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You will find a collection of hints on page 3.

1. Let Q C R” be open, bounded and connected, let p € [1,00] and let u € W1-?(Q) satisfy
Du = 0in 2. Show that u is constant.

2. (Problem 6.6.5 in Evans) Let & C R” be an open, bounded set with C! boundary. Consider
the Poisson equation with Robin boundary conditions,

—Au=f inQ

1
u+g—]'f=0 on 02 M

where f € L%(R) and g—f}‘ = v - Du is the normal derivative on 052.

(a) Define what it means to be a weak solution of (1).

(b) Show that your bilinear form B[u, v] is well-defined and continuous.

(c) Use Problem 1 directly to show that there exists at most one weak solution of (1).
(d) Show that B is coercive on H (), that is, there is a 8 > 0 such that

Blu,ul = Bllullz  YueHY(Q). 2
(e) Conclude that (1) has a unique weak solution, and that the solution satisfies
lull g < ClLfllz2
for some C > 0 independent of f.

3. Let 2 C R” be open and bounded. Consider the boundary-value problem

Lu = in
4 (3)
u=20 on 992
for an elliptic operator L and some f € L%(S2). We say that A € R is an eigenvalue of this

boundary-value problem if there exists a nonzero weak solution w € HO1 (£2) of the equation
Lw = Aw.



(a) Explain why the above definition of an eigenvalue is equivalent to the following: A
number A € R is not an eigenvalue of (3) if and only if the problem

Lu=Au+ f inQ

4
u=20 on 092 @
has a unique weak solution u € HOl (Q), for any f € L?(Q).
(b) Letnown =2,2 = (0,1) x (0,1), L = —A. Show that
w (x) = sin(kqwxy) sin(kywx3), k = (ky,ky) e N?
are the eigenvectors of (3). Find the corresponding eigenvalues.
(c) Continuing from problem (b), consider the heat equation
oou=Au forxeQ,t>0,
u=20 on 02 x (0, 00), (®)]

uU=g on 2 x {0}.

Solve (5) when g is one of the eigenvectors from problem (b). Then solve (5) when g is
a linear combination of eigenvectors. Finally, solve (5) for an arbitrary g € L2(2).

(d) What is the long-term behaviour of solutions of (5)?
(e) It is a fact from Fourier analysis that the eigenvectors from (b) constitute a basis for
L?(Q), and that if h € L*(2) has basis expansion /1(x) = > o2 o Wk, Where || <

Clk|™""2 forall k € N? forsome C > Oand r € N, then f € C" (). Use this to prove
that u(-,¢) € C*°(Q) forall z > 0.



Hints

2. (c) e Assume conversely that no such B > 0 exists; then there are u1,us,--- € H(Q)
with ||ug| g1 = 1 but Bug,uz] — 0. Show that there is a subsequence which
converges weakly in H! and strongly in L?2.

e Show that the subsequence actually converges strongly in H1.
e Reach a contradiction.



