
Compulsory assignment in MAT4410, Fall 2014

The solutions must be submitted to “obligkassa” on the 7th floor in the N.H.Abel building
before 14:30 on Thursday, October 23, 2014. In order to pass you need 45 points.

Problem 1. Recall that given a normed vector space V and a nonzero vector v ∈ V , a
supporting functional f ∈ V ∗ of v is defined by the properties f(v) = ‖v‖ and ‖f‖ = 1. In
general, it is not unique. If it is unique, we will denote it by v∗.

(i) (7,5 points) Suppose W ⊂ V is a finite dimensional subspace and every nonzero vector
w ∈ W has a unique supporting functional w∗ ∈ V ∗. Show that for every v ∈ V the map
w 7→ w∗(v) is continuous on W \ {0}. Hint: it suffices to consider finite dimensional V , in
which case the claim becomes that the map w 7→ w∗ is continuous.

(ii) (10 points) Let (X,B, µ) be a σ-finite measure space. Show that a nonzero function
f ∈ L1(X, dµ) has a unique supporting functional if and only if its zero set has measure zero,
and then this supporting functional is f̄/|f | ∈ L∞(X,µ) = L1(X, dµ)∗. Give an example of a
finite dimensional subspace W ⊂ L1(0, 1) such that every nonzero vector w ∈ W has a unique
supporting functional on L1(0, 1), but the map w 7→ w∗ is not norm-continuous.

Definition A normed vector space V is called strictly convex if we have ||v + w|| < 2 for
any unit vectors v 6= w in V .

(iii) (5 points) Show that if a normed vector space V is such that V ∗ is strictly convex,
then every nonzero vector v ∈ V has a unique supporting functional.

(iv) (7,5 points) Show that any Hilbert space is strictly convex. Show also that if (X,B, µ)
is a σ-finite measure space, then the spaces Lp(X, dµ) are strictly convex for 1 < p <∞ and
not strictly convex for p = 1,∞ (unless they are one-dimensional).

(In fact, it is known that the spaces Lp(X, dµ) for 1 < p < ∞ are uniformly convex,
meaning that for every ε > 0 there exists δ > 0 such that if for some unit vectors v, w we
have ||v + w|| > 2− δ, then ‖v − w‖ < ε. But this is significantly more difficult to prove.)

(v) (10 points) Show that if V is strictly convex, then for any unit vectors v 6= w and any
α ∈ (0, 1) we have ||αv + (1 − α)w|| < 1. Show then that if || · ||′ is any other norm on V ,
then the norm || · ||+ || · ||′ is strictly convex.

Problem 2. Let (X,B, µ) be a probability space (a measure space with µ(X) = 1).
Assume that the measure is atomless, meaning that for every A ∈ B with µ(A) > 0 there
exists a measurable subset B ⊂ A such that 0 < µ(B) < µ(A).

(i) (10 points) Show that for every A ∈ B with µ(A) > 0 and every ε > 0 there exists a
measurable subset B ⊂ A such that 0 < µ(B) < ε. Show then that there exists a measurable
set A such that µ(A) = 1/2.

(ii) (10 points) Show that there exists a measurable function T : X → [0, 1] such that
µ(T−1([0, t])) = t. Conclude that T∗µ coincides with (the restriction to the Borel σ-algebra
of) the Lebesgue measure on [0, 1]. Hint: construct measurable sets At for dyadic rationals
t ∈ [0, 1] such that µ(At) = t and As ⊂ At for s < t.

(Under mild additional assumptions, for example for Borel measures on complete separable
metric spaces, the map T can even be made a Borel isomorphism. Thus, essentially the only
atomless complete probability space we see in practice is the interval [0, 1] with the standard
Lebesgue measure. But this is much harder to prove.)
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Problem 3. Imagine you are throwing a party and have to cut a cake, but all your guests
have their own idea of what the most tasteful part is. Is it possible to cut the cake so that
all guests believe that everyone gets a fair piece? A bit more formally, assume that each of
your n guests assigns a value between 0 and 1 to every part of the cake. Is it possible to
cut the cake into n pieces such that the value of every piece is 1/n according to every scale?
Somewhat surprisingly, the answer is yes (if we are not bothered by limitations on divisibility
of physical particles). Here is the precise statement:

Theorem Assume (X,B) is a measurable space and µ1, . . . , µn are atomless probability
measures on it. Then there exists a partition of X into measurable sets Ai, 1 ≤ i ≤ n, such
that µi(Aj) = 1/n for all 1 ≤ i, j ≤ n.

Sadly, as we will see, the proof is nonconstructive, so you are not going to learn any valuable
social skills by solving this problem. Maybe in another course.

The theorem is a simple consequence of the next one:

Theorem Assume (X,B) is a measurable space and µ1, . . . , µn are atomless probability
measures on it. Then there exists a σ-algebra Bn ⊂ B such that the measures µ1, . . . µn

coincide on the measurable space (X,Bn) and are still atomless on it.

We will prove this theorem by induction on n. Assume n = 2.

(i) (15 points) Show that for every ε > 0 there exists a measurable set A such that 0 <
µ1(A) = µ2(A) < ε. Hint: consider the Hahn-Jordan decomposition µ1 − µ2 = ν+ − ν− and
observe that the measures ν± are atomless as ν+ � µ1 and ν− � µ2.

Using this we can construct as in Problem 2 a measurable map T : X → [0, 1] such that
µ1(T

−1([0, t])) = µ2(T
−1([0, t])) = t. Then for B2 we can take the σ-algebra of sets T−1(A)

with A ⊂ [0, 1] Borel.

For the induction step, assume we have already constructed Bn−1. To construct Bn we
could apply the case n = 2 to the measures µ1 and µn on (X,Bn−1), if we were sure that µn is
still atomless on (X,Bn−1). It turns out this is true as long as we B-complete (X,Bn−1, µ1):

(ii) (15 points) Assume µ1 and µ2 are atomless probability measures on (X,B), and let
B′ ⊂ B be a σ-algebra such that µ1 is atomless on (X,B′) and B-complete in the sense that
if A ∈ B′ and µ1(A) = 0, then B ∈ B′ for every B-measurable B ⊂ A. Then µ2 is atomless
on (X,B′).

A closely related to the above theorem is the following result:

Theorem [Lyapunov] Assume (X,B) is a measurable space and µ1, . . . , µn are atomless
probability measures on it. Then the set

{(µ1(A), . . . , µn(A)) | A ∈ B} ⊂ Rn

is convex and closed.

(iii) (10 points) Prove the convexity part of Lyapunov’s theorem. Hint: show first that for
every measurable set A and every t ∈ [0, 1], there exists a measurable subset B ⊂ A such that
µi(B) = tµi(A) for all i.


