EXERCISES 10

Excercise 1 (Properties of conditional typical sequences). Consider a joint prob-
ability distribution pap € P (X4 x £p) and let T, (pas|z1,...,2,) denote the
e-typical strings conditioned on (z1,...,z,) € ¥’ as defined in the lecture. Show
the following:

(1) For all € > 0 we have
i > > paB(T1,y1) - PAB(Tn, Yn) = 1.
Z15ee s Tn €5 Y1, Yn€Tn, e (PAB|ZT1,0.,T0n)

Hint: Consider the function f: 34 x ¥p — [0, 00) defined by

fary) = {alog(p(w,y))ﬂog(m(x)) i)ftizv,vyi:;()

and consider the random variable f(X,Y) where (X,Y) is distributed ac-
cording to pap. Compute the expected value of f(X,Y), and apply the
weak law of large numbers.

(2) For all n € N and all € > 0 we have

Z pa(@1) - pal@n)Tne(papley, ... x,)| < 2nHPap)=Hpa)te),

Excercise 2 (Properties of conditional typical projections). For any ensemble
{pa(z), pz}ecs, let Ay, . .. . denote the projection onto the e-typical subspace
conditioned on 1, ...,z,. Show the following:

(1) For all € > 0 we have
nh—>H;o ZGEW pa(ey)- 'pA(xn)<Ax1,m>zn,e7pm1 ® @ pz,)Hs = 1.
Z1,..,Tn €D

(2) For all n € N and all € > 0 we have

S pal@) o palen) Tr[Aar s < o (Zues, pa(@)H(ps)te)
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Excercise 3. Without using the HSW-theorem, prove that
C(T®*) = kC(T),
for any k € N and any quantum channel T': B(Ha) — B(Hp).

Excercise 4 (Holevo information of quantum channels). Consider the Holevo in-
formation x(T') of a quantum channel T': B(H4) — B(Hp). We will show that

X(T) = x ({p(x), T(pz)}zex) ,

for some ensemble {p(z), pr}zex of quantum states p, € D(H,), a probability
distribution p € P (X) for an alphabet ¥ satisfying |3| < dim(H.)?.

(1) Consider a quantum state o € D(H) and fix a finite alphabet 3. Show that
the set CQx(0) of classical-quantum states

(1) pe = Y pl@)le)z| ® pe,
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for p € P(Xy) and p, € D(H) such that pg = > xp(x)pe = 0 is
compact and convex. What about the set CQx of classical-quantum states
of the form (1) without any restriction on the marginal state pg?

(2) Show that any extreme point pcq of the set CQs (o) has the form (1) with
Hz € By : p(z) # 0} <1k (o) < dim(H)?.

(3) Conclude that the Holevo quantity x(7') is attained as stated above.



