
MAT4301 – Suggested exercises – week 39

September 27, 2025

1. (Maximum principle) Let Ω ⊂ R𝑛 be open and bounded and consider the
advection-diffusion problem

𝑏 · 𝐷𝑢 = 𝜇Δ𝑢 (in Ω) (1)

where 𝑏 ∈ R𝑛 is a fixed vector (the velocity) and 𝜇 > 0 is a given number (the
diffusion coefficient or viscosity). Prove the maximum principle

𝑢(𝑥) ⩽ max
𝑦∈𝜕Ω

𝑢(𝑦) ∀ 𝑥 ∈ Ω (2)

for any function 𝑢 ∈ 𝐶2 (Ω) ∩ 𝐶 (Ω̄) satisfying (1).
Hint: Show first that if a function 𝑣 satisfies 𝑏 · 𝐷𝑣 < 𝜇Δ𝑣 in Ω, then 𝑣 cannot
have a maximum in Ω. Then let 𝑣𝜀 (𝑥) = 𝑢(𝑥) + 𝜀

(
|𝑥 |2 − 𝑀𝑏 · 𝑥) for some

𝑀, 𝜀 > 0.

Remark. Consider the time-dependent equation

𝑣𝑡 + 𝑏 · 𝐷𝑣 = 𝜇Δ𝑣 (1’)

for some 𝑣 = 𝑣(𝑥, 𝑡). If 𝑣 is a stationary solution (i.e., time-independent) then
𝑣𝑡 ≡ 0 and so 𝑢(𝑥) := 𝑣(𝑥, 0) will be a solution of (1). The PDE (1’) features
both transport (𝑏 · 𝐷𝑣) and diffusion (𝜇Δ𝑣). For instance, it can model the
distribution of heat 𝑣(𝑥, 𝑡) in a fluid which has heat conductivity 𝜇 and which
moves through space with velocity 𝑏.

2. (Problem 2.5.12 from Evans) Suppose 𝑢 is smooth and solves 𝑢𝑡 = Δ𝑢 in
R𝑛 × (0,∞).

(a) Show that 𝑢𝜆 (𝑥, 𝑡) := 𝑢(𝜆𝑥, 𝜆2𝑡) also solves the heat equation for each
𝜆 ∈ R.

(b) Use (a) to show that 𝑣(𝑥, 𝑡) := 𝑥 · 𝐷𝑢(𝑥, 𝑡) + 2𝑡𝑢𝑡 (𝑥, 𝑡) solves the heat
equation as well.
Hint: Compute 𝜕

𝜕𝜆
𝑢𝜆 (𝑥, 𝑡).

3. (Problem 2.5.14 from Evans) Write down an explicit formula for a solution of{
𝑢𝑡 + 𝑐𝑢 = Δ𝑢 + 𝑓 in R𝑛 × (0,∞)
𝑢 = 𝑔 on R𝑛 × {𝑡 = 0},

(3)

where 𝑐 ∈ R is a constant.
Hint: Pretend first that the Δ𝑢 term is not there and multiply the equation by an
integrating factor. Reduce the problem to one for which you already know the
solution.
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Remark. The term 𝑐𝑢 is a reaction term – it will “produce” or “remove” heat at
a rate proportional to 𝑢(𝑥, 𝑡). For instance, 𝑢 could be the temperature
distribution in a reactive chemical: The reaction produces heat, and the rate of
reaction is proportional to the temperature. The term 𝑓 is a source term – it
similarly “produces” or “removes” heat, but irrespective of the value of 𝑢.

4. Let 𝑟 > 0 and consider the the heat ball

𝐸 (𝑥, 𝑡; 𝑟) = {(𝑦, 𝑠) ∈ R𝑛+1 | 𝑠 < 𝑡,Φ(𝑥 − 𝑦, 𝑡 − 𝑠) ≥ 𝑟−𝑛},

where Φ(𝑥, 𝑡) = (4𝜋𝑡)−𝑛/2 exp(−|𝑥 |2/4𝑡) denotes the fundamental solution of
the heat equation. In connection with the proof of Theorem 2.3.3 in Evans,
show that

𝐼 =
1

4𝑟𝑛

∬
𝐸 (𝑟 )

|𝑦 |2
𝑠2 𝑑𝑦 𝑑𝑠 = 1,

where 𝐸 (𝑟) := 𝐸 (0, 0; 𝑟).
Hint: The integrand is non-negative, so Tonelli’s theorem applies. Note that
(𝑦, 𝑠) ∈ 𝐸 (𝑟) ⇐⇒ 0 > 𝑠 ≥ −𝑟2𝑒−|𝑦 |

2/2𝑛𝑠/4𝜋, so that

𝐼 =
1

4𝑟𝑛

∫
R𝑛

∫ 0

−∞
1
𝑠≥−𝑟2𝑒−|𝑦 |2/2𝑛𝑠/4𝜋

|𝑦 |2
𝑠2 𝑑𝑠 𝑑𝑦.

Try to find a change of variables of 𝑦 such that the right-hand side of
𝑠 ≥ −𝑟2𝑒−|𝑦 |

2/2𝑛𝑠/4𝜋 does not depend on 𝑠.
Lastly, the following result may also come handy

(4𝜋)−𝑛/2
∫
R𝑛

|𝑦 |2𝑒−|𝑦 |2/4 = 2𝑛.

(This follows from integration by parts, or, if you are probabilistically inclined,
the fact, unrelated to this course, that 𝜌(𝑦) = (4𝜋)−𝑛/2𝑒−|𝑦 |

2/4 is the probability
density function of a multivariate normal distribution 𝑋 ∼ 𝑁 (0,

√
2𝐼𝑛) and that

the above equals the expected value of |𝑋 |2.)

Solution: Many solutions were kindly provided by Ulrik Skre Fjordholm.

1. Assume first that 𝑣 ∈ 𝐶2 (Ω) ∩𝐶 (Ω) satisfies 𝑏 · 𝐷𝑣 < 𝜇Δ𝑣 in Ω. If 𝑥0 ∈ Ω

is a maximum of 𝑣, then 𝐷𝑣(𝑥0) = 0 and Δ𝑣(𝑥0) ⩽ 0. Thus,

0 > 𝑏 · 𝐷𝑣(𝑥0) − 𝜇Δ𝑣(𝑥0) ⩾ 0,

a contradiction.
Next, as indicated in the hint, let 𝑣𝜀 (𝑥) = 𝑢(𝑥) + 𝜀

(
|𝑥 |2 − 𝑀𝑏 · 𝑥) for some

𝜀, 𝑀 > 0. We know that 𝑏 · 𝐷𝑢 − 𝜇Δ𝑢 = 0, so

𝑏 · 𝐷𝑣𝜀 − 𝜇Δ𝑣𝜀 = 𝑏 · 𝐷𝑢 − 𝜇Δ + 𝜀𝑏 · (2𝑥 − 𝑀𝑏) − 2𝜀𝜇

= 𝜀
(
2𝑏 · 𝑥 − 𝑀 |𝑏 |2 − 2𝜇

)
.

If we let 𝜀 > 0 be arbitrary, and pick 𝑀 so large that 2𝑏 · 𝑥 ⩽ 𝑀 |𝑏 |2 for
every 𝑥 ∈ Ω (this is possible since Ω is bounded), then the above is strictly
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negative. Hence, 𝑣𝜀 cannot have a maximum in Ω; in particular,

𝑣𝜀 (𝑥) ⩽ max
𝜕Ω

𝑣𝜀 .

Letting 𝜀 → 0 and noting that 𝑣𝜀 → 𝑢 uniformly, we conclude the proof of
(2).

2. (a) We have

𝑢𝜆𝑡 (𝑥, 𝑡) − Δ𝑢𝜆 (𝑥, 𝑡) = 𝜆2𝑢𝑡 (𝜆𝑥, 𝜆2𝑡) − 𝜆2Δ𝑢(𝜆𝑥, 𝜆2𝑡) = 0.

(b) We follow the hint and get

𝜕

𝜕𝜆
𝑢𝜆 (𝑥, 𝑡) = 𝑥 · 𝐷𝑢(𝜆𝑥, 𝜆2𝑡) + 2𝜆𝑢𝑡 (𝜆𝑥, 𝜆2𝑡).

Comparing with the definition of 𝑣, we see that 𝑣 = 𝜕
𝜕𝜆
𝑢𝜆 (𝑥, 𝑡)

��
𝜆=1.

Since 𝑢𝜆 solves the heat equation for any 𝜆 > 0, also its derivative with
respect to 𝜆 will solve the heat equation (since we can interchange the
order of differentiation). Thus, also 𝑣 solves the heat equation.

3. We follow the hint and multiply the PDE by the integrating factor 𝑒−𝑐𝑡 to
get

𝜕

𝜕𝑡

(
𝑢(𝑥, 𝑡)𝑒−𝑐𝑡

)
= 𝑒−𝑐𝑡Δ𝑢(𝑥, 𝑡) = 𝑒−𝑐𝑡 𝑓 (𝑥, 𝑡).

Define 𝑣(𝑥, 𝑡) = 𝑢(𝑥, 𝑡)𝑒−𝑐𝑡 . Then 𝑒−𝑐𝑡Δ𝑢(𝑥, 𝑡) = Δ𝑣(𝑥, 𝑡). Hence, if
ℎ(𝑥, 𝑡) := 𝑒−𝑐𝑡 𝑓 (𝑥, 𝑡), we see that 𝑣 solves the inhomogeneous heat equation

𝑣𝑡 = Δ𝑣 + ℎ

with initial data 𝑣(𝑥, 0) = 𝑒0𝑢(𝑥, 0) = 𝑔(𝑥). Duhamel’s principle yields the
solution

𝑣(𝑥, 𝑡) = 1
√

4𝜋𝑡
𝑛

∫
R𝑛

𝑒−|𝑥−𝑦 |
2/4𝑡𝑔(𝑦) 𝑑𝑦+

∫ 𝑡

0

∫
R𝑛

𝑒−|𝑥−𝑦 |
2/4(𝑡−𝑠)√︁

4𝜋(𝑡 − 𝑠)𝑛
ℎ(𝑦, 𝑠) 𝑑𝑦 𝑑𝑠.

Finally, inserting 𝑢(𝑥, 𝑡) = 𝑒𝑐𝑡𝑣(𝑥, 𝑡) and ℎ(𝑥, 𝑠) = 𝑒−𝑐𝑠 𝑓 (𝑥, 𝑠), we get the
formula

𝑢(𝑥, 𝑡) = 𝑒𝑐𝑡

√
4𝜋𝑡

𝑛

∫
R𝑛

𝑒−|𝑥−𝑦 |
2/4𝑡𝑔(𝑦) 𝑑𝑦+

∫ 𝑡

0

∫
R𝑛

𝑒𝑐 (𝑡−𝑠)
𝑒−|𝑥−𝑦 |

2/4(𝑡−𝑠)√︁
4𝜋(𝑡 − 𝑠)𝑛

𝑓 (𝑦, 𝑠) 𝑑𝑦 𝑑𝑠.

4. We follow the hint with the change of variables 𝜏 = −𝑠 to obtain

𝐼 =
1

4𝑟𝑛

∫
R𝑛

∫ ∞

0
1
𝜏≤𝑟2𝑒 |𝑦 |2/2𝑛𝜏/4𝜋

|𝑦 |2
𝜏2 𝑑𝜏 𝑑𝑦.
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Next, the change of variables 𝑧 = 𝑦/
√
𝜏 yields

𝐼 =
1

4𝑟𝑛

∫
R𝑛

∫ ∞

0
1
𝜏≤𝑟2𝑒 |𝑧 |2/2𝑛/4𝜋 |𝑧 |

2𝜏𝑛/2−1 𝑑𝜏 𝑑𝑧

=
1

4𝑟𝑛

∫
R𝑛

|𝑧 |2
∫ 𝑟2𝑒 |𝑧 |

2/2𝑛/4𝜋

0
𝜏𝑛/2−1 𝑑𝜏 𝑑𝑧

=
1

2𝑛(4𝜋)𝑛/2

∫
R𝑛

|𝑧 |2𝑒 |𝑧 |2/4𝑑𝑧

= 1 .
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