UNIVERSITY OF OSLO

Faculty of mathematics and natural sciences

Exam in: MAT3400/4400 — Linear analysis with applications
Day of examination: June 8, 2023

Examination hours:  15.00-19.00

This problem set consists of 7 pages.

Appendices: None.

Permitted aids: None.

Please make sure that your copy of the problem set is
complete before you attempt to answer anything.

The points in parentheses indicate the maximum possible score for each
problem or subproblem. If you are unable to solve a subproblem, you may
assume the result of that problem when solving later problems. E.g., if you
cannot solve problem 3b, you may assume the result of 3b and try to solve
3c.

Note: You must justify all your answers!

Problem 1 (weight 15 points)

Let (X, A, ) be a measure space which is o-finite, that is, there exists a
sequence {Ag}ren in A such that X = (J;—; Ay and p(Ag) < oo for every
k e N.

la (weight 5 points)

Show that there exists a sequence { By, }nen in A satisfying that B, C B,
and p(B,) < oo for every n € N, and that X =J -, B,.

Solution. For each n € N, set B, := J,_, Ax € A.

Then B, C B,UA, ;1 = Uzg A = Bpyiand p(B,,) < >0 p(Ag) < 00
for every n. Moreover, since A,, C B,, for each n, we have

n=1 n=1

hence X =, B,.

(Continued on page 2.)
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1b (weight 10 points)
Show that for each £ € A, we have
w(E) =sup{u(F)| FeA FCE, u(F) < oco}.
Solution. Let E € A and set S :=sup {u(F)| F €A, F CE, p(F) < oo}.

If Fe Aand F C E, then u(F) < u(E), so it is clear that S < p(FE).

If w(E) < oo, then as E C E, we also get that u(E) < S, hence that
nE)=S5.

Assume now that pu(FE) = co. To show that u(FE) = S, we have then to
show that S = oco. For each n € N, set E,, := FN B, € A. Then, using la,
we get that F,, C F, 1 and u(E,) < u(B,) < oo for every n € N. Further,

E:XﬂE:G(BnﬂE):GEn.

n=1

By continuity from below for u, we get that

lim p(E,) = u(E) = co.

n—oo

But, as £, C E, we also have that u(E,) < S. Letting n — oo, we get
S = 00, as desired.

Problem 2 (weight 35 points)

In this problem we consider the measure space (X, A, i), where X = [0, 00),
A denotes the o-algebra of all Lebesgue measurable subsets of [0, 00), and
denotes the Lebesgue measure on A.

2a (weight 10 points)

Let g : X — R be the nonnegative Lebesgue measurable function defined by
gx)=lr—2|e™™® forall xe€ X.

Compute the integral [, g dp.

(You don’t have to explain why ¢ is Lebesgue measurable. You can freely
use that [(z —2)e " do = (1—z)e® +C.)

Solution. Since {g1jon}nen is an increasing sequence of nonnegative
Lebesgue measurable functions converging pointwise to g on X, the MCT
gives that

/gd,u— lim /gl[On dp = lim gdu.

n—o0 [O,TL]

(Continued on page 3.)
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Let now n > 2. Since ¢ is continuous, hence Riemann-integrable, on [0, n],
we have that

n 2 n
/ gd,u:/ g(x)dmz/(?—x)e_xdqu/(x—Q)e_md:E
[0,n] 0 0 2

=@ =D+ [0 —a)e ]y = e+ 14+ (1 —n)e 7

Since (1 —n)e ™™ — 0 as n — oo, we get that

/gd,u:hm(l—l—Qe_z—l—(l—n) M =1+42e2.
X n—oo

2b (weight 15 points)

For each n € N, let f,, : X — R be the Lebesgue measurable function defined
by
n(r—2)e”

k for all =z € X.
2n +sinx

fn<x) =

Show that each f, is integrable w.r.t. u. Show also that the limit

lim fn du

n—oo

exists and find its value. (You don’t have to explain why each f, is Lebesgue
measurable.)

Solution. Let n € N and x > 0. Since 1 < (24 % sinz) < 3, we have that

n ‘_ 1
on +sinxl 2+%sinx -
Thus,

| fo( ‘_)mwl‘—ﬂe f < |r=2)e" = g(x)

foralln € Nand all z € X, i.e., |f,] < gon X for all n € N.
Let f: X — R be given by f(z) = 1(z — 2)e™™. Since

n 1 1
X - 1 - — =
2n +sinx 2+Esmx 2

as n — 0o
for every x € X, we get that {f,}nen converges pointwise to f on X.

Now, since g is integrable on X by 2a, we can apply the LDCT and get
that each f,, is integrable on X, f is integrable on X, and

n—oo

lim fndu/ £ du.

(Continued on page 4.)
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Finally, we have to compute [ f du. Since |flj,| < |f] on X for
every n € N, and |f| = g is integrable on X, the LDCT gives that f1y, is
integrable for every n € N and

"1
/ fdu = lim / 1y dpp = lim / fdp = lim —(x —2)e " dx
X oo J x [0,n] 2
1

n—oo n—oo 0

= lim 1 [(1—2)e "] =lim = ((1-n)e"—1)= 1

n—oo 2 0 n—oo 2 2’

n

where we have used that f is Riemann-integrable on [0, n] for every n € N.

2c (weight 10 points)

Consider now the Hilbert space H = L*(X, A, ). To simplify notation, we
consider elements of H as complex functions on X, i.e., we identify complex
measurable functions on X which agree p-almost everywhere.

For each k € N, set f, := 1j_1x) and note that f,, € H (you can take
this as granted). Let M be the closed subspace of H given by

M = span{f;. | k € N},

and let Py; denote the orthogonal projection of H on M.
Let f € H. Explain why f is integrable over each interval [k —1, k). Then
set h:= Py (f) and ¢ := f[k_l K fdp for each k € N. Show that

n

Hh—chkaQ%O as n — 00.
k=1

Solution. Since f € H, f and |f| are Lebesgue measurable, and |f| € H.
For each k € N, Holder’s inequality gives that

[ il [ Ui < 1l 1 < o
(k—1,k) X

hence that f is integrable over [k — 1, k).
For k,l € N, we have

S k—1k)=1 ifk=1,
(fr, fi) = /X L1 mlp—yydp = /X L1 mynp—10) dp = {M(/E<@> _ 0)) £

Thus { fx }ren is orthonormal. By definition of M, it follows that { f }ren is
an orthonormal basis for M. We therefore get that

oo

h=Py(f)="Y (f, fe) fx (convergence w.r.t. | -|l2).
k=1
Since (f, fi) = [x [ Jr dp = f[k_lk) f du = ¢, for each k € N, this means
precisely that

n

Hh—chka2 —0 asn — oo.
k=1

(Continued on page 5.)
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Problem 3 (weight 30 points)

Let H be a Hilbert space (over F = R or C) having a countably infinite
orthonormal basis {uy, }nen.

A sequence {v, }nen of vectors in H is called a Bessel sequence if there
exists a constant M > 0 such that

Z (z,v,) > < M ||z||* forall z € H.
n=1
3a (weight 10 points)

Let T € B(H), T # 0, and set v, := T'(u,) for each n € N. Use Parseval’s
identity in a suitable way to show that {v, },en is a Bessel sequence.

Solution. Using Parseval’s identity to get the the third equality, we get
that

K on)* =Y [, T(un))| Z (T (= = |7"(2)|I> < |7 [J«]?
n=1 n=1

for every x € H. Setting M := || T*||* (= ||T||* > 0), we see that {v, }nen is
a Bessel sequence.

Let now {v, }nen be a Bessel sequence in H. Let Hy denote the subspace
of H given by Hy = span{u,, | n € N}, and define a linear map Ty : Hy — H

by N N
TO(chun> :chvn
n=1 n=1

whenever N € N and ¢p,...,cy € F. (Note that if zp € Hp, then
xo € span{uy,...,uy} for some N € N, so this definition makes sense.)

3b (weight 10 points)
Show that T} is bounded.

Hint. To estimate ||To(zo)|| for o € Hp, a good start is to use that
[yl = sub,em o<1 1(z,y)| for every y € H.

Solution. Let o € Hy. Then choose N € N and ¢y,...,cy € F such

that zo = 25:1 Cp Up. Since {uq,...,uy} is orthonormal, we have that

lzoll = (XN, Jeal?)™.

Hence, using the hint and the Cauchy-Schwarz inequality in FV, we get

ITo(@o)ll = sup [z, To(zo))l = sup | (z,00)0

zeH, x| <1 zeH |lzl|<1 '

(Continued on page 6.)
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N
< ( 1/2 1/2)
N xel—?}\l\clc)llél (n2:21| ) Un Z el

( sup Z|xvn ) llzol|

sl el<1 7=y

Now, since {v, }nen is a Bessel sequence, there exists some M > 0 such that
(> |<:c,vn>|2)1/2 < MY2||z| for all x € H. Thus we have

n=1
° o\ 1/2 12
( sup ‘(x,v@‘) < M=
z€H ||z <1 ;
Combining this inequality with the one above, we get that
1 To(o)|| < MY o

This shows that T} is bounded, with || T < M'/2.

3c (weight 10 points)

Use 3b to show that Ty may be extended to an operator T' € B(H) satisfying
T(uy) = vy, for all n € N. Then deduce that for every x € H, we have

[e%S)
E T Un Un -
n=1

Solution. Since {u,}nen is an orthonormal basis for H, Hy is dense in
H. Hence, by the principle of extension by density and continuity, 7y has a
(unique) extension to an operator 7' € B(H). For each n € N we then have
T(u,) = To(u,) = vy, as desired. Moreover, by continuity and linearity of T,
we get that

<§: (x,up) n) i (x,upn) T(uy,) = i (x,up) vy

n=1 n=1

for each z € H.

Problem 4 (weight 20 points)

Let H be a Hilbert space (over R or C) and let T' € B(H) be self-adjoint.

4a (weight 10 points)

Assume that T has infinitely many eigenvalues. Show that T" does not have
finite-rank.

Solution. We can pick a sequence {\, },en of distinct nonzero eigenvalues
of T. Letting u,, be a unit eigenvector of T associated to A, for each n, we

(Continued on page 7.)
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then have that {u, },en is orthonormal (since the eigenspaces associated to
different eigenvalues of T' are orthogonal to each other). Further, we have
that u, = (\,) ' T(u,) € T(H) for each n € N. Thus, T(H) is infinite-
dimensional, i.e., T" does not have finite-rank.

4b (weight 10 points)

Assume T is compact and has finitely many eigenvalues. Show that 7" has
finite-rank.

Solution. If T = 0, the conclusion is obviously true. So we may assume
that T" # 0. We may use the spectral theorem for 7. Letting L denote
the set of nonzero eigenvalues of T', we then know that L is nonempty, and
the assumption implies that L must be finite. For each A € L, let &£, be
an o.n.b. for the associated eigenspace E) = ker(T' — AI), which is finite-
dimensional. Then the set £ = UycrEy consists of finitely many vectors, and
we know that it gives an o.n.b. for T'(H). Since T'(H) is a subspace of T'(H),
this implies that T'(H) is finite-dimensional, i.e., T" has finite-rank.




