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Definitions
Everywhere in this problem set, � � Rn is an open, bounded domain with C 1 bound-
ary.

Definitions.

1. Let H be a Hilbert space. A function BWH �H ! R is a bilinear form if B is
linear in each component.

2. If B is a bilinear form on a Hilbert space H , then it is

� continuous if there exists ˛ > 0 such that jBŒu; v�j ⩽ ˛kukHkvkH for all
u; v 2 H

� coercive if there exists ˇ > 0 such that BŒu; u� ⩾ ˇkuk2H for all u 2 H

� symmetric if BŒu; v� D BŒv; u� for all u; v 2 H .

3. For any bounded set � � Rn we write j�j WD
R
�
1 dx, the volume of �.

4. If V is a vector space then a function J WV ! R is strictly convex if for all
u; v 2 V with u ¤ v and all s 2 .0; 1/,

J ŒsuC .1 � s/v� < sJ Œu�C .1 � s/J Œv�:

Problems
1. Consider the following version of Poincaré’s inequality:

Theorem. Let p 2 Œ1;1� and let � � Rn be open, bounded, connected and
with C 1 boundary. For u 2 W 1;p.�/, define u WD 1

j�j

R
�
u.x/ dx. Then there

is some C > 0 such that

ku � ukLp.�/ ⩽ CkDukLp.�/ for all u 2 W 1;p.�/: (1)

In this problem we will let n D 1 and p < 1, so that � is a bounded interval,
� WD .a; b/ for a < b.

(a) Let u 2 C 1.�/\C.�/ and let v WD u�u. Show that there is some Nx 2 �
where v. Nx/ D 0.

(b) Use the fundamental theorem of calculus to show that

jv.x/j ⩽
Z b

a

jv0.y/j dy 8x 2 .a; b/:

Use this and Hölder’s inequality to prove (1) for all smooth u.

(c) Prove (1) for all u 2 W 1;p.�/.

Solution:

(a) The function v satisfies
R b
a
v dx D 0, so either v � 0, or it attains both

positive and negative values; since it is continuous, it must also attain the
value 0.
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(b) Let Nx be a zero of v. Then for any x 2 �,

jv.x/j D

ˇ̌̌̌
v. Nx/C

Z x

Nx

v0.y/ dy

ˇ̌̌̌
⩽
Z x

Nx

jv0.y/j dy ⩽
Z b

a

jv0.y/j dy:

By Hölder’s inequality,Z b

a

jv0.y/j dy ⩽ kv0kLp.�/k1kLq.�/ D .b � a/
1�1=p

kv0kLp.�/

where q is the conjugate exponent to p. Hence,

kvkLp.�/ ⩽ .b � a/1�1=pkv0kLp.�/k1kLp.�/ D .b � a/kv
0
kLp.�/:

(c) For every u 2 W 1;p.�/ we know there are '1; '2; : : : 2 C1c .R/ so that
'k ! u as k !1 inW 1;p.�/. In particular, 'k �'k ! u�u in Lp and
D'k ! Du in Lp . Since (1) applies to all 'k , we can let k !1 and get
the same conclusion for u.

2. Consider the boundary value problem(
��uC u D f in �
˛uC @u

@�
D 0 on @�;

(2)

for some f 2 L2.�/ and ˛ > 0. (Here, �.x/ is the outward pointing unit normal
vector at x 2 @�, and @u

@�
.x/ D Du.x/ � �.x/ is the normal derivative of u on

@�.)

(a) Show that any classical solution of (2) also satisfies BŒu; v� D .f; v/L2 for
any v 2 C1.Rd /, where

BŒu; v� WD

Z
�

Du �Dv C uv dx C ˛

Z
@�

uv dS.x/: (3)

(b) Explain why BŒu; v� is still well-defined for u; v 2 H 1.�/.
(c) Show that B is a continuous and coercive bilinear form on H 1.�/.
(d) Show that (2) has a unique weak solution u 2 H 1.�/ for any f 2 L2.�/.

Solution:

(a) Multiply the equation by v 2 C1.Rd /, integrate over� and apply integra-
tion by parts:Z

�

f v dx D �

Z
�

v�udx C

Z
�

Ccuv dx

D �

Z
@�

vDu � � dS.x/C

Z
�

Du �Dv dx C

Z
�

cuv dx

D ˛

Z
@�

vu � � dS.x/C

Z
�

Du �Dv dx C

Z
�

cuv dx;

where we in the last step applied the boundary condition. This is precisely
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BŒu; v� D .f; v/L2 .

(b) If u; v 2 H 1.�/ andDu;Dv are the weak gradients of u; v, then u; v;Du
and Dv all lie in L2.�/, so by Hölder’s inequality, the functions Du �Dv
and uv are integrable. By the trace theorem, there is a continuous linear
operator T WH 1.�/ ! L2.@�/ so that “T u D u

ˇ̌
@�

”. Identifying the
functions u; v in the boundary integral in (3) with their traces, we see that
the integrand is both well-defined and integrable — again following from
Hölder’s inequality and the fact that T u; T v 2 L2.@�/.

(c) B is clearly bilinear. It is continuous since, by Hölder’s inequality,

BŒu; v� ⩽ kDukL2.�/kDvkL2.�/ C kukL2.�/kvkL2.�/

C ˛kT ukL2.@�/kT vkL2.@�/

D kukH1.�/kvkH1.�/ C kukH1.�/kvkH1.�/

C ˛C 2kukH1.�/kvkH1.�/

D eCkukH1.�/kvkH1.�/

where C is the continuity constant of T and eC D ˛C 2 C 2. To see that B
is coercive, we have

BŒu; u� D

Z
�

jDuj2 C u2 dx„ ƒ‚ …
Dkuk2

H1.�/

C˛

Z
@�

u2 dS.x/„ ƒ‚ …
⩾0

⩾ kuk2
H1.�/

(d) Let gWH 1.�/ ! R be the functional g.v/ WD
R
�
f v dx. Then g is linear

and continuous. Since B is a continuous, coercive bilinear form, it follows
from the Lax–Milgram theorem that there is a unique u 2 H such that
BŒu; v� D g.v/ for all v 2 H — in other words, u is a weak solution of
(2).

3. Let � � Rn be open, bounded, connected and with C 1 boundary. For u; v 2
H 1.�/, define

BŒu; v� WD

Z
�

Du �Dv dx C

�Z
�

udx

��Z
�

v dx

�
: (4)

(a) Show that B is a continuous, coercive bilinear form on H 1.�/.

(b) Show that the weak formulation

BŒu; v� D .f; v/L2 for all v 2 H 1.�/ (5)

has a unique solution u 2 H 1.�/ for any f 2 L2.�/.

(c) Show that the solution u satisfies
R
�
udx D f WD 1

j�j

R
�
f dx.

(d) What is the problem of which u is a weak solution?

(e) What can we say about the relation between two solutions u1; u2 when the
corresponding right-hand sides f1; f2 only differ by a constant?
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Solution:

(a) B is clearly bilinear. It is continuous since, by Hölder’s inequality,

BŒu; v� ⩽ kDukL2.�/kDvkL2.�/ C

�Z
�

juj dx

��Z
�

jvj dx

�
⩽ kukH1.�/kvkH1.�/

C kukL2.�/

�Z
�

12 dx

�1=2
kvkL2.�/

�Z
�

12 dx

�1=2
D kukH1.�/kvkH1.�/ C j�jkukL2.�/kvkL2.�/

⩽ CkukH1.�/kvkH1.�/

where C WD 1C j�j.

Last, we claim that B is coercive. Let u WD 1
j�j

R
�
udx. We have

ku � uk2
L2 D

Z
�

u.x/2 � 2uu.x/C u2 dx

D

Z
�

u.x/2 dx � j�ju2 D j�j
�
kuk2

L2 � u
2
�
:

By Poincaré’s inequality we know that the above is bounded by CkDuk2
L2 ;

reorganizing this inequality, we get

u2 ⩾ kuk2
L2 �

C

j�j
kDuk2

L2 :

Let c 2 .0; 1/, to be determined. Then

BŒu; u� D

Z
�

jDuj2 dx C

�Z
�

udx

�2
D kDuk2

L2 C u
2

D kDuk2
L2 C .1 � c/u

2
C cu2

⩾ kDuk2
L2 C .1 � c/u

2
C c

�
kuk2

L2 �
C

j�j
kDuk2

L2

�
⩾ kDuk2

L2

�
1 � c

C

j�j

�
C ckuk2

L2 :

Now pick c > 0 small enough that 1 � c C
j�j

> 0. Setting ˇ WD min
�
c; 1 �

c C
j�j

�
, we get

BŒu; u� ⩾ ˇkuk2
H1 ;

so B is coercive.

(b) This follows from the Lax–Milgram theorem.
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(c) Let v � 1, so that Dv � 0. Inserting v in (5) gives

BŒu; v� D

Z
�

Du �Dv dx C

�Z
�

udx

��Z
�

1 dx

�
D j�ju D .f; v/ D

Z
�

f .x/ dx D j�jf :

Dividing by j�j yields the claim.

(d) Assume that u is a smooth function satisfying (5). Then for any smooth
function v,

0 D BŒu; v� � .f; v/L2 D

Z
�

Du �Dv � f v dx C j�jf

Z
�

v dx

D

Z
�

Du �Dv � f v C f v dx

D

Z
@�

vDu � � dS.x/C

Z
�

�
��u � f C f

�
v dx:

Picking v with compact support in � yieldsZ
�

�
��u � f C f

�
v dx D 0 8 v 2 C1c ;

so necessarily,
��u D f � f in �:

On the other hand, picking functions v which vanish everywhere except
close to @�, we find that the

R
�

integral vanishes, so the first integral must
be 0 for any such v, whence

@u

@�
WD Du � � D 0:

(This is a Neumann boundary condition.)

(e) Assume that BŒuj ; v� D .fj ; v/L2 for j D 1; 2 for all v 2 H 1.�/, where
f2.x/ D f1.x/ C c for all x 2 � for some c 2 R. Formally speaking,
u1; u2 satisfy the same PDE (since f1 � f1 D f2 � f2), but have different
average, so we might suspect that also u1; u2 differ by a constant. Let
w.x/ WD u1.x/C b for x 2 �, for some b 2 R. Then w 2 H 1.�/, and if
v 2 � then

BŒw; v� D

Z
�

Du1 �Dv dx C

�Z
�

u1 C b dx

��Z
�

v dx

�
D BŒu1; v�C bj�j

Z
�

v dx

D

Z
�

f1v dx C bj�j

Z
�

v dx

D

Z
�

.f1 C bj�j/v dx:
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If b D c
j�j

then f1 C bj�j D f2, and therefore BŒw; v� D .f2; v/L2 for
all v. But u2 is the unique solution of this problem, so w D u2 — in other
words,

u2.x/ D u1.x/C
c

j�j
8 x 2 �:

4. Let BWH � H ! H be a symmetric, continuous and coercive bilinear form
on a Hilbert space H . Fix some f 2 H and define the “energy functional”
J WH ! R by

J Œv� WD BŒv; v� � 2.f; v/H ; v 2 H:

(a) Show that J is strictly convex.

(b) Show that J Œv� ⩾ � kf k
2

ˇ
for all v 2 H (where ˇ is the coercivity constant

of B) and that J Œv�!1 as kvk ! 1.

(c) Show that J has at most one minimizer, that is, there is at most one u 2 H
such that J Œu� D infv2H J Œv�.

(d) Show that if u 2 H minimizes J , then u solves

BŒu; v� D .f; v/H for all v 2 H: (6)

(e) Conversely, show that if u 2 H solves (6) then u minimizes J .

Remark. This problem shows that the solution of an elliptic PDE is precisely
that function which minimizes the associated energy. Thus, there is a close con-
nection between PDEs (in particular, their weak formulation (6)) and the calculus
of variations — the mathematical theory of minimizing functions. For this rea-
son, the weak formulation (6) is sometimes called the variational formulation of
the PDE.

Solution:

(a) Let u; v 2 H and let s 2 .0; 1/. Then

J ŒsuC .1 � s/v� � sJ Œu� � .1 � s/J Œv�

D BŒsuC .1 � s/v; suC .1 � s/v� � sBŒu; u� � .1 � s/BŒv; v�

� 2.f; suC .1 � s/v/C 2s.f; u/C 2.1 � s/.f; v/

D
�
s2 � s

�
BŒu; u�C s.1 � s/BŒu; v�C s.1 � s/BŒv; u�C

�
.1 � s/2 � .1 � s/

�
BŒv; v�

D �s.1 � s/
�
BŒu; u� � BŒu; v� � BŒv; u�C BŒv; v�

�
D �s.1 � s/BŒu � v; u � v�

⩽ �ˇs.1 � s/ku � vk2

where ˇ > 0 is the coercivity constant of B . Hence, if s 2 .0; 1/ and
u ¤ v, then the above is strictly negative. This proves strict convexity.

(b) By coercivity and Hölder’s inequality,

J Œv� ⩾ ˇkvk2 � 2kf kkvk:

The minimum of the quadratic function s 7! ˇs2 � 2kf ks is attained at
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s D kf k
ˇ

, and the minimum is � kf k
2

ˇ
. This proves the lower bound. From

the above estimate it is also clear that J Œv�!1 as kvk ! 1.

(c) Assume both u1 and u2 minimize J , that is, J Œu1� D J Œu2� D infv2H J Œv�,
but that u1 ¤ u2. If w WD u1Cu2

2
, then by strict convexity,

J Œw� D J Œ1
2
u1 C

1
2
u2� <

1
2
J Œu1�C

1
2
J Œu2� D inf

v2V
J Œv� ⩽ J Œw�;

a contradiction.

(d) Let u be a minimizer, pick any v 2 H , and let " > 0. Then

0 ⩽ J ŒuC "v� � J Œu�

D BŒuC "v; uC "v� � BŒu; u� � 2.f; uC "v/C 2.f; u/

D "
�
BŒu; v�C BŒv; u�

�
C "2BŒv; v� � 2".f; v/

D 2"
�
BŒu; v� � .f; v/

�
C "2BŒv; v�;

(7)

where we in the last step used the symmetry of B . Hence, dividing the
above by 2" and passing "! 0 gives

0 ⩽ BŒu; v� � .f; v/ for all v 2 H:

Replacing v by �v in (7) gives

0 ⩽ �2"
�
BŒu; v� � .f; v/

�
C "2BŒv; v�:

Again dividing by 2" and letting "! 0 gives the opposite inequality

0 ⩾ BŒu; v� � .f; v/ for all v 2 H:

Together, these yield (6).

(e) Let u solve (6) and let v 2 H . By the same computation as in the previous
problem, we have

J ŒuC v� � J Œu� D 2
�
BŒu; v� � .f; v/

�
C BŒv; v� D BŒv; v� ⩾ ˇkvk2:

Hence, if w 2 H does not equal u and v WD w � u, then

J Œw� � J Œu� ⩾ ˇku � wk2 > 0;

in other words, u is a strict minimum of J .
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Hints
2. (b) You need to use the trace operator to make sense of u; v on @�. Make

sure that you show that Du �Dv and uv are integrable on �, and that uv
is integrable on @�. (Integrable means that the absolute value has finite
integral.)

3. (a) For coercivity you need to use Poincaré’s inequality with p D 2. Start by
writing out ku � uk2

L2 .

(c) Let v be a constant in the weak formulation.

4. (c) Assume that J has two minimizers u; v. Use the strict convexity of J .

(d) Let u be a minimizer. Write out J ŒuC "v� � J Œu� for arbitrary " > 0 and
v 2 H .

(e) Let u solve (6). Write out J ŒuC v� � J Œu� for an arbitrary v 2 H .
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