natural. The exist-
ence of the product comes from the group having av neutral element, and the
Jacobi identitity is a direct consequence of the assositive law.

The local way

I find it most natural to introduce the Lie product by a local analysis of the
group law, even if this is against the spirit of Sophus Lie, and even if this vi-
olates the “ordre du jour ” of modern mathematics (which I normal embrace
warmly): “Avoid using coordinates!”

The global methods has the draw back of not being functorial in a natural
way. Neither do these methods explain the roots of the Lie-product. It is com-
pletely a local construction, and in the end is very simple and natural. The
existence of the product comes from the group having a neutral element, and
the Jacobi identities is a direct consequence of the associative law. And it inter-
esting that it does not use the inverse map,and as well, it is completely formal
and works over any field, once one have notion of “formal groups”. We shall
not push these issues, but mention them to justify a double introduction of Lie
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algebras.
In the construction, there is no fancy business at all, just some calculations

which could be done by a first year calculus student. The deepest thing used
is the Taylor development to the third order and a little symmetry argument
using permutations of three variables.

(3.1) One has a local versions of Lie groups. They are naturally called local Lie Local Lie groups
groups, or from time to time Lie groupuscules3. These micro groups are germs Lie groupuscules

3 This is a word of french origin, and
one find lexical definitions like “Petit
groupe politique, plus ou moins
organisé”. The term appears the french
translation of Pontrjagins book, so
may be it as an example of the soviet
humor.

of Lie groups. One starts out with a real vector space V and a germ of maps
µ : V → V at the origin with µ(0, 0) = 0, subjected to the two requirements

• Existence of unit: µ(0, x2) = µ(x1, 0) = 0

• Associativity: µ(µ(x1, x2), x3) = µ(x1, µ(x2, x3))

Then µ is called a micro-monoid, and if it possesses an inverse, that is the germ
of a map ι : V → V such that

• µ(ι(x), x) = µ(x, µ(x)) = x,

we speak about a Lie grupuscule.
Of course one can also work with slightly less local gadgets—and those are

the ones we shall work with— demanding that µ and ι be defined on a specific
open neighbourhood about the origin in V; that is µ : U ×U → U′ where U′

is a open neighbourhood of the origin possibly larger than U; and ι is a map
ι : U → U as well. The conditions above should hold for those arguments they
are defined.

Usually one imposes regularity conditions on the local group laws, like
being the germ of a function of class Cr or of a smooth function (or even real-
analytic). In these cases µ has a Taylor development to the order r, which is
realized as the Taylor development of the component functions in some basis
for V.

Finally, one may replace V by a vector space over other fields that R and
requesting that µ and ι be formal power series. This gives rise of the notion of
a formal group. What we shall do goes trough for a formal monoid over any Formal groups
infinite field, but we faithfully confine ourselves to the real case.

(3.2) Given a Lie group G. We start by choosing a coordinate neighbourhood
W0 round e with open chart U0⊆ T in some vector space T and coordinate
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function ξ : W0 → U0, and we assume that the neutral element e corresponds
to the origin 0 in T. Thus the derivative deξ of ξ at e, is an isomorphism of the
vector space T with TeG.

Now choose an open neighbourhood W⊆W0 about e such that W = W−1

and W3⊆W0, and let U be the open subset of U0 corresponding to W. One
may transport (the restriction of) the multiplication map to a C∞-map µ : U ×
U → U0, and this of course complies to the three rules above. We work with
the Taylor expansions of µ up to a fixed order; e.g., order three:

Lemma 3.1 There are forms β and γ of degree 2 and 3 on T such that:

µ(x1, x2) = x1 + x2 + β(x1, x2) + γ(x1, x2) + o(4).

The term β is a quadratic form, i.e., it is bilinear in x1and x2.

Recall that a form of a given degree is a function all whose components func-
tions are polynomials of the given degree

Proof: As said, this is just the ordinary Taylor-development of µ to the or-
der three — the notation o(4)4 indicates a term whose only relevant prop- 4 The correct but cumbersome nota-

tion is the standard big O notation
O(|(x1, x2)|4)

erty is that its degree is higher than three — the only thing to remark is that
µ(0, x2) = x2 and µ(x1, 0) = x1 since eg = g and ge = g for all g. Hence
the absence of coefficients in the linear term. This shows also that all terms
in β(x1, x2) are cross terms, and β is bilinear. The rest of the statement is just
giving names to the quadratic and the cubic terms. o

Notice that we did not use any but excisytence of a unit element in the
proof, not even associativity. The quadratic form β is a polynomial function
(all whose components are of degree two) and as such is defined on the entire
space T × T.

Of course the form β depends on the choice of coordinates, but the miracle
is that the difference β(x1, x2) − β(x2, x1) properly interpeted does not ! And
this difference is the Lie product. We define

[x1, x2] = β(x1, x2)− β(x2, x1). (3.1)

This is an antisymmetric (obviously) quadratic form (since β is).

Example 3.5. If G⊆ Gl(n, R), and x and y are two tangent vectors at I, i.e.,
matrices in Mn(R), one has (I + εx)(I + εy) = I + εx + εy + ε2xy. Hence
β(x, y) = xy, and [x, y] = xy− yx. K

To be precise: The bracket we just defined with the help of equation (3.1), is
defined on the tangent space T of the chart U, and we want it on the tangent
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space TeG of our group. For any two vectors v, w ∈ TeG, we may transport
them to T, compute the bracket there and send the result back into TeG. In this
way, we get a bracket on TeG by setting

[v, w] = d0ξ−1[deξv, deξw].

The main result is

Proposition 3.1 The quadratic form on TeG defined by

[v, w] = d0ξ−1[deξv, deξw]

is independent of the choice of coordinates.

In fact there is stronger statement, the form [x1, x2] is even functorial:

Proposition 3.2 If φ : U → V is a map of local Lie groups, then

d0φ[x1, x2] = [d0φx1, d0φx2].

Proof: That φ is a map of local Lie groups means of course that

φµ1(x1, x2) = µ2(φx1, φx2). (3.2)

The Taylor development of φ to the second order has the form

φ(x) = d0φx + α(x) + o(3),

where α is a quadratic term. We compute, always up to terms of order three or
more:

µ2(φx1, φx2) = d0φx1 + d0φx2 + α(x1) + α(x2) + β2(dφx1, dφx1) + O(3).

Continuing in the same manner, we get:

φµ1(x1, x2) = d0φx1 + dφx2 + d0φβ1(x1, x2) + α(x1 + x2) + O(3).

Using the identity 3.2 we obtain from these the following identity between the
second order terms:

α(x1) + α(x2) + β2(d0φx1, d0φx1) = d0φβ1(x1, x2) + α(x1 + x2)

As the terms α(x1) + α(x2) and α(x1 + x2) are symetric in x1 and x2, they
disappear when we swap x1 and x2 and take the difference. The propositon
follows. o

Proposition 3.1 follows from this: Given two coordinates systems ξ1 and ξ2

round e, which we may assume are defined on the same open set W, we get by
using theorem 3.2 and setting φ = ξ2ξ−1

1 :

d0ξ2ξ−1
1 [deξ1v, deξ1w] = [deξ2v, deξ2w]

from which the theorem follows easily.
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(3.3) So far so good, we have without to much effort — and without using
technical tools more advanced than the Taylor development to the second
order! — proved that there is an intrinsicly defined, functorial antisymmetric
product on the tangent space TeG! And in fact, we have only used the existence
of a neutral element.

What remains is the Jacobi identity, which is a little more demanding, and
the reason behind it is the associativity of the multiplication. The formulas
get a little involved, as we use Taylor developments to the third order, and in
the end of the calculations, we are left with and identity with a priori 36 terms.
However, the symmetric group on three letters is a perfect tool to make the
final argument very simple (and as an additional bonus: A good illustration of
how efficient groups can be!)

We start with the following, which is what we get from the associativity:

Lemma 3.2

β(β(x1, x2), x3) + γ(x1, x2) + γ(x1 + x2, x3) =

β(x1, β(x2, x3)) + γ(x2, x3) + γ(x1, x2 + x3)

Proof: We have

µ(µ(x1, x2), x3) = x1 + x2+β(x1, x2) + γ(x1, x2)+

x3 + β(x1 + x2, x3)+β(β(x1, x2), x3) + γ(x1 + x2, x3) + o(4),

and

µ(x1, µ(x2, x3)) = x1 + x2 + x3 + β(x1, x2 + x3) + β(x2, x3)+

γ(x2, x3) + β(x1, β(x2, x3)) + γ(x1, x2 + x3) + o(4).

Now, the left sides of these to equations are equal because µ is associative.
We see that all terms of degree less than three cancel (again we use that β is
bilinear), and we get the formula in the lemma. o

To finish the proof of the Jacobi indentity, we shall atisymmetrise the equa-
tion in lemma 3.2. Recall that if f (x1, x2, x3) is any function in three variables,
the antisymmetrisation Θ f is the alternating sum over all permutations of the
variables. That is:

Θ f (x1, x2, x3) = ∑
σ∈S3

sign(σ) f (xσ(1), fσ(2), fσ(3)),

where sign(σ) denotes the sign of σ, i.e., in the precent case sign(σ) = −1 if σ

is a transposition and sign(σ) = 1 if σ is cyclic permutation. For any τ ∈ S3, it
is clearly true that Θ f (xτ(1), xτ(2), xτ(3)) = sign(τ)Θ f (x1, x2, x3).
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When the equation in lemma 3.2 above is antisymmetrized, all terms in-
volving γ cancel. Indeed, Θγ(x1, x2) = Θγ(x2, x3) since the cyclic permutation
2 7→ 3 7→ 1 7→ 2 is even. Since γ(x1 + x2, x3) is invariant under the odd
permutation that interchanges 1 and 2, and γ(x1, x2 + x3) under the one inter-
changing 2 and 3, it holds true that Θγ(x1 + x2, x3) = Θγ(x1, x2 + x3) = 0.
Hence

Θβ(β(x1, x2), x3) = Θβ(x1, β(x2, x3)).

In this equation there are twelve terms, six on either side, and we group them
four by four by grouping together terms having the samme variable standing
alone. We start with those having x3 as a lone varaiable. On the left we have
the difference (interchanging 1 and 2 is an odd permutation):

β(β(x1, x2), x3)− β(β(x2, x1), x3) = β([x1, x2], x3)

where as on the right side, there is the difference

β(x3, β(x1, x2))− β(x3, β(x2, x1)) = β(x3, [x1, x2])

moving the right side to the left, we get the term

β([x1, x2], x3)− β(x3, [x1, x2]) = [[x1, x2], x3].

Permuting the variables cyclically, we then get the Jacobi formula.

(3.4) A final comment: One may try to choose coordinate in a neighbourhood
of the neutral element that are especially adapted to the group structure. For
example, it is not very difficult to find coordinates so that β(x1, x2) is anti-
symmetric, which means that the Taylor expansion of µ looks like

µ(x1, x2) = x1 + x2 +
1
2
[x1, x2] + o(3), (3.3)

and the second order term is the Lie product. We are later going to see that
there is a miraculous coordinate system — called the canonical coordinates
— such that in fact all the terms in (3.3) are given in terms of the Lie product,
and even more, there is a universal formula giving this such an expression for
µ. The coordinates — or more precisely, the parametrization corresponding
to the coordinates — are given by the exponential map and the formula is for
the most called the Baker-Campbell-Hausdorff formula — but it seems that the
formula was known to Schur well before the three others, so it should be called
the Baker-Campbell-Hausdorff-Schur formula.

The global definition

Let G be a Lie group and recall we established an isomorphism between the
tanget space TeG of G at unity with the space of left invraiant global vector
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fields on G. Recall that a field X is left invariant exactly when it commutes
with all the left translations λ∗g; that is, when the relation

X ◦ λ∗g = λ∗g ◦ X

holds for all g ∈ G; where λ∗g is the map C∞(G) → C∞(G) induced by λg; that
is, λ∗g( f ) = f ◦ λg.

(3.5) The composition of two vector field X and Y is no longer a vector field;
naturally it contains second derivatives. For instance, if X = a∂/∂x and Y =

b∂/∂x where a and b are functions of the variable x, it holds that

X ◦Y = a
∂

∂x
(b

∂

∂x
) = a

∂b
∂x

∂

∂x
+ ab

∂2

∂x2 ,

but in the commutator [X, Y] = X ◦Y−Y ◦ X these quadratic terms cancel and

[X, Y] = X ◦Y−Y ◦ X = (a
∂b
∂x
− b

∂a
∂x

)
∂

∂x
,

which is is a vector field. As we check earlier it generally holds true that com-
mutators of derivations are derivations. section 3.1 on page 77.

(3.6) An important point in our strategy to define the bracket of two vectors v
and w from TeG through the bracket [Xv, Xw] between the associated invariant
vector fields, is to be able to transport [Xv, Xw] back to TeG. The following
furnishes a go to that:

Lemma 3.3 If X and Y are left invariant vector fields, the commutator [X, Y] is left
invariant as well.

Proof: This is a straight forward verification:

[X, Y] ◦ λ∗g = (X ◦Y◦λ∗g −Y ◦ X ◦ λ∗g) = X ◦ λ∗g ◦Y−Y ◦ λ∗g ◦ X

= λ∗g ◦ X ◦Y− λ∗g ◦Y ◦ X = λ∗g ◦ [X, Y].

o

With this lemma in place, we can achieve our strategy of endowing TeG with
a Lie product by going global. Let v and w be two tangent vectors to G at unity.
The bracket [Xv, Xw] of the associated invariant vector fields is left invariant,
and corresponds to a unique vector at e, and we define the bracket [v, w] to be
this vector; that is, the defining relation is

X[v,w] = Xv ◦ Xw − Xw ◦ Xv.

It is straight forward (using that v 7→ Xv is injective) to verify that this product
is antisymmetric and satisfies the Jacobi equation. We define Lie G to be this
Lie-algebra.
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(3.7) The functoriality of the Lie algebra Lie G is however slightly subtle. The
tangent space at unity is perfectly functorial; given φ : G → H the derivative
deφ maps TeG to TeH, but we have to establish that it respects the Lie brackets.

The obstacle is that global fields do not behave functorially. One may of
course try the field

dφ ◦ X = φ∗X = X ◦ φ∗,

which however is a global field on G with values in TH, but not a field on H in
general. First of all, in gen

TG
dφ
//

��

TH

��

G

X

GG

φ
//

φ∗X

==

H

Letting x be a variable point in G we find

φ∗X( f )(x) = X( f (φ(x))),

and to be field on the image φ(G) it must only depend on φ(x), in other words
it must be constant along the fibres of φ. For general D’s there is no reason
for this to be true; locally one can write D = ∑i ai∂/∂xi and the coefficients ai

are by no means related to fibres of φ in general. Even if X descends to φ(G)

there is no reason it can be extended to all of H, but as e ∈ φ(G), a section that
descends, gives an element in TeH, what is all we want.

(3.8) The good news are that if X is left invariant and φ is a group homomorph-
ism, the field φ∗X is constant along the fibres of φ and can be extended to a
field on H.

C∞(G)
X // C∞(G)

C∞(H)
φ! X
//

φ∗

OO

C∞(H)

φ∗

OO

Lemma 3.4 Assume that φ : G → H is a Lie group homomorphism and that X is a
left invariant vector field. Then there is a global left invariant field φ!X on H such that

X ◦ φ∗ = φ∗ ◦ φ!X.

Notice that he formula in the lemma when evaluated at a function f and at
point x ∈ M takes the form

X( f ◦ φ)(x) = φ!X( f (φ(x)x)),

Proof: That X is left invariant yields

φ∗(X ◦ λ∗g) = X ◦ λ∗g ◦ φ∗ = λ∗g ◦ X ◦ φ∗ = λ∗g ◦ φ∗X.

Since φ ◦ λg = λφ(g) ◦ φ one has λ∗g ◦ φ∗ = φ∗ ◦ λ∗
φ(g) and hence

φ∗(X ◦ λ∗g) = X ◦ λ∗g ◦ φ∗ = X ◦ φ∗ ◦ λ∗φ(g) = φ∗X ◦ λ∗φ(g).

Together this yields
λ∗g ◦ φ∗X = φ∗X ◦ λ∗φ(g)
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so that φ∗X is a translation invariant as it can be, namely invariant when it
comes to translation by elements coming from G (in particular, letting g be in
the kernel of φ, this shows that φ∗X is constant along the fibres of φ). Letting v
be the tangent vector at e with X = Xv we pose φ!X = Xdev. Then φ∗X and φ!X
coincide at e ∈ H and since both are invariant under translation by elements in
H of the form φ(g), the must coincide along the image of φ. o

Theorem 3.1 The derivative deφ : TeG → Te H is a map of Lie algebras.

So we finally have a functor

Lie : LieGr→ LieAlg

by letting Lie G = TeG endowed with the Lie algebra stucture as defined and
sending a Lie group homomorphism φ to deφ.

Proof: This is an easy consequence the exsitence of extended field φ!X. One
finds

φ∗ ◦ φ![X, Y] = [X, Y] ◦ φ∗ = X ◦Yφ∗ −Y ◦ X ◦ φ∗ = X ◦ φ∗ ◦ φ!Y−Y ◦ φ∗ ◦ φ!X =

= φ∗ ◦ φ!X ◦ φ!Y− φ∗ ◦ φ!Y ◦ φ!X = φ∗[φ!X, φ!Y].

Applying this to X = Xv and X = Xw for vectors v, w ∈ TeG and evaluating at
the unit element e ∈ H, we find that de[v, w] = [dev, dew] o

3.3 The adjoint representation

When working with Lie groups the exponential map and the adjoint repres-
entation are always on the top in the toolbox, one could be tented to say like a
painters brush. There in fact two variants of the adjoint representation. One,
written Ad?, that represents the group G in the tangent space TeG and an infin-
itesimal version ad? representing the Lie algebra Lie g = TeG in the Lie algebra
Hom(,R)TeGTeG. It is a fundamental result that this last coincides with the
adjoint representation of Lie G as defined in xxx.

The big Ad and the small ad

For any element g ∈ G conjugation by g is Lie group homomorphism cg : G →
G whose definition we recall is

cg(h) = ghg−1.
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Clearly cg leaves the neutral element untouched, so the derivative decg is a
map TeG → TeG. The conjugation map cg is a group homomorphism when
considered a function of the variable g; that is, if g′ is another group element, it
holds true that cgg′ = cgcg′ and of course ce = idG . Taking derivatives yields

decgg = decg ◦ decg′ dece = idLie G .

One may check that the this dependence of cg depends on g makes it into a
smooth function of g. Hence sending g→ decg is a map of Lie groups

Ad? : G → Aut(Lie G).

where the star in the notation indicates where to put the variable, i.e., Adg(v) =
decg(v). It is a representation of G in its tangent space at the unity and is called
the adjoint representation. The adjoint representation

Now, Ad? sends the unit element e to the identity idLie G , so taking the de-
rivative once more, gives us a map

ad∗ : Lie G → EndR(Lie G),

and by general properties this is a Lie algebra homomorphism. Notice, that
to the right in the formula EndR(Lie G) is the Lie algebra of the general linear
group AutR(Lie G) whose bracket operation is the commutator. This means
that one has

ad[u,v] = adu ◦ adv − adv ◦ adu.

Example 3.6. The case of general linear goup deserves special attention, so
let us compute the adjoint representation Ad? in that case. Our task is to find
the derivative of cg at the unit element. This is elementary; one finds for x ∈
gl(n, R) and ε small that

g(I + εv)g−1 = I + εgvg−1

for g ∈ Gl(n, R). Hence gv = gvg−1 That is, Adg on v is just the good old
conjugation map. Notice that this also applies to the different subgroups of
Gl(n, R). K

3.3.1 A basic property

This paragraph is dedicated to establishing a basic property of the adjoint rep-
resentation ad? that links it to the Lie algebra structure of Lie G. We continue
our local analysis and what we do is valid in a much more general context than
the present.
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Theorem 3.2 For any Lie group G and any two tangent vectors v and w at the unity,
it holds true that

adv(w) = [v, w].

Be aware that the bracket to the right in the formiula is the bracket in the Lie
algebra Lie G. Another way of formulating the theorem is therefore that

We continue our local investigations, and the proof of theorem ?? is a se-
quence of simple local computational lemmas, the first of which determines the
Taylor expansion of the involution map ι.

Lemma 3.5
ι(x) = −x + β(x, x) + o(3).

Proof: Let ι(x) = ax + ρ(x) + o(3). As µ(x, ι(x)) = 0 (remember that the
coordiantes were choosen so that the neutral element e corresponds to the
origin). Substituting this in the Taylor develoment of µ as in lemma 3.1, we
obtain

µ(x, ι(x)) = x + ax + ρ(x) + β(x, ax) + o(3) = 0

which imply that a = −1 and that ρ(x) = −β(x,−x) = β(x, x). o

In our local way of expressing the group law the conjugation map cg(h) =

ghg−1 is presented as
c(x, y) = µ(µ(x, y), ι(x))

where x corresponds to g and y to h.

Lemma 3.6
µ(µ(x, y), ι(x)) = y + [x, y] + o(3).

Proof: We develop in Taylor expansion:

µ(µ(x, y), ι(x)) = x + y + ι(x) + β(x + y, ι(x)) + β(x, y) + o(3) =

x + y− x + β(x, x) + β(x,−x) + β(y,−x) + β(x, y) + o(3) =

y + β(x, y)− β(y, x) + o(3) = y + [x, y] + o(3).

o

Proof of theorem 3.2: We are almost through, but have to compute two
derivatives, first with respect to y and susequently with respect to x, and care
must be taken when it comes to the O-terms. First we compute the derivative
of the conjugation map cg : G → G, which in local notation is expressed as

c(y) = µ(µ(x, y), ι(x)) = y + [x, y] + o(3), (e)
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where x is fixed. As µ(µ(x, 0), ι(x)) = 0, it follows that the term o(3) vanishes
when y = 0. That means that we may write o(3) = yO(x2, xy, y2). The linear
term in e in y therefore is of the form

y + [x, y] + yO(x2)

and hence,when we finially compute the derivative with respect to x, we get

adxy = [x, y]

there by proving theorem 3.2. o

Three nice properties

The adjoint representation has some nice properties. First of all, it depends
functorially on the group G in the following sense:

Proposition 3.3 Let G and H be two Lie groups and φ : G → H a homomorphism.
Then

deφ ◦ Adg = Adφ(g) ◦ deφ

Proof: As φ is a group homomorphism, we have

φ ◦ cg = cφ(g) ◦ φ,

and taking the derivative at unity of that equation gives us the proposition. o

(3.1) Secondly, in proposition 2.6 on page 69 we explained that the exponen-
tial map is functorial in the sense that exp ◦deφ = φ ◦ exp for any Lie group
homomorphism φ : G → H. Applying this to the adjoint representation
Ad? : G → AutR(Lie G), whose derivative is ad? : Lie G → EndR(Lie G),
one obtains the following property.

Proposition 3.4 For any Lie group, it holds true that

Ad? ◦ exp = exp ◦ad?.

Proof: By functoriality of exp one draws the commutative diagram

Lie G
exp

//

ad?
��

G

Ad?
��

End(Lie G)
exp
// AutR(Lie G),

remembering that Tid Aut(Lie G) = HomR(Lie G,). o
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This formula deserves a remarks. First of all, the bottom map in the diagram
is the classical exponential function expressed as the usual power series of
linear endomorphisms of the vector space Lie G ( like in example 2.8 on page
70). Applied to the endomorphisms x of TeG, which be theorem ?? above is
given as advw = [v, w], this means that

exp(adv) =
∞

∑
n=0

adn
v

n!

where adn
v is the n-fold composition adn

v = adv ◦ adv ◦ . . . ◦ adv, or if you want,
adn

v w = [v, [v, [v, . . . , [v, w] . . .] ] ] where there are n nested brackets. So for
example, if [v, w] = 0, then adn

v · w = 0 for n > 0, and hence exp ◦adv · w = w.

(3.2) The third nice property of Ad, comes from the functoriality of the expo-
nential map. When applied to the the conjugation map cg : G → G, whose
derivative at unity is the adjoint representation Adg, this yields the formula

cg ◦ exp = exp ◦Adg,

or repeated for future reference with the variable in place:

Proposition 3.5 Let G be a Lie group. For every elements g ∈ G and v ∈ TeG

g · exp v · g−1 = exp Adgv.

TeG
exp

//

Adg

��

G

cg

��

TeG
exp

// G.

3.3.2 Abelian Lie groups

Recall that a Lie algebra L is called abelian if the Lie product is trivial, i.e., if
[v, w] = 0 for all v, w ∈ L. The reason for this notation becomes clear when one
sees the following important corollary:

Corollary 3.1 A connected Lie group G is abelian if and only if the Lie algebra Lie G
is abelian.

Proof: Assume that [v, w] = 0 for all tangent vectors v, w in TeG. Then the
derivative of Ad? at e is zero. Hence by theorem ??, the map Ad? is constant,
the constant value being Ade = idG , and this means that G is abelian. The
other way around is clear. o

The Lie functor does only see the connected component of a group, and a
group can very well be non-abelian but still having an abelian identity com-
ponent. Any finite non-abelian group will give you an example, or if you find
that cheap, may be the orthogonal group O(2) is more to your taste.

A modest spin off from this is
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Proposition 3.6 Every connected one dimensional Lie group is abelian.

Proof: Every one dimensional Lie algebra is abelian, as [x, x] = 0 whatever x
is. o

Problem 3.4. Let G be a Lie group. Assume that v and w are two vectors
in Lie G with [v, w] = 0. Show that exp v and exp w commute. Show that
exp(v + w) = exp v · exp w. M

Proposition 3.7 If v and w satisfy [v, w] = 0, then exp v and exp w commute and
exp(v + w) = exp v exp w.

Proof: By theorem 3.2 it follows that advw = [v, w] = 0 and hence by proposi-
tion and 3.5 we see that

exp v · exp w · exp(−v) = exp ◦Adexp vw = exp w,

since Adexp v · w = exp ◦adv · w = w in view of proposition 3.4 and the sub-
sequent comment. o

To prove the last part of the statement, regard the function α(t) = exp tv ·
exp tw. This is a one parameter group, since

α(s + t) = exp(s + t)v · exp(s + t)w

= exp sv · exp tv · exp sw · exp tw

= exp sv · exp sw · exp tv · exp tw = α(s)α(t)

where we have used that exp tv and exp sw commute since [tv, sw] = 0. Now,
what is the derivative in 0 of this one parameter subgroup? To answere that,
we use a version of the product rule, as in lemma 3.7 below:

d0 exp tv · exp tw = d0 exp tv + d0 exp tw = v + w,

and α(t) is the one-parameter subgroup whose derivative at 0 equals v + w,
that is exp t(v + w), and we are done.

Lemma 3.7 Let α and β be smooth maps from R to G with α(0) = β(0) = e. If
γ(t) = α(t) · β(t) then

d0γ = d0α + d0β.

Proof: This follows directly by the chain rule and the fact that d(e,e)µ(v, w) =

v+w, where µ is the multiplication map. Indeed, γ(t) = µ(α(t), β(t)), and thus
γ = µ ◦ η if we let η be the map R→ G× G with η(t) = (α(t), β(t)).

Then d0γ is the composition

T0R
d0η

// TeG⊕ TeG
d(e,e)µ

// TeG.

Hence d0η = d0α + d0β. o
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(3.1) From the lemma we deduce immediately that the exponential map is
a group homomorphism if G is an abelian group, this is certainly not true
in general and understanding the lack of respecting the product has lead to
the so called Baker-Campbell-Hausdorff formula. But that issue is for a later
section. Coming back to the abelian groups it is a fact that the exponential map
respecting the product implies that it surjective! Hence

Theorem 3.3 If G is a connected abelian group, the exponential map is a surjective
group homomorphism.

Proof: We have already seen that exp(v + w) = exp v · exp w. For the sur-
jectivity hinges on the fact that the subgroup generated by a connected open
neighbourhood of the unity coincides with unit component G0, and equals
G0 = G as G was assumed to be connected (see lemma 1.13 on page 29). So let
V be a neighbourhood of 0 in Lie G such that exp |V is a diffeomorphism with
U = exp V. Since exp is a homomorphism, the image exp Lie G is a subgroup,
and it contains the group generated by U; that is, it equals the entire G. o

o

Theorem 3.4 If G is a connected, abelian Lie group of dimension n, then for a
uniquely defined non-negative integer r one has

G ' Rn−r × (S1)r.

It its woth mentioning the partricular case that a compact, connected abelian
groups is isomorphic to a torus.

Proof: We established that exponential map is a surjective Lie group ho-
momorphism when G is connected and abelian. Therefore there is an exact
sequence of Lie groups

0 // Γ // Lie G
exp

// G // 1,

and we by xxx that kernel is discrete since expG is a local diffeomorphism.
A general property of discrete subgroups of real vector spaces is that they

have linearly independent generators; in other words, one may find elements
v1, . . . , vr in Γ linearly independent in Lie G. Let L be a subspace complement-
ary to the space they generate. Then

G ' Lie G/Γ = Rv1/Zvi ×Rv2/Zvi × . . .×Rvr/Zvi × L ' Tr ×Rn−r.

o
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Lemma 3.8 Let V be a finite dimensional real vector space, and let Γ⊆V be a dis-
crete subgroup of T. Then there are elements v1, . . . , vp in v, linearly independent as
vectors, that generate Γ.

Proof: Recall that Γ is discrete subgroup of T if any point v possesses an open
neigbourhood Uv in T with Γ ∩ Uv = {v}. By a translation argument, it is
equivalent that this is the case for one point, say 0. Another usefull character-
isation is that any sequence {ηi} of elements in Γ that converges, is eventually
constant, i.e., ηi = ηi+1 for i >> 0.

The proof will be by induction on the dimension. We first treat the case that
V is one dimensional, that is V = R. We let v be the smallest positive element
in Γ, which exists since any descending sequence of positive element from Γ
must converge, and therefore is eventually constant. Let η ∈ Γ be another
positive element. Then η/v > 1 and the integer value n = [η/v] satisfies n ≥ 1,
hence 0 ≤ η − nv < v, and v being the smallest positive element in v, it follows
that η = nv.

Assume dim V > 1 and pick a v ∈ Γ. By the dimension one case Γ ∩Rv
has a generator, which we after a change of names can assume is v. Let V′ be
the quotient V/Rv and let π be the projection. We claim that πΓ is a discrete
subgroup of V/Rv.

Assume there is sequence π(ηi) in Γ/Zv that converges to zero. If we could
choose {ηi} to be a bounded sequence, we would be safety, since then {ηi}
woud have a convergent subsequence which would be eventually constant
since Γ is discret, and therefore π(ηi) would be eventually constant.

The problem is that ηi might escape to infinity, but, luckily, we are allowed
to change each ηi by an integral multiple of v without πηi changing, and thus
we are able to replace the sequence {ηi} by a bounded one.

To this end, write each ηi as ηi = xi + yi where xi ∈ Rv and yi is orthogonal
to Rv. We may find integers ni such that |xi − niv| < |v|, then by replacing
{ηi} with {ηi − niv}, we may assume that |xi| < |v| for all i.

Now, if U is any open, bounded set in with U∩ containing the “interval”
π−1 ∩ { tv | t ∈ [−1, 1] }, then πU is open and hence contains all but finitely
many members from the sequence {π(ηi)}. Consequently the bounded set U
contains all but finitely many of the ηi, and we are through.

So by induction Γ/⊆V/ has a generator set v1, . . . , vp−1 of linearly inde-
pendent vectors, and any lifting of these will together with v form a linearly
independent generator set for Γ. o
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3.4 The Lie algebras and subgroups

Assume now that ι : H → G is an immersive Lie group homomorphism, mean-
ing that the derivative dgι is injective everywhere on H. By a standard trans-
lation argument this is equivalent to deι being injective. We identify TeH with
the subspace deιTe H of TeG. By functoriality of the Lie product we know that
[deιv, deιw] = deι[v, w], which simply says, when we identify TeH and deιTeH,
that the subspace TeH of TeG is closed under the Lie product, hence:

Theorem 3.5 If H⊆G is a subgroup (in the weak sense), then Lie H⊆ Lie G is a Lie
subalgebra.

If H is a normal subgroup, then Lie H fulfills the stronger requirement of
being an ideal:

Theorem 3.6 If H⊆G is a Lie subgroup (in the weak sense) which is normal, then
Lie H⊆ Lie G is an ideal.

Proof: That H is a normal subgroup, the conjugation maps cg all leave H
invariant, hence their derivatives Ad? takes values in the subgroup of Aut(TeG)

that leaves TeH invariant so that Adg maps Lie H into Lie H. Taking derivatives
once more, one sees that ad? leaves Lie H invariant, and hence Lie H is an ideal
because advw = [v, w]. o

Lie’s third theorem

The obvious question is now: Does the converse to theorem 3.5 hold? That is,
can any subalgebra of Lie G be realized as the Lie algebra of a subgroup? The
answer is yes, and this goes basically back to Sophus Lie.

The following theorem, which by some people is called The analytic subgroup
theorem and by some Lie’s third theorem.

Theorem 3.7 Let G be connected Lie group and let L⊆ Lie G be a subalgebra, then
the subgroup generated by exp L is an immersed Lie subgroup with Lie algebra L.

This is a rather deep result whose main ingredient is the BCH-formula com-
bined with the classical glueing technic to put structures on spaces. Connec-
tedness is for a sure necessary condition to get uniqueness — without that
assumption, the theorem is not even true for finite groups!

(3.1)—Recap on glueing. A almost omnipresent procedure in geometry to
construct space of different flavours is the “gluing process”. It consist of giving
a bunch of spaces {Ui}i∈I of the actual species which we want to glue together.
And the glue will be the following. To each pair i, j ∈ I there must be given
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subspaces Uij⊆Ui, and isomorphisms in the actual category γji : Uij → Uji and
they must comply to the following three rules

• γii = idUi

• γ−1
ij = γji

• γki = γkj ◦ γji

where the last equality is supposed to hold where it has a meaning; that is, on
the set of common points Uji ∩Uki.

As mention above, this is a fairly general mechanism, which in our present
ambience will be applied to smooth manifolds. The Ui’s must then be smooth
manifolds and the Uij open submanifolds. Furthermore, the glue maps must
be diffeomorphisms. The conclusion is that there is a manifold U and open
smooth embeddings κi of Ui in U such that κi(Uij) = κj(Uji) = κi(Ui) ∩ κj(Uj).
The manifold U is unique up to diffeomorphisms that respect the glueing data.

(3.2)—The proof. Knowing how to glue we are ready to attack the proof of
Lie’s third theorem. The tactics are first to define a local structure on the sub-
group H generated by exp L, which is possible by the BCH-formula, and sub-
sequently extend that structure to the entire H by translations and smooth
glue.
Proof of Lie’s third theorem: To begin with we chose open sets U′⊆ Lie G
and U⊆G such that the restriction of the exponential map is a diffeomorph-
ism between U′ and U. Then we exhibit a symmetric open set W⊆G so that
W ·W⊆U. We put V′ = V ∩ L and V = exp(V′). Both V and V′ are subman-
ifolds respectively in U’ and U, and the tangent bundle TV equals L × V; in
other words it generated by the left invariant vector fields Xv corresponding to
vectors v ∈ L.

Let V0 = W ∩ V. Then V0 is and open symmetric neighbourhood of e in V
and the crux of the proof is that V0 · V0⊆V by the Baker-Campbell-Hausdorff
formula. Indeed, exp u exp v = exp w where w cam be expressed as Lie-
polynomial in u ns v, so that winL and consequently exp w ∈ U.

The group H generated by exp L equals the group generated by V0, and one
has H =

⋃
n Vn

0 .
We shall put a topology and a smooth manifold structure on H making

it an immersed submanifold. This must be done with some care since it in
general not will be the structure induced from the surrounding group G. The
construction is a classical glueing mechanism. We let Vx = xV0 and endow it
with the manifold structure transported from V by the left translation λx. Then
xV0 is a submanifold f xW, and the tangent bundle is still generated by the left
invariant vector fields Xv for v ∈ Lie g.
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The gluing-maps are the translations λyx−1 between Vx and vy, defined on
Vyx = xV0 → yx−1V0. One easily verifies the three conditions necessary to
perform the gluing. Indeed, it hold s that λxx−1 = id , and λy−1

x
= λxy−1 and

finally one has
λzx−1 = λzy−1 ◦ λyx−1 .

o

(3.3) One of the consequence Lie’s third theorem has; is that any homomorph-
isms between the Lie algebras of two Lie groups is in fact induced by a map
between the groups. This type of results, reconstructing “real data” from “lin-
earized data”, are usually very strong. One way of formulating the theorem
is to say that the functor Lie is fully faithful, but here it comes with the usual
look:

Theorem 3.8 Let H and G be to Lie groups and assume that H is connected and
simply connected. Let a homomorphism of Lie algebras Φ : Lie H → Lie G be given.
Then there exists a homomorphism of Lie groups φ : H → G such that Φ = Lie φ

Proof: Let Γ⊆ Lie H × Lie G = Lie(H × G) be the graph of Φ. It is a subal-
gebra of Lie H × Lie G, and corresponds by Lie’s theorem to a unique connec-
ted subgroup H1⊆H × G, and by construction it holds that Γ = Lie H1. The
restriction p of the projection πH to H1 has as derivative at (e, e) the projection
πLie H , which is an isomorphism. Hence p is a local diffeomorphism at (e, e),
hence everywhere by the usual translation argument, and H being simply con-
nected by hypothesis, p is an isomorphism. o

Corollary 3.2 Two Lie groups having ismomorphic Lie algebras are isomorphic.

The conditions that H be connected and simply connected are necessary. The
universal cover of a group which is not simply connected is not isomorphism
although te induced map between the Lie algebras is, and of course, any two
finite groups have isomorphic Lie algebras.

(3.4)—The centre.

Proposition 3.8 The subgroup of G corresponding the centre Z of Lie G is the con-
nected component of the centre of the group.

Proof: This follows from xxxx. o

Three basic examples

The first example to consider, which also important for the further develop-
ment of the theory, is the Lie algebra sl(2, K). It consists of the traceless 2× 2-
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matrices, so clearly the following three matrices form a linear K-basis:

h =

(
1 0
0 −1

)
, x+ =

(
0 1
0 0

)
, x− =

(
0 0
1 0

)
.

Lemma 3.9 We have the following commutation relations:

[h, x+] = 2x+ [h, x−] = −2x− [x+, x−] = h.

Proof: This an easy computation that the lecturer skips, but the diligent stu-
dent should do. o

So we see that the adjoint action of the semi-simple element h has the two
eigenvectors x+ and x− with eigen values ±2, and of course [h, h] = 0. Giving
a linear basis and the mutual commutators of the basis elements determines
the Lie algebra, so the scheme above is a complete description of so(2, K), but
as usual when one works with basises, there choices involved. We will come
back to them soon.

The traditional way of writing this decomposition is as follows

2 = h⊕ g− ⊕ g−

Where h is the subpace spanned by h and ± those spanned by x±, and they are
the two common eigenspaces for all elements in h.

The next example is 2, the Lie algebra of traceless unitary matrices. There is
the linear C-basis:

u1 =

(
0 i
i 0

)
, u2 =

(
0 −1
1 0

)
, u3 =

(
i 0
0 −i

)
.

Lemma 3.10 The three basis elements for 2 above, satisfy the commutator relations

[ui, uj] = 2uk

where (i, j, k) is an even permution of (1, 2, 3).

Proof: See proof of lemma 3.9. o

The three matrices in xxx are the mathematiciens version of Pauli spin
matrices so important in physics. The relation is σj = (−1)jiuj, where σ1, σ2

and σ3 denotes the Puli matrices. These are however not elements of the al-
gebra 2 — they are hermitian, not antihermitian — and 2 is a real algebra, even
though it may appear complex to some, but of course they are elements of the
complexification 2⊗C.
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We recognise the elements −iu3, −1/2(u2 + iu1) and 1/2(u2 − iu1) of
so(2)⊗C as the three matrices h, x+ and x−, and one checks that commutat-
ors also match. Hence [2]C and 2⊗C are isomorphic complex Lie algebras.

However, [2]R and 2 are not isomorphic. They are different real forms of the
complex Lie algebra [2]C-

The last example in the triumvirat of examples, is the algebra of spatial
rotations so(3). The elements are real 33-antisymmetric traceless matrices, and
we know, since there is a double cover of the groups SU(2) → SO(3), that
so(3) is isomorphic to 2 — so the triumvirat has only two members. I find it
deserving to explicitate that isomorphism.

Hence, we want to compute the derivative of the map Sl(2) → SO(3) given
by the quaternion action by conjugation. Take any element e ∈ H in the tan-
gent space T1 SO(3), that is a pure imaginary quaternion. The “infinitesimal”
action on an element x ∈ Im H is

(1 + εe)x(1− εe) = x + ε(ex− xe) + o(ε) = x + [e, x] + o(ε).

Hence “infinitesimal” conjugation by e corresponds to the map x 7→ [e, x].
If we assume that e is of norm one and that f is another norm one pure

imaginary quaternion, then e, f , e f is an orthogonal basis for Im H, and we can
write down how [e, ?] acts on the basis elements:

e 7→ [e, e] = 0, f 7→ [e, f ] = 2e f , e f 7→ [e, e f ] = −2 f

that is the matrix 0 0 0
0 0 −2
0 2 0


in the orthogonal basis e, f , e f . This we recognise as one of the standard ro-
tational matrices, except for the factor two. But that factor has a very natural
explanation; it comes from the fact that the rotation an angle θ in H corres-
ponds to the rotation of an angle 2θ in R3.

Tho finish off, the three elements u1, u2 and u3 are three orthogonal, purely
imaginary quaternions.

Theorem 3.9 Let G be connected Lie group and let L⊆ Lie G be a subalgebra, then
the subgroup generated by exp L is an immersed subgroup with Lie algebra L.

Proof: As above, the open sets U′⊆ Lie G and U⊆G are such the restriction
of the exponential map is a diffeomeorphism between U′ and U, and we let
W⊆G be an open set with W ·W⊆U

Let V′ = U′ ∩ L, and let V = exp V′, then V⊆G is a submanifold. We put
V0 = W ∩ V. We claim that then V0 · V0⊆V. Indeed, elements in V0 = W ∩ V
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are of the form exp v with v ∈ V′, so the product of two of them exp v exp w is
in U where logarithm is defined, hence by the BCH-formula, is in V.

Thus V0 defines a local Lie group with algebra L, and hIV0 where hI runs
through all finite products h1, . . . , hs of elements from V0, is an atlas 5 for the 5 Admittedly, this is not very clear, one

has to do somelthing like constrduct-
ing a manifold as the disjoint union
·⋃

hIV0 mod the equivalence relation
generated by relations like hI v = hJ v′

and see that that manifold immerses
into G. See chapter 8 in van den Bans
notes for details.

group generated by V0, namely:
⋃

hIV0. o
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More to follow
We now turn to the study of representations of the Lie groups, and in accord-
ance with general frame of the course, we confine ourself to the case of compact
Lie groups. However, it turns out that all we do, including all proofs, is valid
for topological groups, with just one exception, namely the existence of Haar
measures. All compact groups possesses a Haar-measure, but we shall prove
this for Lie groups. Lie groups have left (or right) invariant global bases for
their tangent bundles and therefore left (or right) invariant volume forms; and
integrating functions against those invariant forms leads to Haar-measures.

Hermann Klaus Hugo Weyl, (1885–1955)
German mathematician

The representation theory for compact groups has strikingly many features
in common with the finite case. The averaging technic we so successfully ex-
ploited for finite groups (over a friendly field) works for compact groups as
well. The summation over group elements is replaced by the Haar-integral.
Any result about representations of finite groups deduced by an averaging
technic is suspected to be valid for compact groups as well—this was one of
the wizardly insights of Hermann Weyl.

We begin this chapter by studying the basic properties of Haar-integrals,
and establish that compact Lie groups have one. When normalized so that the
total volume of G equals one, it is also unique. Next we introduce hermitian
products on the representations spaces and prove the orthogonality relations. A may be be more fundamental reason

for compact Lie groups resembling
so closely the finite groups in many
aspects, is that the elements of finite
order in G form a dense subset!
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Finally, we come to the Peter-Weyl theorem, which is one of high points in
mathematics between the two world wars. It was a symbiosis of analysis and
group theory, equally important modern in physics as in mathematics. Weyl
was the architect behind the theorem, and Fritz Peter was a school teacher
working with him at that time. He later decided not pursue a scientific career
and continued his work in high school (what a math-teacher they had!!)

Every irreducible representation is finite dimensional, and the fundamental
result analogous to the decomposition of the group ring as the direct sum
C[G] =

⊕
V∈Ĝ

(dimC V)V in the finite case. There is no good group ring in
the case of infinite groups, but a very well suited replacement is the Hilbert
space L2G of quadratically integrable functions on G (with respect to the Haar
measure). It decomposes in an analogue way as C[G] does when G is finite,
with some obvious differences. One has

L2G =
⊕
V∈Ĝ

(dimC V)V

where the sum extends over all finite dimensional representations of G (or
rather isomorphism classes og such). That sum is infinite (when the group is)
and must be interpreted as the Hilbert space sum—that is, the closure of the
usual vector space sum—which explains the hatted sum.

Schur’s lemma

If G is a compact group and V is a Hilbert space, a representation of G in V is
a continuous group homomorphism G → AutC(V) where AutC(V) is endowed
with the operator norm topology. In case V is of finite dimension, AutC(V) is
isomorphic to Gl(n, C) with the usual topology. In analogy to what we did in
the case of finite groups, we say that a representation V is irreducible if there is
no proper, non-zero and closed invariant linear subspace of V. When V is finite
dimensional the requirement that the subspace be closed is redundant.

Alfrèd Haar, (1885–1933)
Hungarian mathematician

Schur’s lemma is still valid for representations of finite dimension of com-
pact groups, and the proof is word for word the same as in the finite case:

Proposition 4.1 Assume that G is a compact group and that V and W are two ir-
reducible complex representations of G of finite dimension. Let φ : V → W be a
G-equivariant linear map.

• The map φ is zero unless V and W are isomorphic, in which case φ is an isomorph-
ism or the zero map.

• A G-equivariant endomorphism φ : V → V is a homothety; that is, φ = λ · idV .
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One could envisage a Schur’s lemma for representations in Hilbert spaces
as well, but it would be necessary to include hypothesises that guarantee the
kernels and images are closed subspaces; anyhow, for compact groups it turns
out that all irreducible representations are of finite dimension.

4.1 The Haar integral

For a topological space M one has the notion of Borel sets. They constitute
the smallest σ-algebra containing the open sets. A Borel-measure µ on M is a
measure such that all the Borel sets are measurable.

When G is a topological group, a Borel measure is said to left invariant if Left invariant measures

µ(xA) = µ(A)

for all groups elements x and all measurable sets A; and of course, it is right Right invariant measures
invariant if

µ(Ax) = µ(A).

A left invariant Borel-measure is a left left Haar-measure if it is regular1, and

Haar-measures

1 This is a technical condition to make
integration work smoothly; we shall
not see it any more in this course

ditto for a right Borel-measure. Integrals with respect to a Haar-measure are
translation invariant; it holds true that∫

A
f (x)dµ(x) =

∫
x−1 A

f (gx)dµ(x)

whenever µ is left-invariant and an analogous equality holds for right invariant
measures. In particular when A = G, one has∫

G
f (x)dµ(x) =

∫
G

f (gx)dµ(x).

Now and then, when it is obvious which Haar-measure we use, we prefer
dropping the refence to µ and rely on a less heavy notation in which the condi-
tions for left invariance takes the form∫

G
f =

∫
G

f ◦ λg.

For compact groups the total volume
∫

G dµ of G is finite and non-zero un-
less µ is the zero measure, and one can normalize the Haar-measure by di-
viding by the volume. One then speaks about normalized Haar measures; they Normalized Haar measures
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satisfy
∫

G dµ = 1.
Not every topological groups has a Haar-measure, but one can prove that

any locally compact group has one. This is a fairly deep theorem that goes
back to Andre Weil, but in case the group is compact it is much easier to
prove although we shall do that. Lie-groups, compact or not, have a global
basis for their vector fields consisting of left invariant fields and this gives to
a left-invariant volume form. Integrating against that form will be a left Haar-
integral. There is as well a right invariant global basis for the vector fields and
so also a right invariant volume form.

Example 4.1. In the case of a G being a finite group, the normalized Haar-
measure is unique and equal to the counting measure giving weight |G|−1 to
every point; that is µ(A) = |A| / |G|. For the integral of a function α ones has∫

G
α = |G|−1 ∑

g∈G
α(g).

K

Example 4.2. The unit circle S1 has the principal argument θ (that is the angle
between 0 and 2π the radius vector makes with the real axis) as a global co-
ordinate. The normalized Haar-integral is unique, and given as∫

S1
α = (2π)−1

∫ 2π

0
α(θ)dθ

K

Example 4.3. On the product G× H of two grups G and H, the Haar-measure
is the product measure dµG × dµH . K

Problem 4.1. Let p be a prime and consider the additive group Zp of p-adic
integers. Let µ be the normalized Haar-measure. Let Ur = prZp. Show that
Ur is both open and closed and that µ(Ur) = p−r Hint: There are pr different
cosets of Ur. M

Haar integrals on Lie groups

For a differential form Ω on a Lie groups G of degree n = dim G, the inetegral∫
G f · Ω is well defined for any continous function with compact support. It

turns out that if Ω is a non-vanishing form, this integral is positive (possibly
after Ω being replaced by −Ω); that is, for functions f (x) with f (x) ≥ 0 for all
x, one has

∫
G f ·Ω ≥ 0. One can extend the definition of the integral, keeping
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the positivity property, to include all Lebesque integrable function. If now Ω G× G

pr1

��

µ
// G

G

is a left invaraint form, which signifies that λ∗gΩ = Ω for all g ∈ G, the integral
of any function against Ω will be left invariant. This follows form a standard
change of variables in the integrals:∫

G
f ·Ω =

∫
G

f ◦ λg · λ∗gΩ =
∫

G
f ◦ λg ·Ω,

(4.1) The tangent TG bundle of a Lie group G is trivial and has a global basis
consisting of left invariant vector fields; say {Xi}. The forms dual to the Xi’s
form a basis for the one forms on G and are given as

dXi(Xj) = δij,

and they are left invariant because the Xi’s are; indeed, λ∗gdXi(Xj) = dXi(dλi ◦
Xj) = dXi(Xj ◦ λg).

Next, the exterior product Ω = dX1 ∧ . . . dXn is a nowhere vanishing n-form,
and since each dXi is left invariant, is is left invariant. The integral

∫
G F ·Ω is

therefore a Haar integral.

Lemma 4.1 The n-form dX1 ∧ . . . ∧ dXn is left invariant, and up to a nonzero scalar
multiple it is the only left-invariant n-form

Proof: We saw already that Ω is left invariant, so let Θ be another one. As the
n-forms are sections of a one-dimensional bundle, and Ω never vanishes, there
is for each g in G a scalar such that Θ(g) = c(g)Ω(g). But both forms being
invariant, it holds that

Θ(h) = λ∗hg−1 Θ(g) = c(g)λ∗hg−1 Ω(g) = c(g)Ω(h),

for any h ∈ G. On the other hand, Θ(h) = c(h)Ω(h), so that c(g) = c(h). o

Right is left and left is right

For general Lie groups right invariant measures are not necessarily left invari-
ant or vice versa, see example 4.4 below. However for compact groups there
is no difference between the two; and in fact, there is a unique normalized
Haar-measure, which is both left and right invariant.

Lemma 4.2 Let µL and µR be two normalized Haar-measures on the compact group
G, one being left invariant and the other right invariant. Then µL = µR. In particular,
every right Haar-measure is a left Haar-measure and vice versa.

Proof: In the sequence of equalities below, the first and the last hold since
both measures are normalized, the one in middle is just Fubini’s theorem and
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the remaining two hold since the measures are respectively left and right in-
variant.∫

G
f (x)dµL =

∫
G

( ∫
G

f (x)dµL(x)
)
dµR(y) =

∫
G

( ∫
G

f (yx)dµL(x)
)
dµR(y) =∫

G

( ∫
G

f (yx)dµR(y)
)
dµL(x) =

∫
G

( ∫
G

f (y)dµR(y)
)
dµL(x) =

∫
G

f (y)dµR(y).

And this being true for all integrable functions f , it follows that µL = µR. o

An immediate consequence of the lemma is the following:

Corollary 4.1 On a compact group G there is a unique normalized Haar-measure,
which is both left and right invariant.

In view of this, we shall from now on speak about the Haar-measure on G,
which is tacitly understood to be normalized, and any integral over a compact
group will be with respect to that measure. It is both left and right invariant
and, hence invariant under conjugation, and as the next lemma will show, it is
also invariant under the diffeomorphism x 7→ x−1. That is, one has∫

G
f ◦ ι =

∫
G

λg ◦ f ◦ ρg =
∫

G
f ,

or in the more lengthy notation∫
G

f (x−1)dµ(x) =
∫

G
f (gxg−1)dµ(x) =

∫
G

f (x)dµ(x).

Lemma 4.3 For any measurable set A⊆G it holds true that µ(A−1) = µ(A).

Proof: Set ν(A) = µ(A−1), then ν is right invariant and by the previous
lemma ν = µ. o

Example 4.4. Let G be the semi-direct product of R+ and R with elements the
matrices

G = {
(

x y
0 1

)
| x ∈ R+, y ∈ R }.

A little computation shows that x−2dx ∧ dy is left invariant whereas x−1dx ∧ dy
is right invariant. So the two differ. K

4.1.1 The right regular representations

Recall that the regular representations of a finite group G is the groups algebra
C[G] with G acting by multiplication, either from left or from right. It could
also identified with the space LG of complex functions on G. The group al-
gebra has no meaning for a Lie group but the function space has. There are
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several function spaces available, and we concentrate on two, the space of
quadratically integrable functions and the space C(G) of continuous functions.

As is common usage L2G denotes the Hilbert space of quadratically integ-
rable complex functions on G; that is, measurable complex functions such that
| f |2 =

∫
G f f < ∞. The hermitian product on L2G is given as

〈 f , g 〉 =
∫

G
f · g.

The space of continuous function C(G) endowed with the supremum norm
‖ f ‖∞ = sup{ | f (x)| | x ∈ G }, is contained in L2G as a dense subspace, and
one has trivially ‖ f ‖2 ≤ ‖ f ‖∞ since the total volume of G equals one. By the
Schwarz inequality applied to | f | one deduces the following inequality

‖ f ‖1 = 〈 | f | , 1 〉 ≤ ‖ f ‖2 · ‖1‖2 = ‖ f ‖2 . (4.1)

As noticed earlier, the space L2G will play the role the group algebra plays
for finite groups. The product in L2G i corresponding to the product in the
group algebra is the convolution product f ∗ g. It is defined by The convolution product

f ∗ g(x) =
∫

G
f ◦ ρx · g =

∫
G

f (yx−1)g(y)dy.

By right invariance of the integral, one has the alternative expression for the
convolution product:

f ∗ g =
∫

G
f ◦ ρx · g =

∫
G

f · (g ◦ ρx−1) =
∫

G
f (y)g(yx)dy

Notice that the convolution product is not commutative, unless G itself is.
On both function spaces we shall use the action of G induced by right multi-

plication. That is, g · F = F ◦ ρg−1 , or g · F(x) = F(xg).

4.2 Averaging

The notion of integrable complex or real valued functions and their integrals
has a direct generalization to the integrals of functions with values in a finite
dimensional vector space V (real or complex).

When a basis {vi} for V is chosen, a function f : G → V is expressed in
that basis by its component functions fi; that is, one has f (g) = ∑i fi(g)vi. The
function f is integrable if and only if each fi is, and the integral is given as∫

G
f = ∑

i
(
∫

G
fi) · vi.
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An easy verification using that the integral is linear, shows that for any linear
map A : V →W it holds true that

A(
∫

G
f ) =

∫
G

A ◦ f . (4.2)

Indeed, if A has the matrix (aij) in the basis {vi} and a basis {wj} for W, one
finds

A(
∫

G
f ) = A(∑

i

∫
G

fi · vi) = ∑
i,j

aij

∫
G

fi · wj =
∫

G
∑
i,j

aij fi · wj =
∫

G
A ◦ f .

One particular linear map plays a special role in this story, namely the trace-
map2 tr : HomC(V, V) → C. It merits special mentioning. and with the trace in 2 There is of course also a real trace,

but as mostly all vector spaces we
meet will be complex, the complex
trace is our favorite this time

place of A formula (4.2) yields the following important relation.

Lemma 4.4 Let G be a compact group and. Assume that f : G → HomC(V, V) is in-
tegrable where V is a finite dimensional complex vector space. Then tr ◦ f is integrable
and ∫

G
tr ◦ f = tr

( ∫
G

f
)
. (4.3)

(4.1) The representation map of of a finite dimensional complex vector rep-
resentation V of G, is a continuous map ρ : G → HomC(V, V) taking values
in AutC(V) (and being a group homomorphism), and we usually denote the
value ρ(g) by g|V . Integrating ρ(g) = g|V over G gives another map E : V → V
whose value at vector v is E(v) =

∫
G g · v.

Proposition 4.2 Let V be a finite dimensional representation of the compact group G.
Then E =

∫
G g|V is a G-equivariant projection V → VG.

Proof: We begin with checking that E assumes values in VG; so let v ∈ V.
By (4.2) applied to the linear map h|V and by the invariance of the integral, we
find

h · E(v) = h
∫

G
g · v =

∫
G

hg · v =
∫

G
g · v = E(v).

we A similar computation shows that E is equivariant:

E(h · v) =
∫

G
g · (hv) =

∫
G

gh · v =
∫

G
g · v = E(v),

where we use that the integral is right invariant. Finally, to see that E is a
projection—that is E2 = E—let v ∈ VG. Then

E(v) =
∫

G
g · v =

∫
G

v = v,

G being of volume one. o
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Representations are unitary

Assume now that our compact group G acts continuously on the Hilbert space
V. Having a hermitian product on V that is invariant under the action is an
efficient tool for several purposes, but of course it must induce the same topo-
logy as the original. By an averaging process we produce such a product. A
similar construction goes through for real representation and inner products,
and for quaternion spaces with quaternion products (for those who care about
quaternion Hilbert spaces).

Proposition 4.3 Let G be a compact group and V be a Hilbert space on which G acts
continuously. Then there exists a hermitian product on V invariant under G such that
the two norms are equivalent. In particular, V is complete in the invariant norm.

Proof: The new norm is defined by averaging the old one:

(v, w) =
∫

x∈G
〈 x · v, x · w 〉.

By the right invariance of the integral, one has

(g · v, g · w) =
∫

x∈G
〈 x · gv, x · gw 〉 =

∫
x∈G
〈 x · v, x · w 〉 = (v, w),

and the product (v, w) is invariant. Obviously the new product shares the
elementary properties with the original product like being conjugate symmetric
and linear in the first variable (hence sesqui-linear).

We proceed to show that the two norms are equivalent. By hypothesis
the map G → HomC(V, V) is continuous, and HomC(V, V) is the space of
bounded linear operators equipped with the operator norm. Hence ‖x|V‖ is
finite for each x ∈ G and it is a continuous function on G being the compos-
itin of two continuous functions, the norm and representation map x 7→ x|V .
The group G being compact, ‖x|V‖ attains a maximum value M on G and a
minimum value m—and the latter does not vanish being the norm a nonzero
operator. Hence the inequalities

0 < m · 〈 v, v 〉 ≤ 〈 x · v, x · v 〉 ≤ M · 〈 v, v 〉

hold for all x and all v. Integrating with respect to x, we find

0 < m · 〈 v, v 〉 ≤ (v, v) =
∫

x∈G
〈 x · v, x · v 〉 ≤ M · 〈 v, v 〉,

and the two norms are equivalent. o

Just like the finite groups, compact groups have all their continuous repres-
entations in Hilbert spaces complete reducible:
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Theorem 4.1 Let V be a Hilbert space with a continuous action of the compact group
G. Any closed and invariant subspace W⊆V has a complement.

Proof: There is an invariant hermitian product on V whose norm is equival-
ent to the original one; hence W is closed in the invariant norm as well. The
orthogonal complement W⊥ with respect to the invariant hermitian product is
invariant under G, and it holds that V = W ⊕W⊥. o

Corollary 4.2 Let G be a compact group. Any finite dimensional representation of G
is completely reducible.

In the finite dimensional case, one may thing about existence of invariants
product as a kind of “reduction of the structure group”. After having endowed
V with an invariant product, the representation map ρ : G → Gl(n, C) takes
values in the unitary group U(n)⊆ Gl(n, C). Notice that a consequence is
that the endomorphisms ρ(g) are diagonalizable for all g ∈ G, since elements
in U(n) are, and that their eigenvalues are of absolute value one. This also
implies that the conjugates of U(n) are the maximal compact subgroup of
Gl(n, C), and f curse, that the maximal subgroups of Sl(n, C) are the conjug-
ates of the special unitary group SU(n).

Problem 4.2. Show that if V is a real Hilbert space on which the compact
group G acts continuously, then V has an inner product invariant under the
group whose norm is equivalent to the original one. M

Problem 4.3. Show that the maximal compact and connected subgroups of
Gl(n, R) are precisely the conjugates of the special orthogonal groups. M

(4.2) As a final example of the averaging technic we show

Proposition 4.4 Let V and W be two finite dimensional representations of G and let
φ : V →W be a linear map. Then

Eφ =
∫

G
x|W ◦ φ ◦ x−1|V

is a linear and equivariant map Eφ : V →W.

Proof: One verifies

Eφ(gy) =
∫

x∈G
x · φ(x−1 · gy) =

∫
x∈G

gg−1x · φ((g−1x)−1 · y) =

=g
∫

x∈G
g−1x · φ((g−1x)−1 · y) = g

∫
x∈G

x · φ(x−1y) = gEφ(y)

o

Notice that once integrals of maps from the group G into Hilbert spaces are
defined, the proposition remains valid for V and W being Hilbert spaces and φ

a continuous linear map between them.
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Characters and orthogonality

Just as for finite groups, the character of a finite dimensional representation
Vof G is the function χV : G → C given as χV(g) = tr(g|V). It is continuous
and constant on the conjugacy classes of G, and isomorphic representations
have equal characters. The characters are related to direct sums and tensor
products word for word in the same way as characters of finite groups are:
χV⊕W = χV + χW and χV⊗W = χVχW . The relation χ(g−1) = χ(g) survives as
well in view of g|V being unitary and therefore having eigenvalues of absolute
value one. As in the finite case

χ(g−1) = ∑
i

λ−1
i = ∑

i
λi = χ(g),

and the contragredient V∗ has the character χV∗ = χV .
Since the integral is compatible with the trace (i.e., the identity (4.3)), and

since that for a projection E one has dim im E = tr(E) one obtains the equality∫
G

χV(g) = dimC VG (4.4)

The way to Schur’s orthogonality theorem is word for word the same as in
the finite case. The two relations HomC(V, W) = V∗⊗W and HomG(V, W) =

(HomC(V, W))G continue to be true, and combined with (4.4) they yield

Proposition 4.5 Let V and W be two finite dimensional complex representations of
the compact group G. Then∫

G
χV · χW = dimC HomG(V, W).

Taking Schur’s lemma into account one arrives at the orthogonality theorem
for compact groups:

Theorem 4.2 (Schur’s orthogonality) Let G be a compact group. If V and W are
two irreducible complex representations of G of finite dimension, it holds true that∫

G
χVχW = δVW ,

where δVW equals one if V 'W and zero otherwise.

4.3 Matrix coefficients

Before going to work, we recall that the function spaces in this story, that is,
C(G) and L2G, are endowed with the action of G induced by the right mul-
tiplication; i.e., g · F(x) = F(xg). The tensor product V⊗V∗ will also play a
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prominent role in what follows and we equip it with the unilateral action in
the first factor. This means that the effect of an element x ∈ G acting on the
decomposable tensor τ = v⊗α is x · (v⊗α) = (x · v)⊗α, and subsequently the
action on a general element is given by linearity.

(4.1) Given a complex representation V of G of finite dimension and chose
a basis {vi} for V. The representation map ρ : G → EndC(V) has a matrix
(ρij(x)) relative to the basis {vi} whose entries are continuous functions on G,
and they are naturally called matrix coefficients associated with the representa-
tion.

If {v∗i } is the basis dual to {vi}—that is, v∗i is the linear functional on V with
v∗i (vj) = δij—one has the expression

ρij(x) = v∗j (xvi)

for the matrix coefficient ρij. A slightly more general and coordinate free vari-
ation over this theme is the following. To any decomposable tensor τ = v⊗α in
V⊗V∗ one associates a continuous function Lτ on G by posing

Lτ(x) = α(x · v), (4.5)

and functions like this will be called matrix coefficients as well. Matrix coefficients
The expression (4.5) is bilinear both in the funcional α and the vector v, and

by the universal property of the tensor product it therefore extends to a linear
map

ΛV : V⊗V∗ → C(G), (4.6)

that is, it satisfies ΛV(v⊗α, x) = α(xv). These maps ΛV will soon be properly
scrutinized, but we begin gently with the following easy observations:

Lemma 4.5 The map ΛV is equivariant. Let τ = v⊗α, and let A : V → V be the
map A(w) = α(w)v. Then it holds that tr(A) = α(v).

Proof: To first, it suffices to verify that ΛV behaves in an equivariant way
when fed with a decomposable tensor. We compute

ΛV((g · v)⊗α, x) = α(x · gv) = α(xg · v) = Λτ(v⊗α, xg) = g ·ΛV(v⊗α, x).

Fot the second statement, chose a basis for V whose first element is v. One
easily convinces oneself that the matrix of A relative to such a basis has α(v) as
the only possible non-zero element on the diagonal (but of course, that entry
could also be zero). Hence the trace equals α(v). o
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(4.2) The matrix coefficients enjoy a strong orthogonality property which the
whole theory turns about, and of course therefore is essential ingredient in the
Peter-Weyl theorem.

Setting the stage, we give ourselves two irreducible representations V and W
of G, both of finite dimension, and we equip either with an invariant hermitian
form 〈 v, w 〉, adopting the convention that a hermitian form is complex linear
in the last variable and anti-linear in the first. To any linear form α on V there
is a unique vector a in V so that α(v) = 〈 a, v 〉 (and of course ditto for forms on
W).

Proposition 4.6 Let V and W be two complex irreducible representations of G finite
dimension. Given two matrix coefficients τ = v⊗α and σ = w⊗β associated with
respectively V and W, and write the lieat functionals as α(u) = 〈 a, u 〉 and β(u) =

〈 b, u 〉. If V and W are not isomorphic, one has 〈 Lτ , Lσ 〉 = 0. If V = W, it holds true
that

〈 Lτ , Lσ 〉 = 〈w, v 〉〈 a, b 〉/ dimC V.

In particular, Lτ and Lτ are orthogonal whenever either a and b or v and w are.

Proof: First, observe that

β(xw) = 〈 b, xw 〉 = 〈 xw, b 〉 = 〈w, x−1b 〉

since x acts a unitary operator on V. We then find:

〈 Lτ , Lσ 〉 =
∫

x∈G
α(xv)β(xw) = α

( ∫
x∈G
〈w, x−1b 〉 · xv

)
, (4.7)

and by proposition 4.4 on page 112, the integral to the right and “under” α is a
G-equivaraint map W → V considered as a function of b. Appealing to Schur’s
lemma we can conclude that 〈 Lτ , Lσ 〉 = 0 whenever the G-moduels W and
V are not isomorphic. In case W = V Schur’s lemma entails that the integral
“under α” considered as a function of b is a homothety, thus∫

x∈G
〈w, x−1b 〉 · xv= d idV (b).

Taking traces (which commute with integration, lemma 4.3 on page 110), we
find

d dimC V =
∫

x∈G
tr(〈w, x−1b 〉 · xv)

Now, considering the linear functional b 7→ 〈w, x−1b 〉 and appealing to lemma
?? above, one deduces that tr(〈w, x−1b 〉 · xv) = 〈w, v 〉, and it follows that
d = 〈w, v 〉/ dimC V. Hence∫

x∈G
〈w, x−1b 〉 · xv= b〈w, v 〉/ dimC V,

and in view of equation (4.7) above the proposition is proved. o
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(4.3) A consequence of the orthogonality result in the previous paragraph is
that if {vi} is an orthogonal basis for an irreducible representation V of G, the
matrix coefficients ρij(x) are orthogonal in the function space C(G). Hence

Corollary 4.3 The maps LV are injective.

Proof: Indeed, the dimension of V⊗V∗ is (dimC V)2 and there are as many
matrix coefficients ρij(x) which lie in the image and are orthogonal, hence
linearly independent. o

Corollary 4.4 When V and W are irreducible but not isomorphic finite dimensional
representation of G, the images LV(V⊗V∗) and LW(W⊗W∗) are orthogonal in L2G.

Letting as for finite groups Ĝ denote an exhaustive set of representatives of
the isomorphy classes of irreducible representations of G. For each V in Ĝ we
have the subspace Im ΛV of C(G). It is an invariant subspace being isomorphic
to (dimC V) · V as a G-module; that is, it is isomorphic to the direct sum of
dimC V copies of V.

Isotypic components of C(G)

Given an irreducible representations V of G of finite dimension. We have seen
that Im ΛV = V⊗V∗ is a component of C(G), and indeed, it is the isotypic
component associated with V. In other words any invariant subspace of C(G) is
contained in Im ΛV .

Lemma 4.6 Assume that F is a continuous function on G whose orbit G · F generates
an invariant subspace of finite dimension. Then F is a matrix coefficient.

Proof: Let V be the subspace that the orbit G · F generates. We need to exhibit
a linear functional α on V and a vector v ∈ V such that F(x) = α(x · v). The
functional is the “simplest of all functionals”, namely evaluation at the unit
element e; that is α(F) = F(e). And the requested vector is the given function
F. One finds

α(x · F) = x · F(e) = F(ex) = F(x).

o

An auxiliary operator

When there is a group around, the convolution product is a versatile tool with
numerous applications, and it will be very useful in what follows.
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Recall that the convolution φ ? f of two functions on G is given by the integ-
rals

φ ? f (y) =
∫

x∈G
φ(yx−1) f (x) =

∫
x∈G

φ(x−1) f (xy).

The two integrals are equal since the integral is invariant, substitute xy−1 for x
in the last one. Of course, to be useful the integrals must exist, so some integ-
rability conditions are necessary. For us φ will always be continuos and f will
be in L2G. In 4.1 on page 109 we observed that ‖ f ‖1 ≤ ‖ f ‖2 so that f being
quadratic integrable suffices for the integrals to exist.

(4.4) In the case of finite groups, the product in the group algebra corresponds
to the convolution product in the function space; so the operator Tφ = φ ? f
is a kind of reminiscence of (or substitute for) the left multiplication in the
group algebra—or, one may also think about it as an approximation of the
left regular action on the function space L2G. For instance, if φ is a “bump
function” supported close to the unit element, one suspects φ ? f to be close to
f ; and indeed, it is true:

Lemma 4.7 For any element f ∈ L2G and any ε > 0 one has∥∥Tφ f − f
∥∥

2 < ε

for an appropriated continuous and positive function φ having the property that
φ(x−1) = φ(x).

Proof: Since the continuous functions are dense in L2G, we assume first that
f is continuous, and G being compact, the function f is uniformly continuous.
That is, we may find an open neighbourhood about the unit element such that
| f (xy)− f (y)| < ε when x ∈ U, and we can assume that U is symmetric, i.e.,
that U = U−1 (just replace U by U ∩U−1). Chose a continuous and positive ψ

with support contained in U and let φ(x) be ψ(x)ψ(x−1) scaled so that the total
mass equals unity.

Then φ(x−1) = f (x) and we have

≤
∫

x∈G |φ(x)( f (xy)− f (y))|
≤
∫

x∈U |φ(x)( f (xy)− f (y))| < ε
∫

x∈G |φ(x)| = ε.

Hence
∥∥Tφ f − f

∥∥
2 < ε by the inequality (4.1).

Now, given a quadratic integrable f and given an ε > 0. There is a continu-
ous g with ‖ f − g‖2 < ε/3. Chose a “bump function” φ of total mass unity and
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adapted to g as above; that is, it satisfies the inequality
∥∥Tφg− g

∥∥
2 < ε/3. Then

it holds true that∥∥Tφ f − f
∥∥

2 ≤
∥∥Tφ f − Tφg

∥∥
2 + ‖ f − g‖2 +

∥∥Tφg− g
∥∥

2 ≤
≤ ε/3 + ε/3 + ε/3 = ε

where we have used that the operator norm of Tφ satisfies
∥∥Tφ

∥∥ ≤ 1 since φ is
positive of total mass unity. o

(4.5) A convolution product is normally as least as regular as the most regu-
lar factor, so if φ is continuous φ ? f will be as well. Indeed, since G is com-
pact, a continuous function φ is uniformly continuous, which means that to
any ε > 0 one can find a neighbourhood U of the unit element e such that
|φ(ux)− φ(x)| < ε for all u ∈ U and all x ∈ G. Noticing the inequality
‖ f ‖1 ≤ ‖ f ‖2, we find

|φ ? f (uy)− φ ? f (y)| ≤
∫

x∈G

∣∣∣φ(uyx−1)− φ(yx−1)
∣∣∣ | f (x)| ≤ ε ‖ f ‖2 (4.8)

for all y and all u ∈ U. Hence

Lemma 4.8 Assume that φ ∈ C(G) and f ∈ L2G. Then φ ? f ∈ C(G).

(4.6) We introduce the notation Tφ for the operator Tφ : L2G → L2G that sends f
to φ ? f , and we just checked that Tφ takes values in the space C(G) of continu-
ous functions. It is a bounded operator, since it holds true that∣∣∣∣∫x∈G

φ(yx−1) f (x)
∣∣∣∣ ≤ ∫x∈G

∣∣∣φ(yx−1) f (x)
∣∣∣ ≤ sup |φ| · ‖ f ‖2 (4.9)

we may infer, using the inequalities (4.1) on page 109, that
∥∥Tφ

∥∥ ≤ sup |φ|.
(4.7) Notice that in both the inequalities (4.8) and (4.9) above the final bounds
depend only on the norm ‖ f ‖2. So if B is a bounded subset of L2G, say the
norms ‖ f ‖2 of elements f ∈ B are bounded by M, then TφB is a bounded set,
bounded by sup |φ| ·M.

Moreover, TφB is an equicontinuous set. Given ε > 0, proceeding like in
paragraph (4.5) above, one chooses an open set U about the unit element so
that |φ(ux)− φ(x)| < ε/M for u ∈ U. The inequality (4.8) above then takes the
form

|φ ? f (uy)− φ ? f (y)| ≤ ε/M · ‖ f ‖2 = ε,

and is valid for all f ∈ B. This reasoning ends up with
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Proposition 4.7 The operator Tφ is a compact operator.

Proof: By definition, for the operator Tφ to be compact the image TφB must
be relatively compact3 for any bounded subset B of L2G. The almost universal 3 This means that the closure is com-

pacttool to verify relative compactness is the Ascoli-Arzelà theorem, which is valid
for compact Hausdorff spaces (our G is such a space), and which tells us that
a bounded and equicontinuous family of functions is relatively compact. But
those conditions were exactly the ones we checked just before the proposition:
The image TφB is an equicontinuous family of functions and is bounded in L2-
norm, but again by the inequalities (4.1), it is bounded in sup-norm as well. We
conclude that TφB is relatively compact, and the proposition is thereby proved.

o

(4.8) Finally, the operator Tφ has two properties related to the group structure
of G. In our conspiracy theory, convolution is an approximation to left multi-
plication in the group algebra, and of course, left multiplication should com-
mute with right multiplication. Indeed the analogy holds, and Tφ is equivari-
ant.

Proposition 4.8 The operator Tφ is equivariant, and if φ satisfies φ(x−1) = φ(x), it
is self-adjoint.

Proof: Let g ∈ G and f ∈ L2G. We find

g · Tφ f (y) =
∫

x∈G
φ(yg · x−1) f (x) =

∫
x∈G

φ
(
y · (xg−1)−1) f (x)

=
∫

x∈G
φ(xy−1) f (xg) = Tφ(g · f )(y),

where we substituted xg for x in the second integral. This shows that Tφ is
equivariant.

Suppose now that φ(x−1) = φ(x) for all x ∈ G. Calculating we find

〈 Tφ f , g 〉 =
∫

x∈G

( ∫
z∈G

φ(xz−1) f (z)
)

g(x) =
∫

z∈G
f (z)

( ∫
x∈G

φ(zx−1)g(z)
)
= 〈 f , Tφg 〉

where we used that complex conjugation commutes with integration. o

4.4 The Peter-Weyl theorem

The crux of the proof of the Peter-Weyl theorem we present, is to exhibit non-
trivial finite dimensional representations in some closed, invariant and non-
trivial subspaces N of L2G. Our tools for doing this will be the compact convo-
lution operator Tφ and the Spectral theorem for self-adjoint compact operators.
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It tells us that the eigenspaces of Tφ are finite dimensional, orthogonal and that
their linear span is dense L2G. Moreover the eigenvalues are real with zero as
the only accumulation point. We shall only need that Tφ has one non-trivial
eigenspace.

Lemma 4.9 Let φ be a function on G satisfying φ(x−1) = φ(x). Let N be a closed,
non-trivial linear subspace N of L2G invariant under Tφ, and assume that Tφ does not
act as the zero operator on N. Then N contains a non-trivial representation of G of
finite dimension.

Proof: As N is closed it is Hilbert space, and the restriction of Tφ is a compact
operator on N. By the spectral theorem the operator Tφ being self-adjoint has a
nontrivial eigenspace of finite dimension, say corresponding to the eigenvalue
λ. A general property of equivariant operators is that their eigenspaces are
invariant under the group; indeed, if Tφ f = λ f one has

λg · f = g · λ f = g · Tφ f = Tφg · f .

Hence the eigenspace corresponding to λ is as requested, a finite dimensional
non-trivial representation of G. o

(4.1) We begin by quickly recalling a few the notational elements. For any V
finite dimension we had the map ΛV : V⊗V∗ → L2G sending decomposable
tensors v⊗α to the “matrix coefficients” α(x · v). The images of these maps
all lie in C(G), and for irreducible V’s they are the isotypic components of
C(G). Moreover they enjoy strong orthogonality properties. Recall also Ĝ, an
exhaustive set of representatives of the isomorphism classes of the irreducible
G-modules of finite dimension.

One way of formlating the Peter-Weyl theorem is as follows

Theorem 4.3 Let G a compact group. Then

L2G =
⊕̂

V∈Ĝ
ΛV(V⊗V∗).

Proof: Inside the space L2G of quadratic integrable functions, we concider the
usual direct sum

M0 =
⊕
V∈Ĝ

ΛV(V⊗V∗).

It is an invariant subspace but not closed, so we let M be its closure. Then M
possesses an orthogonal complement M⊥, so that L2G decomposes as L2G =

M⊕M⊥. If M is not the whole L2G, the complement M⊥ is non-trivial.
The first step is to see that M is invariant under Tφ, and since Tφ is a con-

tinuous operator, it will be sufficient to check that Tφ maps M0 into M0. To that
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end, let V be an irreducible representation of G of finite dimension. Now Tφ

is equivariant and hence maps Im ΛV into a representation of G contained in
C(G), and because Im ΛV encompasses all invariant subspaces of C(G) iso-
morphic to V as a representation, Tφ maps Im ΛV into Im ΛV .

The next step is to chose φ so that φ(x−1) = φ(x). Then Tφ is self-adjoint
and consequently maps M⊥ into M⊥.

Assume now that M⊥ 6= 0, and pick a non-zero element f in M⊥. By lemma
4.7 on page 117 we may find a continuous function φ such that Tφ f 6= 0, and
hence Tφ does not acts as the zero operator on M⊥. By lemma 4.9 above, Tφ has
a non-trivial eigenspace in M⊥ of finite dimension. Clearly this eigenspace lies
in C(G) (all values of Tφ lie there) and is invariant under G. This impossible,
since all such subspaces are contained in M0. o

Example 4.5. The example of G = S1 the Peter-Weyl theorem reduces to
classical result about L2-expansion of periodic functions in Fourier series. Rep-
resentations of S1 are all one-dimesional (as for any abelian group), and they
are given by the different continuous group homomrphism S1 → C∗ (which
automatically take their values in the unit circle S1). These homomorphisms
are just the maps eit 7→ eint for n ∈ Z. And hence the family {eint}n∈Z of func-
tions form an orthogonal basis for the L2G: Every periodic (with period 2π)
and quadratically integrable f can be expanded as

f (x) = ∑
n∈Z

aneint

where equality means convergence in the mean-square norm. K

(4.2) More generally, if one chooses an orthonormal basis for each irreducible
V in Ĝ, the corresponding family of matrix coefficients will form a dense set
in L2G, and in fact due to the strong orthogonally results about the matrix
coefficients (proposition 4.6 on page 115), they form an orthogonal basis. After
a proper normalization they will be orthonormal; the normalizing factor will
be
√

dimC V.

Some consequences

It is a natural question to ask if a Lie group (or more generally a topological
group) is isomorphic to a subgroup of some general linear group Gl(n, C). Or
in short: Are all topological groups linear groups?

Posed in this generality the answer to the equation is no. Even Lie groups
need not be isomorphic to subgroups of Gl(n, C), and remarkably, one do not
need to travel to far corners of the universe of Lie groups to find an example.
The universal covering of Sl(2, R) is not a linear group.
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(4.3) Compact Lie groups are linear, as we soon shall see, and this is a relatively
easy consequence of the Peter-Weyl theorem. However not all compact groups
are, for instance the additive groups Zp of p-adic integers are not, so a con-
dition is needed to have a general statement about when a compact group is
linear.

And the condition is the following: One says that a topological group has no No small subgroups
small subgroups if there is an open neighbourhood about the unit element not
containing any subgroups other the trivial one.

Theorem 4.4 Assume that G is a compact group without small subgroups, then G is
isomorphic to a subgroup of Gl(n, C) for some n.

Proof: We are to exhibit a faithful complex representation of G of finite di-
mension. Let U an open set containing e but not containing any other sub-
group than {e}. Making U smaller if necessary, we can assume it is not dense
in G. Pick a continuous function φ with φ(e) = 1 whose support is contained
in U. It can be approximated by a matrix coefficient α(x · v) associated with a
finite representation V to within any ε < 1/2. Then ‖φ(x)− α(x · v)‖2 < ε, and
it follows that ‖α(x · v)‖2 < ε for x outside U. But since φ(e) = 1, it holds that
‖α(v)‖2 ≥ 1− ε > ε. The function α(x · v) is constant and equal to α(v) along
the kernel of the representation V (that is, the points where x · v = v), hence the
kernel is forced to lie within U. But by assumption the only subgroup there is
the trivial one. So the kernel is trivial, and V is faithful. o

(4.4) The fifth of the twenty three problem Hilbert posed during International
Congress of Mathematicians, in Paris 1900 was about topological groups: Are
continuous groups automatically differential groups?

This formulation is open to way interpretations, but one way to understand
it is to ask if a topological group locally homeomorphic to an open set in some
Rn is a Lie -group? This was resolved by Gleason, Mongomery and Zippin in
the 1950’s.

And in 1953 Hidehiko Yamabe gave a complete answer in 1953. A topolo-
gical group is a Lie group if and only if it satisfies two conditions. The first
one “having no small subgroups” we have already met , and the second condi-
tion is of a more technical nature; the group should be a projective limit of Lie
groups.

As a faint fragrance of these superb results, we mention a modest result, the
case of compact abelian groups:

Corollary 4.5 Assume that G is a compact and connected abelian group without
small subgroups. Then G is isomorphic to a torus.
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Remember that a torus T is a Lie-group which is isomorphic to the n-fold
product of the circle group for some n; that is, T ' S1 × . . . × S1, so in par-
ticular compact abelian groups without small groups are Lie-groups. We shall
deduce this from the Peter-Weyl theorem, but since we have not established
that all compact groups possess a Haar-measure, the proof is not complete. We
should also mention that the corresponding statement for Lie groups is of a
simpler nature, and has a simpler proof using the exponential map.

Example 4.6. Examples of compact abelian groups with small groups abound.
For instance, the product G = ∏k S1 of countably many copies of the circle
group S1 would be one. It is compact by Tychonov’s theorem, and a local basis
for the topology near e are of the form U ×∏k≥r S1 where U is any open set
in the finite product ∏k<r S1 containing the unity in ∏k<r S1. Clearly any such
open set contains subgroups; for instance ∏k<r{e} ×∏k≥r S1. K

Example 4.7. Another example is of course Zp. The ideals prZp for a basis
for the topology near zero, and all these are open and closed subgroups (cfr
example 1.12 on page 23)! In fact any totally disconnected locally compact
group has small groups. A theorem of van Dantzig’s states that in such groups
the compact and open subgroups form a local basis for the topology near unity.

K

Proof: By the proposition G has a finite dimensional faithful representa-
tion V which we can assume is unitary (proposition 4.3 on page 111). Hence
G⊆U(n), and all its elements are semi-simple. The group G being abelian
there is a basis for V consisting of common eigenvectors of all the elements in
G. But this means that G⊆D where D is a diagonal and unitary subgroup of
U(n); thus D ' S1 × . . .× S1, and we conclude by lemma 4.10 below. o

Lemma 4.10 A closed connected subgroup G of a torus T is isomorphic to a torus T′.

Proof: We may assume that T = (S1)n. The proof goes by induction on n.
Consider one of the projection π : T → T′ = (S1)n−1⊆T, and let N be its
kernel. Then N ' S1, and T decomposes as the direct product N × T′; i.e.,
every element is of the shape x = (n, π(x)).

The induction hypothesis implies that the image π(G)⊆T′ is isomorphic
to a torus; that is, to some power (S1)r of S1. The group G ∩ N is a closed
subgroup of S1, so either it equals the entire N or it is finite. But if it happens
to be finite, it must reduce to the trivial group since the quotient G/N being a
torus is simply connected, and in that case G ' π(G). If N⊆G, all elements
(n, π(x)) for x ∈ G lies in G, and it holds true that G = N × π(G). Thus
G ' S1 ×T′ and we are through. o
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Problem 4.4. Let G be a compact group and N⊆G a finite subgroup. Show
that the quotient map π : G → G/N is a covering. Hint: Let U be a neigh-
bourhood of e such that N ∩U = {e} and let V =

⋂
x∈N,x 6=e xU ∩U. Then π|V

is a homeomorphisms onto π(V). M
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