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Proposition We have that (!(N) is the dual of ¢y(N). More precisely, the following
statements hold:
(1) For each x = {x;};>1 in (}(N). the map ¢, : ¢o(N) — C given by
po(y) = Y _ yjx; for each y = {y,};1 € co(N)
j=1

is a bounded linear functional;

(2) Every element ¢ in (co(N))* is of the form ¢, for an element x = {x;};>1 in
(Y(N):

(3) The assignment = — , is an isometric isomorphism of ¢ HN) to (ey(N))* =
B(cg(N),C).

Proof: That ¢, is well-defined. meaning that 2;1 yjr; is summable for any @ € { I(N)
and any y € c(N) follows from Hélder's inequality applied to the counting measure on
N. Then verify ¢, (ay+bz) = ap.(y)+be.(2) for scalars a. b and sequences y = {y;}.z =
{z,} converging to zero. From |¢.(y)| < [lx|li - ly[l~ it follows that ©, is in (co(N))* for
each fixed r. with ||| < l|x]:-

Next we show surjectivity, so let ¢ € ¢o(N))*. We must find a sequence x € (Y(N) such
that ¢.(y) = o(y) for every y € ¢o(N). For every n > 1. let e'™) be the sequence whose
only non-zero entry is the n'th entry equaling 1, for all n > 1. Clearly, e € ¢p(N) for
each n > 1. Define x, = o(e") for cach n > 1. We claim that r € ( H(N). Choose for

every j a complex number a; of modulus 1 such that a;r; = |r;|. Note that for each
N > 1, the sequence (o, ..., ay.0.0....) is in ¢s(N) and has norm 1. Using linearity
and continuity of ¢ we get
N N N
| = VT — hled
0< E lr;| = E Ty = E a;o(e’)
i=1 i=1 i=t
N N
— oy — ol :
= of E a;e’) = ol E a;el)] < ol
j=1 j=1

Letting N — oc shows that |lz|; < ||¢]|. and proves our claim. Now take y € co(N).
For N > 1 the sequence y~ = (y;..... yn.0.0...) is in cg(N). Moreover, vou can verify
that limy_~ ||y — ¥ ||~ = 0. By linearity and continuity of ¢ we have

N
o(y) = o(limy™) = limo(y") = lim 6)(2 yse’)
N ‘ N "~
= lim Z‘T y;0(e’) = lim ; yitj = Z 2y = ealy).
From here, ¢, = 0. showing surjectivity, and |lz||; < ||o]| = |l@.|l < ll«]1. showing that

the assignment is isometric.



