
Exercises used in some proofs in the class

1. Recall that a measure space (X,B, µ) is called complete, if every set A ⊂ X contained
in a set B ∈ B of µ-measure zero belongs to B (and hence µ(A) = 0).

(i) Show that given any measure space (X,B, µ) we can construct a complete measure space
(X, B̄, µ̄), called the completion of (X,B, µ), as follows: as B we take the collection of all sets
A ⊂ X such that there exist A0, A1 ∈ B with A0 ⊂ A ⊂ A1 and µ(A1 \A0) = 0, and then let
µ̄(A) = µ(A0) = µ(A1).

(ii) Show that for any B̄-measurable function f on X, there exists a B-measurable function

f̃ such that f = f̃ µ̄-a.e.

2. Assume B is an algebra of subsets of X, and µ is a finite premeasure on (X,B). Let µ∗ be
the corresponding outer measure on X. Show that for any Caratheodory measurable subset
A ⊂ X and any ε > 0 there exists B ∈ B such that µ∗(A∆B) < ε.

3. Recall that a function f : X → [−∞,+∞] on a topological space X is called lower
semicontinuous if

lim inf
x→x0

f(x) ≥ f(x0)

for every x0 ∈ X.

(i) Show that a function f : X → [−∞,+∞] is lower semicontinuous if and only if the set
f−1((a,+∞]) is open for every a ∈ R.

(ii) Show that if {fj}j is a collection of lower semicontinuous functions on X and f(x) =
supj fj(x), then f is lower semicontinuous.

(iii) Let µ be a Radon measure on Rn and r > 0. Show that the functions x 7→ µ(Br(x))

and x 7→ −µ(Br(x)) are lower semicontinuous. (Recall that Br(x) denotes the open ball of
radius r with center x.)

General measure theory

4. Assume B is an algebra of subsets of X, and µ is a finite premeasure on (X,B). Consider
the σ-algebra C of Caratheodory measurable sets. We know that the outer measure µ∗ defines
a measure on (X, C) extending µ. Show that (X, C, µ∗|C) is the completion of (X, σ(B), µ∗|σ(B)).

5. Consider the Lebesgue measure λn on Rn and the σ-algebra Ln of Lebesgue measurable
sets (so we first define λn on the σ-algebra Bn of Borel sets and then complete it as in the
previous exercise). Show that L × · · · × L ⊂ Ln (where L = L1), and so Ln can also be
obtained as the completion of L × · · · × L.

6*. Let X be a metric space and V be a (real) space of real-valued bounded Borel functions
on X such that V contains all continuous bounded real-valued functions on X with bounded
support and V is closed under pointwise limits of monotone bounded sequences of functions.
Show that V coincides with the space of all real-valued bounded Borel functions on X.

Product measures

7. Let (X1,B1, µ1) and (X2,B2, µ2) be σ-finite complete measure spaces. Consider the
measure µ1 × µ2 and denote by µ its completion.
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(i) Show that if A ⊂ X1×X2 is a set of µ-measure zero, then for µ1-a.e. x the set A(x1) =
{x2 | (x1, x2) ∈ A} has µ2-measure zero.

(ii) Prove an analogue of the Fubini theorem for the measure µ. Hint: use Exercise 1(ii).

8. Assume f ∈ L1(0, a). Define

g(x) =

∫ a

x

f(t)

t
dt.

Show that g ∈ L1(0, a) and ∫ a

0

g(t)dt =

∫ a

0

f(t)dt.

9. Let ν1 � µ1 and ν2 � µ2 be σ-finite measures on (X1,B1) and (X2,B2), respectively.
Show that ν1 × ν2 � µ1 × µ2 and

d(ν1 × ν2)
d(µ1 × µ2)

(x1, x2) =
dν1
dµ1

(x1)
dν2
dµ2

(x2)

for (µ1 × µ2)-a.e. (x1, x2) ∈ X1 ×X2.

Absolute continuity and differentiation of measures

10. Let ν and µ be measures on a measurable space (X,B), and ν � µ. We know that if
ν(X) <∞, then ∀ε > 0 ∃δ > 0 such that if µ(A) < δ, then ν(A) < ε. Show that without the
assumption ν(X) <∞ this is not always true.

11. Let µ be a Radon measure on Rn. Define

Dµ(x) = lim inf
r↓0

µ(Br(x))

λn(Br(x))
.

(i) Using Vitali’s covering lemma and arguments similar to the proof of the maximal in-
equality, show that if A ⊂ Rn is a Borel set such that Dµ(x) < α for every x ∈ A, then

µ(A) ≤ 5nαλn(A).

(In fact, the factor 5n is superfluous here, but Vitali’s covering lemma is not enough to show
this, one has to use the Besicovitch covering theorem.)

(ii) Consider the Lebesgue decomposition µ = µa + µs of µ with respect to λn. Arguing as
in the proof of the Lebesgue differentiation theorem show that Dµ(x) = +∞ for µs-a.e. x.
Conclude that if µ is differentiable at every point, then µ� λn.

12. Using the Lebesgue differentiation theorem and the previous exercise reprove the change
of variables formula for multiple integrals. (To simplify matters, assume that we know volumes
of parallelepipeds or ellipsoids, or that we already know the change of variables formula for
linear transformations. For those who think that this already uses too much to be called a
different proof, prove this from scratch along the following lines:

(i) Show that the Lebesgue measure λ2 on R2 is invariant under the linear transformations(
0 1
1 0

)
and

(
1 t
0 1

)
(t ∈ R).
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(ii) Show that if T is an invertible n-by-n matrix, then the measure T∗λn does not change
if we interchange two columns in T or add to a column in T another column multiplied by a
real number.

(iii) Show that if T is an invertible n-by-n matrix, then T∗λn = | detT |−1λn, by reducing
the proof to the case when T is diagonal.)

13. (i) Follow the proof of the fundamental theorem of calculus to see that it implies that
any monotone function on [a, b], or more generally, any function of bounded variation, is
differentiable at λ-a.e. x ∈ [a, b] (or check the textbook).

(ii) Read Example 30.20 and, if necessary, provide missing details. It gives an example of
a continuous nondecreasing function on [0, 1] which is nonconstant, yet f ′ = 0 λ-a.e. Explain
why this gives an example of a Borel measure µ on [0, 1] such that µ ⊥ λ and µ has no atoms
(that is, µ({x}) = 0 for every x).


