
Conservation laws
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Conservation law :

Change of mass in a interval

-> inflow-outflow.
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-

fluid dynamiss
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My + aux = 0

Characteristics : Y(t) : a , X10
=Xo

=> y(t)-at +Yo

u(X( ,4) = uy + uxX( =u(X(,)
+ auy(X(t,+) =0

u(X(H),+) = uo(n))

of
u(x ,+) = u(x - xH)

In general : fluix = flu)ux

+ flu)Ux = 0 , characteristics XI = f'(n(X(H,+)

u(X(H ,+) = 0 u(X( ,t)i mutant!

f'(u/X(),t)) is constant

- XH) is a straight line

X(t) = Xo f (not



nt

XIt)

% > x

Assume that we can solve

c-f(n(vol) t +10 to get no = 3(4 ,4)

then u(a ,t) = u0(3(n ,+1)

we can solve it XoEf'(nool) +o is monotone

Example

f(ul : [u2 flu) -n NoM-Jank" (*)
Up

·
S

Or

d lytuy) In
o
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We get a formite for u(X ,t)
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we have a type of "wave breaking"
U, (x] U gU(X,t)
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if we want to have a solution after
the breaking time , we must allow for

discontinuous solutions·

Weak solutions

%( , 4) best function

yeC(50 ,4)) · Ye2* with compact support

Definition :

u = u( ,4) is a weak solution of
"flux- 0S u(X
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it U finly dxc +noy old on

for all test functions Y.

this makes sense if u is discontinuous.

classical solution = weak solution



What kind of discontinuities can we have ?

Simple care : Discontinuity at -*H) , Yo-XIto)
u is differentiable on both sides of XI) near (xoits)
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u is a weak solution :
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integration by parts
Y =0 on d

= Dysfu ,u)mas-Syoful,u) was
y y

left side of X right side of X



m = (1
,
- x'-)

·(y(XIne-ur)-Aue-furl e
Since this is to hold for all test functions Y

=> 5 = XIto) satisfies
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Rankine-Hugonios Condition
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conservation
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An example with many solutions
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Get U
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·*nixt) = + xxt is a weak solutionS
Check :

for it uflax so for ysot also

for 267t,t) :

4- - , uy =5 4 +fu)x =0

Observe that is is continues for 130 ,
and satisfies

U + flul , -o almost everywhere.

Thus:
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Let u = u.

Check !



For
any positivea setne
then U
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is also a weak solution !

This is not good, we must resolve the Situation...

Vanishing viscosity

(V) u + fu = EUxy , 32040 :Upd

Assume for the moment (we shall prove it later)
that 43 (/*(8

,4)) for any 830, and that

uix , 5) -> box) in L'I as 8- 00

How can we show that IV) has unique solutions ?

Assume thatf is Lipschitz continuous, let use he

solutions and set wou -v. Then
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Multiply with 'w) and use the chain rule

Y(w( + Axy() + Alw)y(w)x = y(w/Wx
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·
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This does not really
exist
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y(w(x+ (Aw)y<y(w(xx &

can be proved
anyway !

Integrate over I to get

widowwo.
Then (V) has unique solutions .

If we demand that

-Zinusin

maybe the uniqueness property will be inherited by a ? ↑
Gen: s

Plan :

① Prove that USfiux-sux has a unique sol

② pove that
,
with some extra condition , ufinx = 0

has unique solutions.

③ Pove thatlim us :U

20amsoldme solves the conservation law

visions problem


