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1. Prove parts (ii) and (iii) of Theorem 1 in §5.2.3: If u; v 2 W k;p.�/ for an open � � Rn,
k 2 N and p 2 Œ1;1�, then

(ii) �uC �v 2 W k;p.�/ for any �;� 2 R, and

D˛.�uC �v/ D �D˛uC �D˛v

for every multiindex ˛ with j˛j ⩽ k.

(iii) If V � � is open then the restriction u
ˇ̌
V

of u to V lies in W k;p.V /

2. For which k; n 2 N and p 2 Œ1;1� does each of the following functions lie in W k;p.Rn/?

u.x/ WD e�jxj
2

v.x/ WD min
�
1; jxj


�
for some 
 < 0

w.x/ WD sin
�
jxj2

�
3. Let � � Rn be open and p 2 Œ1;1�. Let u 2 Lp.Rn/ be a discontinuous function, and let
u" WD !" � u be its mollification. Explain why fu"g">0 cannot converge to u in the L1 norm
as "! 0, even when u 2 L1.Rn/.

Hint. Show first that each function u" is uniformly continuous. You will need Hölder’s in-
equality and the translational continuity of functions in Lp.Rn/:

lim
h2Rn

h!0



u � u.� C h/


Lp.Rn/

D 0:

1


