EXERCISES 13

Excercise 1 (The erasure channel). The qubit erasure channel E\ : B(C?) —
B(C?) with erasure probability A € [0,1] is given by

Ex(X)=(1-XX @0+ ATr[X][3)3],

where for X = (Xj;);,; we have

X1 X2 0
X®0=1]X91 Xoo 0 ,
0 0 0
and
0 0 O
3Y3]=10 0 0
0 0 1

(1) Compute a Stinespring dilation and a complementary channel of E}.
(2) Show that E) is antidegradable, whenever A > 1/2.
(3) Is Y3 0 Ey /5 completely positive?

Excercise 2 (A fidelity lemma). We want to show that

1+ F(p,0) = TE%%;[(A) (F(p, 7)2 + F(o, 7-)2) 7

for all quantum states p,o € D(H.4). For this, we follow the steps below:
(1) Let H denote a complex Euclidean space. Show that

IfoXo] + [w)wllleo =1+ [(v]w)],

for any pair of normalized vectors |v), |w) € H.
(2) Now, find purifications |ga),|dra) € HE ® Ha of p and o, respectively,
such that

F(p,0) = [(Ypaldra)l,
and choose

7 ="Trg[lvealveall,
where |[ygpa) € He ® Ha is the normalized vector satisfying

(YEAl ([VEAXYEA| + |0EANOEA]) [YEA) = [VEANVEA] + |9EANPEA] 00
Show that 7 satisfies
1+ F(p,0) < F(,o77')2 + F(o, 7)2.

Hint: Remember Uhlmann’s theorem.

(3) Consider now an arbitrary quantum state 7 € D(H 4). Show that there are
purifications |[Yga), |dra),|YEA) € HE ® Ha of p,o and 7, respectively,
such that

|(YealvEa)l = F(p, )
(bEalvEa)l = F(0,T).
Use those to show that

L+ F(p,0) = F(p,7)* + F(o,7)%.
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2 EXERCISES 13

Excercise 3 (Technical lemma). Let H,H’ denote complex Euclidean spaces and
consider a quantum channel 7' : B (H') — B(H) satisfying

F (wy, (idpay ® T) (|oX0]) =1 -4,
for some pure state |¢) € H ® H'. Show that there exists a number r < dim(H)
and a pure state |2,) € H @ H of the form

I =
) = W;m ® |a;)

for some orthonormal set {|a;)}/_; C H, and a quantum channel E : B(H) —
B(H') with
F (@i (idpo © T o E) (2, )8]) > 1 4.
You may follow the steps below:
(1) Consider the Schmidt decomposition

6) =Y Ailai) @ [bs),
i=1
and define
- 1 e
== a;) ® |b;).
9= 7z s e b
Using the data-processing inequality of the fidelity for the partial trace,
show that
. 2
F (16481, lo)el) > 1.

(2) Use the fidelity lemma from exercise 2 on this sheet to show that
1+ F (wr, (g @ T) (10)91) ) > 201 - 9)°.
(3) Find a quantum channel E such that
(idw ® B) (12X ]) = |9},

and conclude the desired lemma.

Excercise 4 (Decoupling implies code). Consider a quantum channel T : B(H4) —
B(Hp) with Stinespring isometry V : H4 — Hp ® Hp and a pure state |¢pra) €
Hr ® H for some complex Euclidean space Hg. For the pure state

[WREBY = (1R @ V)|¢ra) € HrR @ Hp © Hp

we assume that
1r
dim(Hg)

for some 7% € D(Hg). Show that under these assumptions there exists a quantum
channel D : B(Hp) — B(Hgr) satisfying

F(wg, (idg ® Do T) (|p™ )6 ]) > 1 — e

Hint: Consider two purifications of

| T [[ 5 EP] — @71 <

LY SR>

dim(HRg)
The first one by applying Uhlmann’s theorem for the fidelity with the quantum
state Trp [["FB) (¢ *EB|] and the second one by purifying the two tensor factors
separately. Then, use a previous exercise to relate the two purifying systems by a

quantum channel to construct the quantum channel D.



