
so that : MEAN
VALLE

FORMULA

Auto GUN ifMylyare

Maximum principle

Theorem .
U harmonic in U , ue()n(1).

a) max a max u
&U

U

b) if u(x)
: maxu and XoeU , then UN = UNo)
⑤

for all vett .

Proof . M = maxh · Assume UN : M for same YoU : Let

< dist(o
,
GU) .

M = n(x) = FUdX Mu =MfralxcBN

Thus the set Exell/UM : M3 is open in U , since n
is

continuous it is also relatively closed. SinceU is

connected it is either empty or equal to U.

This proves by a).
#



Estimating the derivatives

Let 43 be the standard mollifier.
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We hound the derivatives of u .

& much-index 121=k30

u harmonic in U , XeU , Blair
< U.
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By C : ul
Ch = Jak , k

Proof :
↳ :0 ·
lol · If Udx/Sin Full BN

B(X, u) (0 , r)

k = 1

Du = UXi , observe that ux, is harmonic .

(4xMoll) Uvid) und
No, /2) ↑ OBM,2)

integration by
parts

reduce the number of derivative
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< V
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use estimate for 6:0 on ·
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Insert this in (1

luxios)3 n 14/licis or

- Chin Tullullyol
this shows the estimate for 121-1.

Induction step
Assume bound holds for K . 141 KH , x

+ B +ri -

Dou is harmonic
.

(Dual) = IDuxiol)
= Impu
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- IDPum) ds

· (oY+il

(11) nam, /DallyBo, all
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B(X, r) < Bor <U.



induction hypothesis
↓InhIDB u(x15

By (* )
n +k

IDEnix) ? hmmmnhkil llUllLCNar

mkx(m,+ (b) (uly (B(X0r
2(n)(n +k+ 1

k
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Linville's theorem[Suppose G : /"-> IR is bounded and harmonic.

Then is is constant,

Proof : I
2

IDUR = [Ux ,
use previous found on Uxi.

to get

IDul)] Wanjudy M toaone

-Du = 0 - u is a constant.


