
MoC - local existence and uniqueness

Given PDE F(Du , u, x) = 0 in OCR"

u =

g on I

where TWIR" is part of 20 goes

throughU ⑳ &
Q : When can the characteristics

· = DpF(p ,z,)

z = P - DpF(p , z ,e)

= - Elp , zep-Dxf(p,
z,E)

with10)=X
, 210) = U(A)=g(x) ,...

be used to solve U locally nearX ?
-



Will cover :

-

⑪ Smooth map : Nev can flatten

z- ~
⑧

O↑ near Xo - ~X -I ·
yo

8with equivalent PDE GLDV, v, x) = 0 on V.

② Admissible BL/IC(P(X) , z(x) ,x) for xet

near X:

For each X + U near xt,
B.

version:

projected characteristic
7! Yet and SIXtIR S .

t.

=E
↑

*(0) = Y(*) &((x)) = X

E·
y=(0)

#.
Alsolution:

u(x) := z (y(),s) (= z(s) for with z(0) = y(x)
in

solves F(Du ,
u , x)=0

neighborhood NCU containing
&

.



# Local straightening of M.

&f For UCR" open we say 20 is "

it for each xt20 ,
Erzo ack URK-- IR

st . (upon relabeling coordinates) we have

Yn unB(xir) = Ex+Bixir)(xn > y(xy . - -,
xn - 113

& j↑u·
-R-1of
Note GunBixir) = EXBxir)(xn= f (xy ../Xn)3 ·

(If instead goes through
U ,then T isc

for Yet, Jr30 JtC"St

↑Bixir) = En eBxir)(xn= U(x , . . .,
xu-13)

assume +C20 and 20 is (

Stightening/flatmap
-

The map :-It given by

E(= (x y,
. . ,
x- 1 /

Xn = ((xy - . yXn-1)) = :Y

is then



① C: as UEC
② invertible as

#(:H, , . .

.,
Yn -y Yn

+ Y(Y .n-1) = Y/

③
. "flattening"near* in ECU)

Yn= Yn(x) = Xn-r(X, . . ., xm -) for xe201Bixir)

Flat means #(201B(xir) = Ex+#(B(x)))Yn=g

Ex

U = EXEIR21x2 > X&] gives 20 = ExeR/Xz=U(x)
= x&]

Flatmap : Y= (x) = (X1 , X2
- xi)

V = E(U) = EYER1y2 >03 with

inverse() = (4, Y +Y,
2).

Y2 E

->
-

~zu-
-

#.
O X



Consider PDE

F(Du , u , x) =0 in O (D
on a3u=g

Let u be a smooth solution and

let E :U-V be a smooth flat map

near a point xoP with a
smooth

inverse I =E
:

" For X+ U , let y=* V.

(so that x =#(t))

Define pushforward V(Y) :=UIIY) YeV.

=> u(X) =u)I(()) = V(() X U
.

Then
S writing(*)

= (E), . .. ),

Uxi()=V(()=
= Du(x)= Dv(y)) = Dr(Y) DELICY)

wom nxn

ERIn tIR

For XtU, or equivalently E=YeV,

of F(Duc , u(x) , x) = F(Dv(y) DELICY) , VCY) ,ELY)
=: G(DV(Y) , VWY , Y) .



fence, flat map E converts (1) into an

equivalent problem
G(DVM, VI , Y) = 0 in V 3v = g

on Er ,
(2)

And near yoE(x)
,
E(N) is flat :

J +30 S
.
t

.

E(r) nB(yir) = Ey+ B(Yir)1 Yn = 03.

For a given
X*& we may therefore

w .

/ . 0.g.

assume ↑ is Hat near xo

in (1) and write in x-coordinates :

MnB(x, r) = ExtB(xir))xn=03
.

meaning

② Admissible I near X
*
P.

Given # (0) = X = (Xi, ..., Xn , 0) , we
set

· z(0) = g(x9 (as z(0) = ULEO))

and as P(O) = UxiCIO) , we set

· pi = gxi(x) i = 1
, ...,
-

·



As M isflat near xo
u(x) defined
I here/11// --

M

This means g(x) =g(x,..., Xn-1)

near Xo
,
so gx is

not defined/provides
no information about uxu(X%.

Instead
, we

determine Pi by solving

·F((pi, ..,) , z , x% =0

given (Pi, ...,Pr ) ,
z
,
xo.

If aPreexists solving ((2) or (1)

(Ph ,= , X
%) is an admissible It

at xo
-
- &

(Pi need not exist or
be unique. 7

Next
, for all points Y= (X, ,

. . . syn-1 , 0)
+↑

close to xet we seek to

solve characteristic ODE



*( = DpF(p , z,)
·

z(s) = DpF(p, zie) ·P

p(s) = = Ez(p, z,)P = DxF(p , z,

With the IC

E (0) = Y , z10
= g(x) and

P(O) = &(Y) for some q:
-R

fi(y) =Exi (y) i= ,, ..,
n-1

and An(Y) solving

F(q ,
(), ..., qn- (Y) , An*) / g(x), Y

= 0 (3)

Lemma3 .

2
.

1 Given 20 smooth,

u + (20)
, g + C2(20)

and given

fixed admissible IC (po, 2% x
%) , there exists

A unique solution q(y) for
with qE(IRY) solering (3)
for y sufficiently close to x
provided Fp(p,z , x%+ 0 .



Prof Recall implicit for the 8

If a function G : IR"xR-R is C2
,

G (po, X
*) =0 for some (PixDER"

& DpG(pYXen
*
is invertible,

then I qe(IR" ,M) & rz0S] .

G(q() , y) = 0 v y+ B(xir)

For this case , we consider GTXIRY

given by

Gi(P, X) := Pi -qxi (Y)
i = 1 ...,+

Gn(p, y) := F(p , g(y) , Y

=> G(p , X% = 0 since

(po, g(x) , X) is admissible
IC

.



And

]PpG(pix=
with def (DpG(P, x)) = Fp(ppEx +0·

⑤

Remark The condition Fp(pzx9#0
-

is called non caracteristic boundary
condition. Motivation: If 10) = Xo

, then

v(E(0)) = - en and = Fp(pizix)

-[0) ·VC1) = - Fp(pzX +0,

soEIt)dnot more alongM nar x

If insteady It is not flat around **

the condition becomes DoFP , zo, x · U(x) #0 ·


