
MAT4301 – Suggested exercises from Evans –
week 43

October 24, 2025

1. Problem 3.5.4

2. Problem 3.5.5 (a) and (c). Note that the solutions you obtain with the method of
characteristics may not be global solutions, try to solve the PDE in part (c) on
the domain 𝑈 = {𝑥 ∈ R2 | 𝑥2 ≠ 2}.

3. Problem 3.5.6 for the setting when 𝑛 = 2. In part (b), the concise hint given in
Evans is, show that 𝜕𝑠 (𝑣(𝑋 (𝑠, 𝑥, 𝑡), 𝑠)𝐽 (𝑠, 𝑥, 𝑡)) = 0 provided 𝑣(𝑥, 𝑡) is a
solution of the PDE stated.
Hint: writing 𝑋 (𝑠, 𝑥, 𝑡) = (𝑋1, 𝑋2), use the the ODE
𝑋𝑠 (𝑠, 𝑥, 𝑡) = 𝑏(𝑋 (𝑠, 𝑥, 𝑡)) = (𝑏1 (𝑋), 𝑏2 (𝑋)) and the chain rule to show that

𝑋1
𝑠𝑥𝑖

= 𝑏1
𝑥1 (𝑋)𝑋

1
𝑥𝑖
+ 𝑏1

𝑥2 (𝑋)𝑋
2
𝑥𝑖
.

and similarly for 𝑋2
𝑠𝑥𝑖

.

Solution:

1. (a) Writing [𝑝, 𝑞] = [𝐷𝑢, 𝑢𝑡 ] with 𝑞 = 𝑢𝑡 , and 𝑧 = 𝑢, the PDE 𝑢𝑡 +𝑏 ·𝐷𝑢−
𝑓 (𝑥, 𝑡) = 0 can be written 𝐹 ((𝑝, 𝑞), 𝑧, (𝑥, 𝑡)) = 𝑞 + 𝑏 · 𝑝 − 𝑓 (𝑥, 𝑡) = 0.
Characteristics:

¤𝑋 = 𝐷 𝑝𝐹 = 𝑏

¤𝑍 =

(
𝐷 (𝑥,𝑡)𝑢(𝑋 (𝑡), 𝑡) · ( ¤𝑋, 1)

)
= (𝑃,𝑄) · 𝐷 (𝑝,𝑞)𝐹 = 𝑏 · 𝑃 +𝑄 = 𝑓 (𝑋 (𝑡), 𝑡)

observing that this is a closed system of ODE containing all the infor-
mation we need to solve the PDE, we omit the ODE for (𝑃,𝑄).

(b) We see that 𝑋 (𝑡) = 𝑥0 + 𝑏𝑡 and

𝑍 (𝑡) = 𝑧0 +
∫ 𝑡

0
𝑓 (𝑥0 + 𝑏𝑠, 𝑠) 𝑑𝑠 = 𝑔(𝑥0)

∫ 𝑡

0
𝑓 (𝑥0 + 𝑏𝑠, 𝑠) 𝑑𝑠 .

Inversion: Given (𝑥, 𝑡) ∈ R𝑛 × (0,∞), we see that 𝑥0 = 𝑥 − 𝑏𝑡 yields
𝑥(𝑡) = 𝑥. Hence,

𝑢(𝑥, 𝑡) = 𝑍 (𝑡) = 𝑔(𝑥 − 𝑏𝑡) +
∫ 𝑡

0
𝑓 (𝑥 + 𝑏(𝑠 − 𝑡), 𝑠) 𝑑𝑠
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2. (a) The linear PDE 𝐹 (𝐷𝑢, 𝑢, 𝑥) = 𝑥 · 𝐷𝑢 − 2𝑢 = 0 can be written
𝐹 (𝑝, 𝑧, 𝑥) = 𝑥 · 𝑝−2𝑧 = 0 with closed system of (𝑋, 𝑍)-characteristics

¤𝑋 = 𝐷 𝑝𝐹 = 𝑋 =⇒ 𝑋 (𝑡) = 𝑥0 exp(𝑡)
¤𝑍 = 𝑃 · 𝐷 𝑝𝐹 = 2𝑍 =⇒ 𝑍 (𝑡) = 𝑧0 exp(2𝑡)

Note that since 𝑥0
2 = 1 on the boundary Γ = {𝑥 ∈ R2 | 𝑥2 = 1}, we

have that 𝑋2 (𝑡) ∈ (0,∞) for all times (which implies that MoC can at
best solve the PDE on R × (0,∞)).
Given 𝑥 ∈ R × (0,∞), we seek 𝑥0 = (𝑥0

1, 1) ∈ Γ and 𝑡 ∈ R such that
𝑋 (𝑡) = 𝑥. Solution: 𝑡 = log(𝑥2) and 𝑥0

1 = 𝑒−𝑡𝑥1. This yields

𝑢(𝑥) = 𝑍 (𝑡) = 𝑔(𝑥1𝑒
−𝑡 )𝑒2𝑡 = 𝑔(𝑥1/𝑥2)𝑥2

2

(Let us note that on the boundary, the noncharacteristic boundary
condition holds as 𝜈(𝑥) · 𝐷 𝑝𝐹 = 𝜈(𝑥) · 𝑥 = 𝑥2 ≠ 0 (as 𝜈(𝑥) = ±𝑒2 are
"outward" pointing normal vectors on Γ (which is not a boundary but
a line in the interior of the domain, as we solve the problem)).

(c) The PDE can be written 𝐹 (𝑝, 𝑧) = 𝑝 · (𝑧, 1)−1 = 0 with characteristics

¤𝑋 = 𝐷𝑃𝐹 = (𝑍, 1)
¤𝑍 = 𝑃 · 𝐷𝑃𝐹 = 1.

We once again omit the ODE for 𝑃, since the above system is closed.
Noting that 𝑥0 = (𝑥0

1, 𝑥
0
1) on the line Γ = {𝑥 | 𝑥1 = 𝑥2} where the BC

is given, we obtain the solution 𝑍 (𝑡) = 𝑧0 + 𝑡 = 𝑥0
1/2 + 𝑡,

𝑋1 (𝑡) = 𝑥0
1 +

∫ 𝑡

0
𝑍 (𝑠) 𝑑𝑠 = 𝑥0

1 (1 + 𝑡/2) + 𝑡2/2

and 𝑋2 (𝑡) = 𝑥0
1 + 𝑡.

As 𝜈(𝑥0) = (−1, 1) on Γ and 𝐷 𝑝𝐹 (𝑝(𝑥0), 𝑔(𝑥0)) = (𝑥1/20, 1), the
noncharacteristic boundary condition holds for 𝑥0

1 ≠ 2.
Inversion: Given 𝑥 ∈ R2, we seek 𝑥0

1 ∈ R\{2} and 𝑡 ∈ R s.t. 𝑋 (𝑡) = 𝑥

Nonlinear system of equations:

𝑥0
1 (1 + 𝑡/2) + 𝑡2/2 = 𝑥1

𝑥0
1 + 𝑡 = 𝑥2

Inserting 𝑥0
1 = 𝑥2−𝑡 into the first equation yields 𝑡 (𝑥2−2) = 2(𝑥1−𝑥2).

This equation has solution 𝑡 = 2(𝑥1 − 𝑥2)/(𝑥2 − 2) when 𝑥2 ≠ 2 and

𝑥0
1 = 𝑥2 +

2𝑥2 − 2𝑥1
𝑥2 − 2

.

When 𝑥2 = 2, then the equation only can be solved if also 𝑥1 = 2
for any 𝑡 ∈ R, and otherwise it has no solution. We thus restrict
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ourselves to solving the problem in the domain that can be reached by
characteristics, namely in 𝑈 = {𝑥 ∈ R2 | 𝑥2 ≠ 2}, where

𝑢(𝑥) = 𝑍 (𝑡) = 𝑥2
2

+ 𝑥1 − 𝑥2
𝑥2 − 2

=
𝑥1 − 2𝑥2 + 𝑥2

2/2
𝑥2 − 2

.

3. (a) Using the hint

𝐽𝑠 = 𝜕𝑠 (𝑋1
𝑥1𝑋

2
𝑥2 − 𝑋2

𝑥1𝑋
1
𝑥2 )

= (𝑏1
𝑥1 (𝑋)𝑋

1
𝑥1 + 𝑏1

𝑥2 (𝑋)𝑋
2
𝑥1 )𝑋

2
𝑥2 + (𝑏2

𝑥1 (𝑋)𝑋
1
𝑥2 + 𝑏2

𝑥2 (𝑋)𝑋
2
𝑥2 )𝑋

1
𝑥1

− (𝑏2
𝑥1 (𝑋)𝑋

1
𝑥1 + 𝑏2

𝑥2 (𝑋)𝑋
2
𝑥1 )𝑋

1
𝑥2 − (𝑏1

𝑥1 (𝑋)𝑋
1
𝑥2 + 𝑏2

𝑥2 (𝑋)𝑋
2
𝑥2 )𝑋

2
𝑥1

= (𝑏1
𝑥1 (𝑋) + 𝑏2

𝑥2 (𝑋)) (𝑋
1
𝑥1𝑋

2
𝑥2 − 𝑋2

𝑥1𝑋
1
𝑥2 )

= div(𝑏(𝑋))𝐽

(b) Following the hint, suppose that 𝑣(𝑥, 𝑡) is a solution of 𝑣𝑡 +div(𝑣𝑏) = 0
with the given BC 𝑣(𝑥, 0) = 𝑔(𝑥). Note also that div(𝑣𝑏) = 𝐷𝑣 · 𝑏 +
𝑣div(𝑏). Then

𝜕𝑠 (𝑣(𝑋 (𝑠, 𝑥, 𝑡), 𝑠)𝐽 (𝑠, 𝑥, 𝑡)) = (𝐷𝑣 · 𝑋𝑠 + 𝑣𝑠)𝐽 + 𝑣𝐽𝑠 = (𝑣𝑠 + 𝐷𝑣 · 𝑏(𝑋) + 𝑣div(𝑏))︸                              ︷︷                              ︸
=0

𝐽 = 0

Hence,

𝑣(𝑋 (𝑡, 𝑥, 𝑡), 𝑠)𝐽 (𝑡, 𝑥, 𝑡)−𝑣(𝑋 (0, 𝑥, 𝑡), 𝑠)𝐽 (0, 𝑥, 𝑡) =
∫ 𝑡

0
𝜕𝑠 (𝑣(𝑋 (𝑠, 𝑥, 𝑡), 𝑠)𝐽 (𝑠, 𝑥, 𝑡)) 𝑑𝑠 = 0

and the result follows from 𝑋 (𝑡, 𝑥, 𝑡) = 𝑥 and 𝐽 (𝑡, 𝑥, 𝑡) = 1.
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