
MAT4270: MANDATORY ASSIGNMENTS

MAKOTO YAMASHITA

These problems are for mandatory assignments in October. Everyone should pick up a different
problem and give a presentation of about 30 minutes. Besides these, any problem from “Advanced
questions” on 08.21 are also OK, and I plan to add a few more.

Problem 1 (double transitivity). Let G be a finite group, and X be a finite set with a transitive
action of G. We write gx for the action of g ∈ G on x ∈ X. Let C(X) = ⟨δx ∣ x ∈ X⟩ be the space
of complex functions on X, and consider the induced action G ↷ C(X). Moreover, let V be the
invariant complement of the trivial subrepresentation C1X ⊂ C(X). Explain that the the action of
G on V is irreducible if and only if G↷X is doubly transitive in the sense that

∀x ≠ x′, y ≠ y′∃g∶ gx = y, gx′ = y′.
(That is, G acts transitively on X ×X ∖ {(x,x) ∣ x ∈X}.)

Reference. [Ser77, Section 2.3, Exercise 2.6]

Problem 2 (integrality of characters). Let G be a finite group, and C(G) be the algebra of complex
functions on G. Denote by R(G) the set of functions of the form χπ −χπ′ for representations π, π′

of G. Explain the integrality of R(G) and its application to an estimate of dimension of irreducible
representations.

Reference. [Ser77, Section 6.5]

Problem 3 (positive definite kernel (‘advanced question 2’)).

Problem 4 (Levi’s theorem). Let K be a field of characteristic 0 (let’s further assume K ⊂ C,
although this is avoibable), and g be a finite dimensional Lie algebra over K. Explain that there
is a semisimple subalgebra s ⊂ g such that g = s +Rad(g). Also, give an nontrivial example of this
decomposition (s ≠ 0 ≠ Rad(g)).

Reference. [FH91, Section E.1]

Problem 5 (Ado’s theorem). Let K be a field of characteristic 0, and let g be a finite dimensional
Lie algebra over K. Show that there is an integer n > 0 and an injective Lie algebra homomorphism
g→ gln(K).

Bonus: this is still true for positive characteristic, and the proof is shorter.

Reference. [FH91, Section E.2] (characteristic 0), [Bou07, Section 1.7, Exercise] (positive charac-
teristic)

Problem 6 (Casimir operator of sl2). Let K be a field of characteristic 0. Consider the element

C = 1
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in the universal enveloping algebra U(sl2(K)).
(1) Explain the reason that if (π,V ) is a representation of sl2(K), the endomorphism π(C) ∈

End(V ) is a scalar multiple of the identity map.
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(2) Compute the corresponding scalar for the natural representation of sl2(K) on the space homo-
geneous polynomials of degree n in two variables, ⟨xn, xn−1y, . . . , yn⟩.

(3) Express C using the standard basis of su2.
(4) Use the identification su2 ≃ so3, express C as a differential operator on the unit sphere S2 ⊂ R3.

Problem 7 (Peter–Weyl theorem). Let G be a compact group.

(1) Show that the space O(G) of matrix coefficients of finite representations form a subalgebra of
C(G).

(2) Use the Stone–Weierstrass theorem to check that O(G) is a dense subalgebra of C(G).
(3) What does the Peter–Weyl theorem say?
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