UNIVERSITY OF OSLO

Faculty of mathematics and natural sciences

Exam in: MAT4301 — Partial Differential Equations
Day of examination: Tuesday, November 24th, 2020
Examination hours:  09.00—-13.00

This problem set consists of 9 pages.

Appendices: None

Permitted aids: None.

Please make sure that your copy of the problem set is
complete before you attempt to answer anything.

Problem 1

a

Let  C R™ be open. The mean-value formula for a function u € C?(Q)
satisfying Au = 0 in €2 asserts that

u(x) = ]ém,r) u(y) dS(y) = ]i Ly

for any ball B(z,r) C Q, where f, = ﬁ [ for a set A of size |A|. Prove
the first claim, namely that u(x) = faB(x v u(y) dS(y).

Answer: For r > 0, define

Note that
1
0) :=lim¢(r) =lim ——— u(y) dS(y) = u(z).
00 = tigo) =tim e | () ds(y) = u(w
Thus the claim follows if we show that ¢'(r) = 0.
We have .
= dS(y).
o) = g | S
By a change of variable,
Yy— 1
= dS(z) = ds
c= U0 dS() = pds(y),
we can write )
o(r) = / u(x +rz)dS(z).
()= an ono ( ) dS(z)

(Continued on page 2.)
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This expression enables us to compute

/ = 1 ulxr rz) -z z
#(r) = /83(01)1” tr2) - 2dS(2).

naow,

Reversing the change of variable,

, _ 1 u Y-
Py = — /8 o ) as(y),

nay,rn—1 r

where we recall that v(y) := is the outward pointing unit normal vector

to the ball B(x,r). Hence

Yy—x
r

#(r) = mnrn e R R L)

_ / _7”][ Au(y) dy = 0.
no,r™— " JB(z,r)

b

Let Q C R™ be open, and suppose u € C?() satisfies Au = 0 in Q. Use the
mean-value formula to prove that

0@)] < 2 ull i gy, B C O,

and o
1
|Du(z)| < ) lull By, — VB(x,r) CQ,

where Cy and Cy are constants, «, is the volume of the unit ball in R", and

lall o pa ) = / fu(y)| dy.
DB = [

Answer: By the mean-value formula,

1
e ML

for any ball B(x,r) C €, and so

1 C
fu(z)] < /B( )y = 8 ey

T

Next, for 7 = 1,...,n, let us estimate u,,. Note that Au = 0 implies
that u,, solves A (ug,) = 0, so that we can apply the mean-value formula to
Ug, (z) and B(x,r/2):

1
e (@) = / )
2n

= u(y)v;(y) dS(y).
= /a o ) 4S)

(Continued on page 3.)
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As a result,
2n
, < 0B 2
)] £ 2 0B/ s, [
A 2
=~ —na,(r/2)" ' max |u|= I max lu(y)| .
anr” dB(z,r/2) T yeOB(z,r/2)

To control the right-hand side, we must estimate |u(y)| for any y on
OB(z,r/2). Note that y € 0B(x,r/2) implies B(y,r/2) C B(xz,r) C .
Therefore, by the mean-value formula applied to u(y) and B(y,r/2),

127 127

lu(y)| < o lull L1 (Byr/2)) < o [ull 1 (B2, -

This bound holds for any y € B(x,r/2), and so

2n 1 2" 2ntlp 1
|ua, (2)] < e lull 1By = ot lull L1 (B
Ch

pntl ||UHL1(B(£E,T)) :

C

Suppose u € C%(R") is a bounded solution of Au = 0 in R, where bounded

means that
lu(z)| < K, VreR",

for some constant K. Show that w must necessarily be constant.

Answer: Fix any x € R"™ and r > 0. By problem (b),

01 Cl
D < dy < K B
Duto)] < oy [ ) dy < Ko ||
C
= K—a,r" ==,
n+1a r r

Sending r — oo, we conclude Du(z) = 0. Since this holds for any x € R™,
the function v is constant.

d

Let © be a bounded open subset of R™. Suppose u € C?(2) N C(Q) solves
the elliptic PDE
Lu:=—-Au+b-Du=0 in{Q,

where b = (b1,...,b,) € R™ is a constant vector.
(i) Establish the weak maximum principle, which asserts that

minu < u(z) < maxu, z € Q.

o0 o0
Hint: Develop a direct proof by showing that u.(z) := u + ev(x), € > 0,
cannot attain its maximum at an interior point of Q, where v(z) = e“! and
¢ > 0 is a constant that satisfies ¢ > by.

(Continued on page 4.)
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(ii) Prove that there exists at most one solution u € C?(2)NC(Q) of the
boundary value problem
—Au+b-Du=f in ), u=g on Jf,

where f: QQ — R and g : 3Q — R are given continuous functions.

Answer: (i) Notice that the function v = e“*! satisfies
Lv=—cv+bew=co(b—c)<0 inQ,

since ¢ > b1, and thus

(1) Lu. =Lu+¢eclv=cecLv <0 in Q.

Since u, is continuous in €, u. attains its maximum at some point zq € Q.
If g € Q (interior point), then by the second-derivative test,

Du,(xo) = 0, D?uc(z0) <0,
where the latter inequality implies
Auc(xo) = trace (D2u5(x0)) <0.
An immediate implication of the second-derivative test is that
Lu.(x0) = —Aue(zo) + b - Dus(x0) = —Aug(zo) > 0,
which contradicts (1). Thus z¢ € 992 and

u(z) < maxu < maxu. = maxu., < maxu + € maxuv,
Q Q EX9) EX9) E19)
where the maximum of v over 0 is a finite number. Hence, by sending
€ — 0, we obtain

u(z) < maxu, x €.
onN

Applying this result to —u gives

_ < ) = —mi
u(x) < I%%X( w) min u,
or
u(x) > minu, z € Q.
o0

(ii) Let u1,ue be two solutions and set w := uy — ug. Then w solves
—Aw+b-Dw=0 in €, w=0 on JN.

By the weak maximum principle, w = 0.

(Continued on page 5.)
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Problem 2

a

Let Q be a bounded open set in R”. Suppose that u € C*(Q x (0,00))
satisfies the parabolic PDE

u—Au+cu=0 inQ x (0,00),
where ¢ > 0 is a number. Let S € C%(R) be a convex function satisfying
S(z) >0, 28(2)>KS(z), z€eR,

for some constant K > 0 (an example is S(z) = 2?). Show that S(u) is a
subsolution of the heat equation, that is,

S(u)y — AS(u) <0 in 2 x (0,00).

Answer: We compute
S(u)y = S"(u)uy, DS(u) =S (u)Du,

and
AS(u) = D (S'(u)Du) = §"(u) | Dul* + ' (u) Au.

Hence
S(u)y — AS(u) = 8" (u) (uy — Au) — 8" (u) | Dul?
= —cuS'(u) — 8" (u) | Dul?
< —cKS(u) — 8" (u) |Dul* <0,

where we have also used that S, S” > 0.

b
Let 2 be a bounded open set in R™. Consider the problem

u—Aut+cu=f, x€Q,t>0,
U(.%',O) = g(l‘), T € Q,
u(z,t) = h(z,t), x€0Q,t>0,

where g, h are continuous functions and ¢ > 0 is a number. Use the energy
method to show that there exists at most one solution u € C%1(2 x (0, 00)).

Answer: Let u1,us be two solutions and set w := uy — ug. Then w satisfies

wy—Aw+cw=0, xe€t>0,
w(z,0) =0, xz€,
w(z,t) =0, x€dQ,t>0.

In view of problem (a) with S(z) = 22, we have

Aw? — Aw? < 0.

(Continued on page 6.)
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Integrating over x € (2 yields

4 de:U—/ D(wQ)'VdS(ZC)SO,
Q o0

where v = v(x) is the outward-pointing unit normal vector to Q2. Note that
D (wz) = wDw = 0 on 01,

because of the boundary condition. As a result, % fQ w?dz < 0 and so

/ w?(x,t) dz < / w?(x,t) dx =0, vt > 0.
Q Q

Consequently, u1 = ug in  x [0, 00).
C
Let ©2 be a bounded open set in R™. Consider the problem

w—Au+u=0 x€,t>0,
u(@,0) = g(x), weQ,
u(z,t) =0, x€dN,t>0,

where ¢ is a continuous function. Use the energy method to show that for
large times we have u ~ 0, in the sense that

lim / lu(z, t)|* dx = 0.

t—o00 0

Answer: According to the computations in problem (a) with S(z) = 22,
6tu2 — Au? < =22,

As before, integrating in x gives

u?(z,t) dz < —2/ u’(x,t) dz.
Q

dt Jo
Set E(t) = [, u?*(z,t)dz. Then
E'(t) < —2E(t).
By the Gronwall inequality,
E(t) < e *'E(0),

which implies the desired conclusion

lim E(t) = 0.

t—o00

(Continued on page 7.)
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Problem 3

a

Consider the one-dimensional wave equation

Ut — Uge =0, T ER, t>0,
(2) u(z,0) = g(z), z€R,
u(2,0) = h(z), z€R,

where g € C?(R) and h € C*(R) are given functions. Use the solution
formula for the one-dimensional transport equation to derive the d’Alembert
solution formula for (2):

1 T+t
) ) = 5o+ +ow=0)+5 [ b dy

N

for (z,t) € R x [0, 00).

Answer: Writing
Uttt — Ugy = (at + 8:1:) (8t - aﬂc) [

and introducing the variable v := (0; — 0;)u = u; — uy, we obtain the
transport equation
vy + v, =0,

whose solution is
v(z,t) =v(r —t,0) = u(x — t,0) — ug(x — t,0) = h(z — t) — ¢'(z — t).
Going back to u, we obtain the nonhomogeneous transport equation
up — Uy = v(w,t) = hizx —t) — ¢'(x — t).
Recall that the solution to
we + bwy, = f(z,1)
is .
w(z, 1) = w(z — bt, 0) +/0 Fl@—b(t — 5), 5) ds.

Hence, with b = —1 and f(z,t) = h(x — t) — ¢'(x — ¢),
u(:ﬂ,t):u(:z‘+t,0)+/0 h(z+ (t—s)—s)— g (z+ (t —s) — s)ds

1 t t
:g(a:+t)+/dg(:n~|—t—2s)ds+/h(:n~|—t—23)ds
2 0 ds 0

:g(a:+t)+%(g(x—t) —g(w+t))

1 -+t
—|—2/ h(y)dy (y:=x+t—2s, dy = —2ds)

(Continued on page 8.)
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b

Prove that the function w given by the d’Alembert formula (3) is twice
continuously differentiable in z and ¢, that is, u € C?(R x [0, 00)). Besides,
explain why u(z,0) = g(z) and u¢(x,0) = h(z) for x € R.

Answer: For (z,t) € R x [0,00), we compute

ug(x,t) = %(gx(a; +1) + ga(z — 1)) + %(h(w +1t) — h(z —t))

and

Um:(xat) = (gxoc(x + t) + gmc(JU - t)) + %(hx($ + t) - hr($ - t))

N =

Hence u,, Uz, exist and are continuous, since g € C? and h € C'. Similarly,
we find that wug, uy exist and are continuous. As a result, we conclude that
u € C?. Clearly, u(z,0) = g(z). Next, we have

ug(x,t) = %(gx(fﬁ +1) — gz(x— 1)) + %(h@ + 1) 4+ h(z — 1)),
so that u¢(x,0) = h(z).

C

Consider the nonhomogeneous wave equation

U — Uge = f, T ER, >0,
(4) u(z,0) =0, z€R,
u(z,0) =0, z€eR,

where f € C?(R x [0,00)) is a given function. Use Duhamel’s principle to
derive the solution formula

1 t T+T
(5) u(m,t):2/ / fly,t = 7)dydr, ze€R, t>0.
0 Jx—7

Verify that this function belongs to C?(R x [0, 00)), satisfies wuy — gy = f
in R x (0,00), and u‘tzo = ut}t:(} =0.

Answer: According Duhamel’s principle, the solution of (4) is given by

t
u(x,t) :/ u(x,t; s)ds,
0
where, for each s > 0, u(x,t; s) solves the homogenous wave equation

Ut — Ugre = 0, x ER, s> 1,
u(l’,S) :()7 Ut‘tzszf(',S),

whose solutions is given by the d’Alembert formula (3):

1 z+(t—s)
u(l’,t;S) = 2/ (t—5) f(y78)dya

(Continued on page 9.)
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for x € R, t > s. Consequently,

t +(t— s)
u(w,t)—/o u(z, t;s)d //(t : s)dy ds.

A change of variable (1 =t — s, dT = —ds) gives

/ / fly,t —7)dydr,
which is (5).

Let us now Verlfy that u given by (5) is C2. Indeed, from the relation

u(x,t) = fo x,t;s)ds and that the solution of the homogenous wave

equatlon is C?, cf. problem (b), we conclude the C? regularity of (5). Clearly,
using (5),

U(l’, 0) = 07
and
/ f(y,0)dydr + = / / fi(y,t — 1) dydr,
so that
ut(x,0) = 0.

THE END



