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is also a weak solution !

This is not good, we must resolve the Situation...

Vanishing viscosity

(V) u + fu = EUxy , 32040 :Upd

Assume for the moment (we shall prove it later)
that 43 (/*(8

,4)) for any 830, and that

uix , 5) -> box) in L'I as 8- 00

How can we show that IV) has unique solutions ?

Assume thatf is Lipschitz continuous, let use he

solutions and set wou -v. Then
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Set (c) = (w) Y(w) - syn/w) it wo



Multiply with 'w) and use the chain rule

Y(w( + Axy() + Alw)y(w)x = y(w/Wx
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·
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exist

, formal
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can be proved
anyway !

Integrate over I to get

widowwo.
Then (V) has unique solutions .

If we demand that
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maybe the uniqueness property will be inherited by a ? ↑
Gen:s

Plan :

① Prove that USfiux-sux has a unique sol

② pove that
,
with some extra condition , ufinx = 0

has unique solutions.

③ Pove thatlim us :U

20amsoldme solves the conservation law

visions problem



① Pretims
,
Euler's gamma function
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↑(p - 1) =pi(p) , 5/1)
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Eilers beta function
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Lemma :
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We want to show that the problem :

S Up
+ f(u)x = Uxx +10 XER tit

,
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has a classical solution.



Picard iteration
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- 8xx(u = - f(u)x to
4 = No+

= 0

Formally : UNy ,Koly) dy, fluyslda
Now define the sequence [U by :

no Iy ,tulyly
una - no ,g) ly ,Es fllysdyds

-4 y, ) flys dyd!

We shall show that um-> u for some function U .

Notation : U" := 0

wh = un - um+ n = 0, 1,2,3, 00
-

12(1)-y ,ts)(fuly ,s)-fuy ,i) dysa

5.umsily,lytsdyds Lfli
- bly) is decreasing for yoo and increasing for yo
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↑andI, sin a

H I

NorTo ,thouUHctds
WriteWh/s) = /10h(s) , in this notation :

+(4) UNIds

Claim :

Un(71 <McL M Molly

Proof : Induction.

h = 0

20-40 +xy, t ) Ulydy , so thaa

LAS : 1003Molly tidy =Moll SM
RHS : M/FIND =M v

Assume true for i. t
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which finishes the proof of the claim.

For+
,
unit) - 0 exponentially fast as 150

.

so that

umu in the sup nor

Furtherfore i satisfies :

t

u(xt))-y,)lydyytsfluly,led-
Can show that this implies that ux , ux are bounded

=> ne (
*

(12x10
,41) , and a solves

+ fluix = Uxx +0S
u =U.

4 = 0



A priori Grunds on u

"a pricri" ~ independed of E

(C) Su
+flux = Su

*

xx

M3(X,0) = Uo(x)

We have proved the following :

There exists a solution of (D)
,
and the derivative

u andux are bounded for 370 :

(Ux()) < Cat lux ,Let.

The constant Cst depends out and E.

and grows as -o or tex.

Let is anda be solutions of (CD) with initial

data Mo and Vo.

Extropy/energy methods

Up + f(u)x = EUxx multiply with 1/l) , 4101 : 0, y convex

414 Yin fully = 54(uluxx = Elpculuxy · En cul lux

Define qualifieds
y(ul, + q(n)4y = 2y(4(xx

- y+(u)(uxp
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1.PROPY INEQUALITY



him Y(t) = 0
note for assume 494

Integrate overI Lim U.-

etudy)
& ~
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that d (Huldy 60 (yltdxMol
our supp , pul give

llu( ,tillin 5 llwallycr

Let M2 ·up( . Choose y to be any conver function

such that

41u1 :[0 u &
We get [Hud&
=> UNH M for all X , and all

th0 ·

We can let m = Usix) to get

m = u(x ,+) .

This implies : Maximum

eifuU(xit) essup Holy
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