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Suppose that X is a normed space and Y is a non-zero subspace.
Let X/Y define the set of cosets r +Y with r € X'. Define addition of
cosets by (r+Y)+(:+Y) = (r+z)+Y for z, 2 € X, and multiplication
by scalars as follows a(x +Y) = ax + Y. On the vector space X/Y
define a function by ||x +Y|| = inf{|lx —y|| | y € Y'}. Show that if Y is
a closed subspace of X, then this function is a norm. Moreover, show
that if X is a Banach space then so is X/Y" with this norm.

We only prove the last statement. Write z, = [r,] for each n. Sup-
pose that {z,},>1 is a Cauchy sequence in X/Y". For each n > 1 write
=, in the form z, = x,, + Y for some representative x, in X.

Choose a subsequence z,, of z, such that for all & > 1:

1
(1) H:nkﬂ - :"kH < 7271

(use induction on k and the Cauchy property for ¢ =1/ 2k).
Next we will use induction on & to choose a sequence {x}} in X' such
that z,, =2} + /Y for all & and
Vv 1
‘ J Y
(2) [k — 2kl < pYSE

At & = 1 we use (1) and the definition of the norm of the element
Znp., — Zn, I X/Y as the infimum over y € ¥ of the norms
Ty, — yl| in X: namely we find an element y; € ¥ such that

| Ty —

1
l2ne = 20, — 41l < ll20y — Zny || + 5 <L

we let ) = r,, and 25 = x,, — y;. Note that since y; € ¥ we have
Th+Y = Tn, +Y = 24,

Assume we have 2. --- .}, with the properties that z, =2} +Y
and |2 — 2%, < 5= for 1 < j < k. Since

2oy = 2l = inf{||lan,., — 2 —yll [y €Y}
we can find an element y,,; in Y such that

1 1 1 1
HJ'”L-H — 12 —_ .I/I.'+1H S “:"k+l - :nA-H + —‘)_/\‘ S a— + ‘)_I. = -f)_lj

T, ! —
We let )| = Tn, ) — Yk+1-




Thus wihiawe .a<sequenee-{x,} in X whici.Safsfies (2), so it is a
Cauchy sequence. Since X is a Banach space, {z}} is convergent to an
element z in X.

We claim that x4+ Y is a limit for the subsequence {z,, }; indeed, we
use that

2 = (z + Y| < iz — =],
so convergence to 0 of the right hand side implies convergence to 0 of
the left hand side. Thus we have a convergent subsequence of a Cauchy
sequence, so the Cauchy sequence {z,} that we started with must as
well be convergent with limit the element z + Y in X/Y.




