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You will find a collection of hints on page 3.

1. For each of the following PDEs, determine if the problem is

(i) linear or nonlinear

(ii) first-, second-, or higher-order

(iii) homogeneous or inhomogeneous

(iv) elliptic or non-elliptic.

�2ux1x2
C 5jxj2ux1

D 3 (1)
nX

iD1

uxi xi
� uC cos.x1x2/ D 0 (2)

�2ux1x1
C ux1x2x3

C 4ux3
C u2

D 0 (3)

�ux1x1
C 2ux1x2

� 5ux2x2
C 8x1ux2

D 3.x1 � x2/
2 (4)

�

3X
i;jD1

uxi xj
D 5

3X
iD1

xiuxi
(5)

ut D ux1x1
C ux2x2

: (6)

Remark. See the hints for the definitions of these terms. Note that in all such classifications of
PDEs, it is implicit in the definition that the PDE can be written in a certain way, even if it isn’t
already written in that way. For instance, the PDE ux1x1

C ux2x2
D 0 is homogeneous, even

though it can be written in the “seemingly non-homogeneous” form ux1x1
C ux2x2

C jxj2 D

jxj2.
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for some � > 0.

(a) Show that �L is elliptic.
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(b) Show that the problem (
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has a unique weak solution for any f 2 L2.�/ if and only if(
�Lv D g in �
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has a unique weak solution for any g 2 L2.�/.

Remark. When writing a PDE in the abstract form Lu D f , there is ambiguity in defining
L and f , since we can always multiply the equation by �1. This problem shows that doing
so does not influence the well-posedness (the existence, uniqueness and stability of solutions)
of the problem.

3. A square matrix A 2 Rn�n is symmetric if AT D A. The symmetric part (or the symmetriza-
tion) of a matrix A 2 Rn�n is the matrix AS WD

1
2
.AC AT/.

(a) Show that AS is always symmetric.

(b) Find the anti-symmetric part of A, that is, the matrix AA 2 Rn�n so that A D AS CAA.
Show that AA is anti-symmetric (i.e., AT

A D �AA).

(c) A matrix A is positive definite if

�TA� > 0 for all nonzero � 2 Rn:

(It can be shown that this is equivalent to the existence of some � > 0 such that �TA� ⩾
� j�j2 for all � 2 Rn.) Show that A is positive definite if and only if AS is.

(d) Let Lu D �
P

i;j .a
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/xj
be the second-order part of a linear differential operator.

Let AS .x/ be the symmetric part of the matrix A.x/ D .ai;j .x//i;jD1;:::;n. Show that L
is elliptic if and only if there is some � > 0 such that �TAS .x/� > � j�j2 for all x 2 �
and � 2 Rn.

Remark. Since uxi xj
D uxj xi

for any i; j , there is ambiguity in how to write the second-
order differential operator in the form

P
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. This problem shows that it does not
matter how we choose the coefficients ai;j . In particular, we can always symmetrize the matrix
.ai;j /i;j and work with that instead.
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Hints
1. (i) A PDE is linear if it can be written in the form

L.u; x/ D f .x/ for x 2 �

whereL is linear in the u-argument. Note that there are no conditions on the x-dependence
of L or f .

(ii) A PDE is of k-th order if k 2 N is the highest number of derivatives appearing in the
equation.

(iii) A PDE is homogeneous if all terms appearing in the equation depend on u.

3. (c) Show first that �TA� D �TAS� for all � 2 Rn.
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