
A differential equation for n

Theorem .

u is the unique visunity solution of the

backwart HamiltonJacobi-Bellman equation

Up + H(Du ,X =0 04tT

& u(X ,+) = g(x)
H(p ,x) = min (flu ,alopvx also

Example
n f(x , a) = Xa , r(a) : <X +da

q(x) = 1)

Funding H minyptap
-(x +px - yp2

HJB :

4 + (4) + mux
-1(uy) = 004t T

n(X,T) = (x)

HJB is a terminal value problem ,
must change the

definition of a visaity solution accordingly :

n -u has max at Noto) n -u has min at postol

H H

u(o ,to) +HJDro,to) ,Xo)0 u(o ,to) +HJDr/o,to),ol
50

supersolution i subsolution



Exercise : Check that wit) : -U,
Tt) is a visily solution

of
4 -Hu ,x)

= 0 OctST

S u(X ,0) = g(x)
We prove that the value function is a viscosity solution of HJB.
Correct terminal value :

M(x,T) =iCogn

We have that is is bounded and Lipschis continuous ·

Assume that

Now has a max at Moto

we must move that

/sto) + mm(fa) . Duoto) +(a)3

Proof byContradiction. Suppose not . Since wine' , then for all

(t) such that IV-X1 + It-tol < 8 ,
we have that

(N ,
t) + f(x,a)Dv (t) - r(x , a)3 -0 < 0

for some geA

By possibly taking a smaller o , we can assume that

(n-v((+) < (nov) ortol for all Wit mear No,tol

Consider the constant control N/Sl = a

&
x/s) = f(xis) , a) toT

x(to) =Yo

Choose 0338 So small that Ints)-Nol < 6



for to stoth . Rising xess in the assumption

Y (x(s) , 3) + f((s) , a) -Do(s) + +(1s1 ,al < - 0

We also have (since y has may at Noitd

n ((+
j
+h) to+h) - u(o ,to) < v(x(t+h) ,to

+h) -V(o ,t)

toth

-Mod w(s) ,3ds(ss +Dr. See

Ayth

-> Vy((s) ,3) + f(x(s) , a) - Dv(X(s) , 3) ds * UNHoth) ,toth) -ultoitol!
Alo/byDP) both

U(Xo
,to) < U(Xsa)ds + U/x(oth) ,toth)!

toth

or UHoth)yyh)-ulo ,tol-x),ad
#

both

02G() , 5) + f(,a)Do(s),3) r(xsads8
contradiction!

Assume that luo) has a minimum at (o ,to) , then we
must show thatMoto) + f(4 ,

2)DrNo) + rica) So

Suppors not , then for (H) near (osto) and allaA

Y(xyt) + f(x,a) -Dv(X,a) +v(y,a) = 060.

Let xls) become control h small so that (sl ,5)

near (oito) for tostoth ,



Let XIs) solve

S #)
= f(X(S) , x1s)) to ? 55toth

Y(ty)"Xo

Local minimum n

U (X(bjth) ,both) - k(Yoto)(oth)toth) : vNo,to

-forx() ,3) + f(x(s),x(s)) -Dv(X(S) ,3)ds
Dynamic Programming+ choosing a "good" control x

U(X0 ,to)(oth(xsds + U(xHoth) ,tah) - O
both

↓

U(HothAth)-UNotrd
3 [Co (x( ,3) + f(x(s),x(s)(Dv((s) +S) + r(x(s),x(s))d
Th "Contradiction !

The :value function is is a visosity solution of HJB


