






Schauder basis

Theorem. A sequence {ek}∞k=1 in a Banach space X is a Schauder basis if and only if it is
linear independent, spans a dense subspace of X and

(1)

∥∥∥∥∥
n∑

k=1

αkek

∥∥∥∥∥ ≤ C

∥∥∥∥∥
m∑
k=1

αkek

∥∥∥∥∥
for some C > 0 and all m ≥ n and scalars α1, . . . , αm.

Proof. The implication ⇐ is proved above.
In order to prove the implication ⇒, define operators Sn : X → X by

Snx =
n∑

k=1

αkek, if x =
∞∑
k=1

αkek.

Introduce a new norm ‖ · ‖′ on X by

‖x‖′ = sup
n
‖Snx‖.

Since Snx → x as n → ∞, this is indeed a well-defined norm and ‖x‖ ≤ ‖x‖′. Complete
(X, ‖ · ‖′) to a Banach space X ′. The identity map X → X extends by continuity to a
contraction T : X ′ → X.

Observe that condition (1) is satisfied for the norm ‖ · ‖′ and C = 1. The span of the
elements ek is dense in X ′, since X is dense and for every x ∈ X we have

‖x− Snx‖′ = sup
m>n
‖Smx− Snx‖ → 0 as n→∞.

By the implication⇐ that we have already proved, it follows that {ek}∞k=1 is a Schauder basis
in X ′.

Assume now that Tx′ = 0 for some x′ ∈ X ′. Write x′ as
∑∞

k=1 αkek (with convergence
in X ′). Since T is bounded and Tek = ek, we then get

0 = Tx′ =
∞∑
n=1

αkek in X.

Since {ek}k is a Schauder basis in X, this is possible only if αk = 0 for all k. Hence x′ = 0
and therefore T is injective. Since T is also surjective, T is a linear isomorphism. In other
words, X is complete with respect to ‖ · ‖′.

As T = id: (X, ‖ · ‖′) → (X, ‖ · ‖) is bounded, by the open mapping theorem we conclude
that T−1 = id: (X, ‖ · ‖)→ (X, ‖ · ‖′) is bounded as well. Hence

‖Snx‖ ≤ ‖T−1‖ ‖x‖
for any x ∈ X and n ≥ 1. This gives (1) for x =

∑m
k=1 αkek and C = ‖T−1‖. �
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