
The Laplace equation

XuM = 0
,
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We dry to find "some kind of formula"

Assume that xx) = 0(r)
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Define the fundamental solution:

-ig(m)m +2[ I .21/n) z 433

↑
volume of
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Observe :
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IDOM/Tn locally integrate

·

IDM/5C1n not locally integrable
near O



Solving the Poisson equation on IR

(P) -An if in IR"
Assume that

of has compact support

(f(x) =0 if >R)
ii) fec(IRY)

1) u() =) -y)flylyo

↑heover : a) nec(1tY)

2) u solves (IP)

Proof of a) :

u(z) +IKaoyflyldy =Kylfy a
+heil-U y y - f(x -y)) dyM

67 - 0 bu8

Ux(x) =) 14) Exleya

same method for the second order

derivatives . ·



Proof of by :

Au(x) =f PylAxLxylo
- Iy1xfxyldy pylAxfy it
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TE Js
we want to make this small

.

we have
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1lydyyudy girldrls
polar coordinates
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Estimate for Support of f is inside

Ts Blo,a)
&

Axf(x -y) = Dyf(x-y)
H

·af

T3-OlyyfyAs
integration by parts

-Dyl · Defy , is ks

+ (Pyl(x-y(dS(y) L
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,5)

YedB10 ,3) Fyl =9) logn

1131 > /161/DA1pm (area of GB10
,all

↳ Saha /has hia ->02=3

integration by parts

K35/fydyy flya
= G

Since Aby) = 0
here !



Reall : n =2 by) = -log(y1)

DO7y) =-
3 By-nin Fin

· (n -2)
D$141 =utilit

-

in

So for all n :

D1y) =n iin

On OB10 , 3) : n = - , DO)=

so that :
n - D(y)-

f

-of(OB(0,3))
!

We have that :

Ke = -) Doly) on fixyela
10,j

· -) in an , f(x-y)dy
GB3/0,3)



this is the average of-nien) fix-yldy - 1 in the spherical
81310

,3) Shelt &B(0
, 5)

=-f f(x -y) dy - f(x) as 3- 0

& 13 /0,3)

sincef is continuous .

Let 5-0 to conclude that Auk)
= - f(x)
·

MEAN VALUE FORMULAS

es harmonic, Au-0 (in 1)

Definey10) of ulyidsly
GB(X

,
r) y = y +rz ,

· in theKyldsly) asly) : ras a
zedB(0

, 1) .

- nains)userzas
Then

y'r) = inDulverzs -zdSk change backtoa

-min)Dulyl mlya



=mino) Dulyldyo
Therefore : 4/1) = lim Y(r

: him Dylsa
- u(X) Since m is continuous.

uncluc :

U harmonic in U
,
B(x

,
r)dU

MEAN VALLE

FORMULA

-u(x) + fu()dS(y) 6
GB(X, r)

Assume now thata satisfies the mean value property,
and that a is not harmonic .

Then there must be a ball B(r) on which Aulyk 0.

But

0 = yer) = mmm)Anlyldy 30.

↑ &

mean value contradiction .

property

u(x) = f u(y)ds(y) = u harmonic

MAN
OB(X, r)

! nx(nsdsSulydyuldstyl) d na

-> um dimr" .



so that : MEAN
VALLE

FORMULA

Auto GUN ifMylyare

Maximum principle

Theorem .
U harmonic in U , ue()n(1).

a) max a max u
&U

U

b) if u(x)
: maxu and XoeU , then UN = UNo)
⑤

for all vett .

Proof . M = maxh · Assume UN : M for same YoU : Let

< dist(o
,
GU) .

M = n(x) = FUdX Mu =MfralxcBN

Thus the set Exell/UM : M3 is open in U , since n
is

continuous it is also relatively closed. SinceU is

connected it is either empty or equal to U.

This proves by a).
#



Estimating the derivatives

Let 43 be the standard mollifier.

ng(x) -yucydy C

·IEn y(my ya
polar coordinates

E

· n]4((//uiyasiyl) dr
OB(X,r) mean value property

E

- am ua

- undlya
polar to Cartesian
coordinates

-UM)y(x) dy :u
* ne2%4)



We hound the derivatives of u .

& much-index 121=k30

u harmonic in U , XeU , Blair
< U.

IU/lp/B001)A) (Dukvil ? ratk

l

By C : ul
Ch = Jak , k

Proof :
↳ :0 ·
lol · If Udx/Sin Full BN

B(X, u) (0 , r)

k = 1

Du = UXi , observe that ux, is harmonic .

(4xMoll) Uvid) und
No, /2) ↑ OBM,2)

integration by
parts

reduce the number of derivative

↳namul
= Di Hull Boll (a)

x edB/Xo , (2)

= Bl+2) < Bor
< V

. &
use estimate for 6:0 on ·

13(2, )



1 M())- USB, )

=>

pullyBo
, Yell
Sara KallicBr

Insert this in (1

luxios)3 n 14/licis or

- Chin Tullullyol
this shows the estimate for 121-1.

Induction step
Assume bound holds for K . 141 KH , x

+ B +ri -

Dou is harmonic
.

(Dual) = IDuxiol)
= Impu

( ,%+]

- IDPum) ds

· (oY+il

(11) nam, /DallyBo, all
↳ hira

(* )

->n /DPullyjoBo, Yall . (
* )

xedBlo , Mul

-

B(X, r) < Bor <U.



induction hypothesis
↓InhIDB u(x15

By (* )
n +k

IDEnix) ? hmmmnhkil llUllLCNar

mkx(m,+ (b) (uly (B(X0r
2(n)(n +k+ 1

k
k+1

(2n+ n(k+1) ↑name, 11 Ully (B(, r1)↳
x(u) m

Linville's theorem[Suppose G : /"-> IR is bounded and harmonic.

Then is is constant,

Proof : I
2

IDUR = [Ux ,
use previous found on Uxi.

to get

IDul)] Wanjudy M toaone

-Du = 0 - u is a constant.



Harmonic in 1 analytic in U

~ = Edist(o ,OU) M := surn/m/B(0))

xe BNo) -BlurSU

/DuM < RunnPully
> M(Zind

this gives an I bound since RHS indep . on x.

facts : 191 seINI !

uk =) + .... =[ !k + k

11 =k

=> lal' nka ! ek

soCu(Bor< Mcne:l

Taylor serive with remainder

u()- uNox

↑[ Du(vo+t ( -x-1)(X-Xo)", te(0, 1) .
121 =N

↑ Remainder term . Ra

must show that Rp-0 as N-x



(Rells[M/dx
choose I-X use

↳[M

↳[M
|x)

8 MuYM i -0 T

p
#Nth order derivatives of u

* InN
each of the N derivatives can be in

is different places.



Green's function U

uc(2(u)

Vz = U-Bolz ,a)

: Lundamental sto .

Dis
integration by parts.

LH3 :July(By-x)
- Dulyl By dee

Gly -x) (A)Y

- Suy) Doly-Mon-Dulym yas -RHS
dVz = GludBlu,3) .

BJ/y-X1 = 0 for ye Us-

LGS:)Buly x-y)dy)Bulyyxdy -
RAS

Du(y/Dy-x .mdS(y) fucyldsylu . .



(Only) m &y dSy) -ea+Ex0.

813(x
,2)

limRHS = - u(x) uly , Doy
-x) .-Duly*dy

E- 0

Collecting this :

BI
u(x) =Sy -x)Dulylm-by-x-may

- (oy-Bulyly
if u solves Poison's equation :

- An = fuS u = gd4

this would almost give a formula for u
,
exept for

the troublesome part :

Duoul, we do not know this ..

The remedy :

Define a corrector :



For each2eU
, define :

f

Ay"ly1 = 0 Yeu

S y %(y) = G(y -x)yedU

Assume we can solve this .

Use integration by parts with u and 4":

- (y"ly(Bulyldyfuly(Dy"y)m-yyDuylmalya B2

-Jucy( Dy"cy). -Bly-x)DulymayaN

Add B1 and B2 anddidy
bad term !

um = -(((y -x - y +(y))(u(y)dy
-S Diglyox-y

*

lylon ucy dlya

Define the Greene's function

G(x ,y) = G(y
-x) - y "(y)



With thisrotation
,
the solution of Poisson's equation is

M()
=(f(y)Gly(dy- gly) Dyy .mely a

G is symmetric , 2 . e, G(x1y) = G (y,b) Proofina

The Dirichlet problem

Au = 0 in U

& u = g
on O

·

formula with Green's function :

u( = -Jg(y) DyG(x,y) ondSly)
Ou

Examples

U = /Y = [HeRn/> o]



XXn
R

· - pm
-

: (, 121 --non) a
Reflection

Define

y
"

(y) = P(y-)

SinceR , yey) harmonic

for yeR.

% "(y) for ye GID", -IBM ?

Nun

Ingyy
To get a solution formula , we mist find

DyG(n,y) u

= -Om



G(x
,y) = 1y-x)

- Ply,)

DG(x , y) = Dylys)- DyBly you

DG(y) ·n =
-Gyx) -Gy) fory

D : in

-
Yn = 0

ly x1 = (y)

-

> In ly un yeR

Upl:
glandy

Singular term
!!

Must check formula!I

p



Gressie function for a ball

B10
,1)

=
·

Note : ese GB10
, 1)

% # X =Y

a
·

An : 0 Bloill

I m = gGB(0 ,1)

v() = u() see Blo
,
solves :

Ar so Bloo

I v = g() &Blo, r)



Define
(Ply) = /isly · (1)

y y"(y) harmonic for ye Blo , 1)

(y) =15 ye GB(o, 1)

Isily-P = 1P(y- )-/y- Pr)

- (xp/yoy , 2 y )
- (P - 2x - y + 1

-> Xox-2xoyeyoy = lyp

so for lyl = /

G (ins(y- x() = G(y
-x) !

To get a formulaere compute :

-y for 1y1 : 1.

Gy (k ,y) = By ,(y
-x) - /(x)(y- 1)y ;

·
(y15)



· umly an [m-yi) + YikXi]
I

- minily-x1 Y : (125
- 1)

we getfoo ly) = 1

DyG(y)on
= Ey Gy ( ,y)

- In
(lp-1) Yog :

· - ji
Formula

u(x) = ndsly)
&Blop i

↳
↑ singular term ! I

Poisson's formula must check

for a ball



Energy methods

[ AutaOl
Thy .
This problem has at most one solution.

Proof: Let u
,
and u,

be two solutions

Set W =G -12 , then

(aw
-0 u

w + ooh

O wawdy-Judy IBP

U

Dw = 0 - W = const

why-W = 0
↳

Variational formattin
-



Energy funchonal

[C] -) DUR -Any

domain of I :

A = (u+((u))u-gan GU].

We want to find a function is which

minimizes I;

u = argain It

Set f(e) :[[U
+TU]

If u i a local minimum ,
thei

f'(x))) +0 = 0 .

let red st . Glou * O : -er ex

f(t) = =(u ++]

·/Eu+Dup-f
+try



- [DUPDuDr DUP
- fu -+ fody

0 = f) sDu .Do-fody
IBP !

: - (u +f
since this is to hold for all w

we get
·An-f in U .


