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You will find a collection of hints on page 3.

1. Consider the PDE (Pn
iD1 uxi xi

� uC cos.x1x2/ D 0 in �

u D 0 on @�
(1)

where � D B0.0; 1/ is the open unit ball in Rn. (This is equation (2) in Problem sheet 5.)

(a) Write (1) as
BŒu; v� D .f; v/L2 8 v 2 H 1

0 .�/ (2)

for some f 2 L2.�/ and a continuous, coercive bilinear form B .

(b) Show that (1) has a unique weak solution u 2 H 1
0 .�/.

(c) Use the interior regularity theory (Section 6.3.1 in Evans) to show that u 2 H m.V / for
any V ⋐ �, for any m 2 N.

(d) Give a more direct, but informal, proof of the previous problem, as follows.

(i) Use continuity and coercivity of B to show that kukH 1.�/ ⩽ kf kL2.�/.
(ii) Show that for any k D 1; : : : ; n, the function uxk

solves the same PDE (ignor-
ing for the moment that uxk

is not in H 1), with fxk
in place of f . Deduce that

kuxk
kH 1.�/ ⩽ kfxk

kL2.�/.
(iii) Iterate the above to find that u 2 H m.�/ for any m, and kukH mC1.�/ ⩽ Ckf kH m.�/

for some C > 0.

2. Consider the PDE(
�
�
1CH.x/

�
ux1x1

C .x2 � 2/ux2x2
C ux1x2

D jxj in �

u D 0 on @�
(3)

where � D B0.0; 1/ is the open unit ball in R2 and

H.x/ WD

(
jx1j

2 if x1 > 0

0 else.

(a) Show that (3) is elliptic, and that it can be written in the form (2) for a continuous,
coercive bilinear form B . Conclude that (3) has a unique weak solution u 2 H 1

0 .�/.

(b) According to the interior regularity theory, what is the largest m 2 N for which u 2

H m
loc.�/?
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3. Consider the same PDE as in (1), but with nontrivial boundary data

u D g on @�

for some gW @�! R.

(a) Outline how you would determine if this boundary value problem has a (unique) solution.

(b) For each of the following choices of n and g, determine the largest m 2 N for which the
solution lies in H m

loc.�/.

(i) n 2 N, g.x/ D ex2�x1 .
(ii) n D 3, g.x/ D jx � x0j

7=3, where x0 D .1; 0; 0/.

4. Let � � R3 be open and bounded and let f 2 H 2.�/. Show that any weak solution u 2

H 1.�/ of
��u D f in � (4)

is also a classical solution.
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Hints
2. (a) You will need Poincaré’s inequality for coercivity.

3. Try to find a function gW�! R so that g
ˇ̌
@�
D g. Write u D g C w. Find a boundary value

problem that w should solve.

4. Use Morrey’s inequality.
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