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All subproblems (1a, 1b,...) carry the same weight.

Problem 1

1a

Formulate the Uniform Boundedness Principle.

1b

Let X be a locally compact space. Assume we are given functions fn (n ∈ N)
and f in C0(X) such that ∫

X
fn dµ −→

n

∫
X
f dµ (1)

for all regular complex Borel measures µ on X. Show that supn ‖fn‖ < ∞
(where ‖fn‖ denotes the supremum-norm of fn) and fn → f pointwise.

1c

Show that conversely, if fn, f ∈ C0(X) are such that supn ‖fn‖ < ∞ and

fn → f pointwise, then we have (1) for all complex Borel measures µ on X.

Problem 2

2a

Formulate the Fubini�Tonelli theorem.

2b

Consider the interval [0, 1] and the σ-algebra B of Borel subsets of [0, 1]. Let λ
and µ be the Lebesgue and counting measures, respectively, on ([0, 1],B).

(Continued on page 2.)
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(Thus µ(A) equals the number of elements of A.) Denote by D the diagonal

{(x, x)|x ∈ [0, 1]} in [0, 1]× [0, 1] and consider the characteristic function χD
of D.

Compute the integrals∫
[0,1]

(∫
[0,1]

χD(x, y)dλ(x)

)
dµ(y) and

∫
[0,1]

(∫
[0,1]

χD(x, y)dµ(y)

)
dλ(x).

Why the Fubini�Tonelli theorem does not apply in this case?

Problem 3

3a

Formulate the Radon�Nikodym theorem.

3b

Consider the measures λ and µ from Problem 2b. Show that λ� µ, but there
is no Radon�Nikodym derivative dλ

dµ . What goes wrong with the Radon�

Nikodym theorem here?

3c

Show that there is no Lebesgue decomposition of µ with respect to λ, that
is, we cannot write µ = µa + µs, with µa � λ and µs ⊥ λ.

Problem 4

Assume f : Rn → C is an integrable function and consider its Fourier

transform

f̂(ξ) =

∫
Rn

f(x)e−2πiξxdx,

where ξx denotes the scalar product ξ1x1 + · · ·+ ξnxn. For k ∈ N, consider
also the function φk on Rn de�ned by

φk(x) = kne−πk
2x2 .

4a

Show that the functions φk ∗ f are continuous and for every point of

continuity x of f we have

(φk ∗ f)(x) −→
k
f(x).

4b

Show that if f is continuous at 0 and f̂ ≥ 0, then f̂ is integrable and∫
Rn

f̂(ξ)dξ = f(0).
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