
MAT3400/4400 - Linear Analysis with Applications, Autumn 2015
Reports from the lectures

Nadia Larsen

Week 34
Lecture 1 (18 August). Short overview of the content and purpose of the course.
From McDonald & Weiss: section 1.4, definitions and basic examples of an algebra
and a σ-algebra of subsets. The proofs of propositions 1.14 and 1.15 about existence
of the smallest algebra (or σ-algebra) containing a given collection of subsets of a
fixed set are left as exercises for the group session on Wednesday 26 August. The
material on disjointizing a countable union of sets will be covered later. I defined the
Borel σ-algebra B of subsets of R to be the σ-algebra generated by the open sets in
R. I introduced the Lebesgue outer measure λ∗ defined for all subsets of R (Def 3.6)
and outlined how it will be used to prove (M1)-(M3) on page 91.

Comment 1: in McDonald and Weiss the notation for the real numbers is R. You
can use R, or R, or just R.

Comment 2: the definition we give here of the Borel σ-algebra is not the one from
McDonald & Weiss (theirs is Def 3.2), but the two are equivalent. The definition we
give here is used more often, and is similar to what was used in MAT2400.

Lecture 2 (20 August). Section 3.2. I proved properties of λ∗: nonnegative, mono-
tone, countably subadditive, takes ∅ to 0, and equals length for all intervals (Propo-
sitions 3.1 and 3.2, with 3.1(d) left as an exercise). I introduced the Carathéodory
condition for a subset E of R (Definition 3.8) and proved, using the properties of λ∗

and Proposition 3.2, that all intervals of the form (a,∞) for a ∈ R satisfy it.

Week 35
Lecture 3 (25 August). I proved Theorem 3.11. To show that M⊃ B we showed
that every open set can be expressed as a countable disjoint union of open intervals
(Proposition 2.13).

Lecture 4 (27 August). Properties of the Lebesgue measure λ onM: Propositions
3.4 and 3.5, Theorem 3.13. Continuity of λ for decreasing sequences left as an exercise
(Ex. 3.35). I proved outer regularity of λ (Ex. 3.42), with regularity from inside left
as an exercise (Ex. 3.43). Section 4.1: simple function and canonical representation.

Week 36
Lecture 5 (1 September). We recalled that a function s : R → R that is M-
measurable is called simple if the range of s is finite. A function is nonnegative if its
range is contained in [0,∞). I defined the Lebesgue integral of a simple nonnegative
function with canonical representation s =

∑n
k=1 akχAk

to be
∫
R s dλ =

∑n
k=1 akλ(Ak)

(Def 4.4). The integral over E where E ∈ M is defined as the integral of the sim-
ple nonnegative function sχE. I showed that

∫
R s dλ does not depend on how s is

expressed as a finite combination with real coefficients of characteristic functions of
(finitely many) disjoint sets in M. I proved Lemma 4.1 (the integral is additive
and positive homogeneous for simple functions). I proved Proposition 4.3(a) showing
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that a nonnegative M-measurable function f is the limit of an increasing sequence
{sn}n≥1 of nonnegative simple functions. I defined the Lebesgue integral of a nonneg-
ativeM-measurable function (Def 4.5) and proved some basic properties (Proposition
4.4 a-d).

Lecture 6 (3 September). I proved that the Lebesgue integral is positive homo-
geneous (Prop. 4.4e). I proved that for a simple nonnegative function, the Lebesgue
integral over the union of an increasing sequence of sets in M is the limit of the
sequence of integrals over each set (Lemma 4.2). I proved the Monotone Convergence
Theorem (MCT), Thm 4.3, which shows that for an increasing sequence {fn}n≥1

of nonnegative M-measurable functions such that fn converges pointwise to a real-
valued function, we have lim

∫
E
fn dλ =

∫
E

(lim fn) dλ for every E ∈ M. Using MCT
I proved additivity of the Lebesgue integral for nonnegative functions (Prop. 4.5)
and the property of the Lebesgue integral to pass through a (pointwise) convergent
series of measurable functions (Thm 4.5). I proved Corollary 4.1. I started on Fa-
tou’s lemma (4.6) showing that for an arbitrary pointwise convergent sequence of
measurable functions only a weakened form of one inequality in MCT holds.

Week 37
Lecture 7 (8 September). Section 4.2: I discussed Fatou’s lemma and showed
the inequality can be strict. I discussed the possibility of interchanging limits and
integrals for a decreasing sequence of measurable functions (Thm 4.5). I started on
the construction of the Lebesgue integral for an arbitrary real-valued M-measurable
function, Section 4.3. I proved basic properties of the integral (Theorem 4.7).

Lecture 8 (10 September). I proved the Dominated Convergence Theorem (DCT),
Thm 4.8, in the case that the sequence {fn} of real-valued functions converges every-
where to a real-valued function. I proved some consequences of the DCT: corollary 4.2
(about interchanging the integral and a convergent series) and corollary 4.3 (about
decomposing an integral over a sequence of disjoint measurable sets as a series of in-
tegrals). I introduced the concept of ”Lebesgue almost everywhere” and proved Prop
4.7 showing that M-measurability is preserved under λ-a.e. equality of functions. I
proved that for an M-measurable function,

∫
|f | dλ = 0 if and only if f = 0λ-a.e.

Using these results I proved that a Riemann integrable function on an interval [a, b]
is Lebesgue integrable and that the two integrals are the same in this case.

Week 38
Lecture 9 (15 September). I discussed the property of λ-a.e. (Propositions 4.8
and 4.9). I started on abstract measure spaces (Section 5.1): definitions of measure
space, examples. Theorem 5.1 about a measure µ (monotonicity, continuity with
respect to unions and intersections, countable subadditivity). I defined a complete
measure space and proved (Theorem 5.2) that to any measure space (Ω,A, µ) one
can associate a complete measure space, called the completion of (Ω,A, µ). I started
on measurability of real-valued functions on Ω (Section 5.1) and proved Prop. 5.1
showing that A-measurability is equivalent to f−1(I) ∈ A, where I is an interval in
any of the families (−∞, a), (−∞, a], (a,∞) or [a,∞) for a ∈ R.
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Lecture 10 (17 September). Section 5.2: I proved that the sum, product, real-
scalar multiple, square and absolute value of functions preserve A-measurability. I
stated (without proof) Prop 5.2 about A-measurability being preserved by µ-a.e.
equality of functions. I defined A-measurability for complex-valued and extended
real-valued functions. In case of f : Ω→ C I defined f to be A-measurable if Re(f)
and Im(f) are A-measurable as real-valued functions. I proved Thm 5.5 about A-
measurability being preserved under sup, inf, and pointwise limits, and stated Prop
5.4. Section 5.3: I defined simple functions on (Ω,A) and discussed the Lebesgue
integral with respect to a measure µ both for simple nonnegative and nonnegative
A-measurable functions f : Ω→ [0,∞]. I proved a version of MCT for extended-real
valued A-measurable functions fn, f with fn → f µ-a.e. Finally I stated corollaries
of this: additivity of the integral, interchange of series and integral (Cor 5.1).

Week 39
Lecture 11 (22 September). Section 5.4, the general Lebesgue integral for ex-
tended real valued or complex valued functions on Ω.

Lecture 12 (24 September). The Dominated Convergence Theorem (Thm 5.9) for
complex valued functions and µ-a.e. hypotheses. Section 13.1: definition of normed
space, linear map, Banach space, convergent infinite series. I defined the linear spaces
Lp(Ω,A, µ) for 1 ≤ p ≤ ∞. I started on Proposition 13.3.

Week 40
Lecture 13 (29 September). Finished Proposition 13.3. I introduced the spaces
Lp(Ω,A, µ) for 1 ≤ p ≤ ∞ and proved they are vector spaces. For given f ∈
Lp(Ω,A, µ), I defined [f ] = {g ∈ Lp(Ω,A, µ) | g = f, µ − a.e.} and showed that the
space Lp(Ω,A, µ) consisting of [f ] for all f ∈ Lp(Ω,A, µ) is again a vector space with
well-defined operations [f ] + [h] = [f + h] and α[f ] = [αf ] for f, h ∈ Lp(Ω,A, µ) and
α ∈ C. I then proved Hölder’s inequality (Thm 13.9) and Minkowski’s inequality
(Thm 13.10), from which we deduced that (Lp(Ω,A, µ), ‖ · ‖p) is a normed space.
Finally I proved that (Lp(Ω,A, µ), ‖·‖p) is a Banach space (Thm 13.11- Riesz-Fischer).
I proved the case 1 ≤ p <∞.

Lecture 14 (1 October). Finished 13.11. I discussed equivalence of norms and
proved characterisations of continuity for linear maps between normed spaces (Prop
13.1). I started on the construction of the product of two measures and introduced
Dynkin systems.

Week 41
Lecture 15 (6 October). I proved Dynkin’s lemma (Lemma 2.4 in notes) and a
result about uniqueness of a measure on a σ-finite space (Theorem 2.1 in notes). I
introduced sections of a measurable set in the product σ-algebra and proved their
measurability (Lemma 3.1). I started on the proof of Theorem 3.2.

Lecture 16 (8 October). I finished the proof of Thm 3.2 and proved the similar
result in the case of σ-finite measure spaces (Thm 3.3). I defined the product of two
measures (Theorem 3.4) and proved the first main result about interchanging order
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of integration for a measurable function of two variables (Tonelli’s theorem, Thm
4.2). Tonelli’s theorem applies to nonnegative extended-real valued functions that
are measurable with respect to the product σ-algebra.

Week 42
Lecture 17 (13 October). I proved Fubini’s theorem (Theorem 4.3 in the notes).
From Rynne & Youngson I covered Section 2.1 and started on Section 2.2, from which
I proved Thm 2.16.

Lecture 18 (15 October). I finished section 2.2 on finite-dimensional normed
spaces. I covered section 2.3 on general facts about Banach spaces (note that Thm
2.30 is the same as Prop 13.3 in McDonald & Weiss, and that one we covered in an
earlier lecture. I started on section 3.1 on inner-product spaces.

Week 43
Lecture 19 (20 October). Section 3.1: examples, basic computational rules with
inner-products, the Cauchy-Schwarz inequality, the polarisation identity, the par-
allelogram rule. Section 3.2: orthogonality of vectors in an inner-product space,
Pythagora’s rule, orthonormal sets, Def 3.23 (Hilbert space). Section 3.3: the orthog-
onal complement of a subset of an inner-product spaces, properties (Lemma 3.29),
the distance to a closed convex subset of a Hilbert space (Theorem 3.32).

Lecture 20 (22 October). Lemma 3.30. The orthogonal decomposition in a Hilbert
space given by a closed subspace (Theorem 3.34). Consequences: corollaries 3.35 and
3.36. Section 3.4: definition of the fundamental concept of orthonormal sequence in
an inner product space. I proved existence of an orthonormal sequence in an inner-
product space (see the proof of Thm 13.5 in McDonald & Weiss). Bessel’s inequality
(Lemma 3.41). I proved onvergence of a series formed along an orthonormal sequence
(Corollary 3.44) by an argument similar to the one that proves Thm 3.42. I proved
Thm 3.47 about equivalent conditions on an orthonormal sequence in a Hilbert space
in order to have equality in Bessel’s inequality: a sequence with these properties is
called orthonormal basis for the Hilbert space.

Week 44
Lecture 21 (27 October). Adam Sørensen gave the lecture. He went through
sections 4.1 and 4.2 in Rynne and Youngson on bounded linear operators between
normed spaces.

There was no lecture on 29 October.

Week 45
Lecture 22 (3 November). Section 4.2: finished proof of Thm 4.19. I talked about
separable Hilbert spaces and gave a sketch of the proof of Theorem 3.52. Section
4.3: I proved Thm 4.27 and established properties of bounded linear operators (up
to Lemma4.32). I proved the Riesz-Frechet theorem (Thm 5.2) about the character-
isation of bounded linear functionals on a Hilbert space.
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Lecture 23 (4 November). Section 6.1: the adjoint of a bounded linear operator
between Hilbert spaces. I proved Theorem 6.1, I discussed examples of adjoints of
operators, and I proved some consequences of the existence of T ∗ for a given T . In
short, I went through all of section 6.1 up to Lemma 6.11.

Lecture 24 (5 November). I went through section 6.2 about special classes of
operators in B(H), where H is a Hilbert space. Thus I discussed normal, unitary and
self-adjoint operators. I covered everything except Corollary 6.20 (this requires some
results about invertible operators which are not covered now but will be covered in
the course MAT4410). Section 6.4: positive operators and orthogonal projections in
B(H). I proved part (a) of Theorem 6.51.

Week 46
Lecture 25 (10 November). Section 6.4: I proved part (b) of Theorem 6.51,
Lemma 6.52 and Corollary 6.53. I started on Section 7.1 about compact operators. I
covered everything up to Theorem 7.8. I gave a slightly different proof of Thm 7.5 (a):
the proof given in the book refers to the use of Bolzano-Weierstrass theorem, and this
is ok but there may be some confusion because what is called the Bolzano-Weierstrass
in this book (Theorem 1.35(d)) is really the Heine-Borel theorem (Ok, one implies
the other and viceversa, but still one should keep their formulations straight).

Lecture 26 (12 November). We did a lot in this lecture! From section 7.1, I
covered everything from Theorem 7.9 to Theorem 7.14. I started on section 7.3 and
proved Theorem 7.20.

Week 47
Lecture 27 (17 November). From Rynne & Youngson, section 7.2: I proved
Theorem 7.19, Corollary 7.21, Theorem 7.22 and Corollary 7.23. From Section 7.1,
I defined Hilbert-Schmidt operators (Definition 7.15) and stated Thm 7.16 (a) and
(c) (prove left as an exercise). Section 7.3: invariant subspaces (Definition 7.30 and
Lemma 7.31), existence of an eigenvalue λ for a compact self-adjoint operator T with
|λ| = ‖T‖ (Theorem 7.32), where we followed the proof in Lemma 14.1 (McDonald
& Weiss).

Lecture 28 (19 November). I finished the proof of Thm 7.32 (Lemma 14.1). I
proved Theorem 7.33 and the main result, the Spectral theorem for compact self-
adjoint operators on Hilbert space, Thm 7.34. I presented Corollary 7.36 and out-
lined Example 14.9 (McDonald & Weiss). I discussed (briefly) orthonormal bases in
L2[−π, π], see Example 13.12 (McDonald & Weiss) or Corollary 3.57 (the set E) in
Rynne & Youngson.

Week 48
Lecture 29 (24 November). Discuss exam problem from earlier years.

Lecture 30 (26 November). Discuss exam problem from earlier years.


