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1. Prove parts (ii) and (iii) of Theorem 1 in §5.2.3: If u,v € wk.p (2) for an open 2 C R”,
k € Nand p € [1, oc], then

(i) Au + pv € WEP(Q) forany A, 1 € R, and
D*(Au + pv) = AD%u + uD%v

for every multiindex o« with || < k.
@iii) If V' C Q is open then the restriction u|V of u to V lies in WP (V)

Solution: Proof of (ii): For any ¢ € C°(£2) we have
/ (Au + pv)D%p dx = )L/ uD%p dx + /L/ vD%p dx
Q Q Q
= (—1)'“‘1[ D%updx + (—l)l"‘l,u/ D%vgdx
Q Q
= (=) [ (AD%u + puD*v)g dx.
Q

This proves the claim.

Proof of (iii): We claim that D% (ul|y) = (D“u)|V for every «. First of all, (D"‘u)|V €
LP? (V) for every « since

||(Dau)|VuLp(V) = ”Dau”LP(V) < ”Dau”LP(Q)’

since we’re integrating over a larger set. Next, observe that every ¢ € C°(V) can
be viewed as an element of C°(2) by letting @]Q\V = 0. Therefore, for every ¢ €

Cx),
/Vu|VD°‘(p dx = /Q uD%p dx (since D*¢ = 0 outside of V)
= (=)l /Q D*ugp dx (since D%u is a weak derivative of u)
= (=1)l! /V D%ug dx (since ¢ = 0 outside of V)

= (—1)‘“|[I/(D“u)|v(pdx.




This proves our claim.

2. For which k,n € Nand p € [1, co] does each of the following functions lie in W*:? (R")?

u(x) = e x P
v(x) == min(1, |x|")  forsomey <0

w(x) = sin(]x|?)

Solution: The function u lies in C *°. Any derivative of u is of the form qu, where g is a
polynomial. Since qu € L?(R") for any p € [1, oo] for any polynomial ¢, we conclude
that u € Wk (R") for all choices of k, p, n.

We have
1 if [x]| < 1 v 0 if |x] <1
vVixX) = = —(x) = .
*) §|x|_y else 8x,-( ) y|x|1’_1% if |x| > 1.

One can now check that the a.e.-defined function 33% is actually the i-th weak derivative
1

of v. We have
1/p
olren = ([ vare [ garax)
B(0,1) R\ B(0,1)

00 1/p
= (|B(0, 1)] +/ / r’? dS(x) dr)
1 aB(0,r)

(since |0B(0,r)| = ¢,r""! for some ¢, > 0)

%) 1/p
= (|B(0, 3] +[ cnryp+"_1dr) ,
1

which is finite as long as yp +n < 0, i.e. y < —n/p. Likewise, we find that dv/dx; €
LP(R") if and only if y — 1 < —n/p. Thus, v € WLP(R") as long as y < —n/p.
We cannot hope for v € W22, as dv/dx; is too discontinuous (try to compute a second
weak derivative of v!).

The function w is C*°, but does not lie in any other L? space than L°°. Its partial
derivatives are dw/dx; (x) = 2x; cos(|x|?), which does not lie in L°°. Thus, w does not
lie in any Sobolev space.

3. Let 2 C R? be open and p € [1,00]. Letu € L?(R") be a discontinuous function, and let
Ug = wg * u be its mollification. Explain why {u,}.~¢ cannot converge to u in the L°° norm
as ¢ — 0, even when u € L*°(R").

Hint. Show first that each function u, is uniformly continuous. You will need Holder’s in-
equality and the translational continuity of functions in L? (R") (valid for p € [1, c0)):

hlglg,, | —u(+h) ||L1’(]R”) = 0.
h—0



Solution: Each function u, is uniformly continuous, and L°° convergence is equiva-
lent to uniform convergence; the conclusion now follows from the fact that a uniformly
convergent sequence of uniformly continuous functions will converge to a continuous
function—contradicting the discontinuity of the limit u. (Note that uniform continuity is
not a necessary ingredient here—uniform convergence of continuous functions implies
the limit is continuous, which would also lead to a contradiction.)

To see that u, is uniformly continuous, assume first p < oo, letx, y € Q. Letqg € [1, <]
be the conjugate exponent of p,i.e. 1/p + 1/q = 1. Then

)~ e = [ [ ot =2) —uty =) e

- )/B(x’s) we(x = 2)(u(z) —u(y — x +2)) dz|

< llws(x = )lLaBee,ep e —u(y —x + )llLrBex,e

< llwellLa@myllu —u(h + )| Lr@n)

where & ;= y — z. By letting || be small enough and using the translational continuity
of u in L?, we find that the above can be made arbitrarily small. If p = oo then, since u
automatically also lies in L!(B) for any bounded set B, we could apply the above with
p = 1 and R” replaced by B(x, ¢).

To see that a uniformly convergent sequence of uniformly continuous functions will
converge to a continuous function, let x € Q and § > 0. Let g¢g > 0 be such that
lue — ul|Le < & for all & < &g, and let 7o > 0 be such that |y — z| < ro implies
[ugo () — g, (2)| < 6 (exists by uniform continuity). Then

[ (x) —u ()] < u(x) = ueo ()] + ey (X) = e (V)] + |1 (¥) — u(y)]
< 368

whenever |x — y| < rg. Thus, u is continuous.




