
EXERCISES 13

Excercise 1 (The erasure channel). The qubit erasure channel Eλ : B(C2) →
B(C3) with erasure probability λ ∈ [0, 1] is given by

Eλ(X) = (1− λ)X ⊕ 0 + λTr [X] |3〉〈3|,

where for X = (Xij)i,j we have

X ⊕ 0 =

X11 X12 0
X21 X22 0

0 0 0

 ,

and

|3〉〈3| =

0 0 0
0 0 0
0 0 1


(1) Compute a Stinespring dilation and a complementary channel of Eλ.
(2) Show that Eλ is antidegradable, whenever λ > 1/2.
(3) Is ϑ3 ◦ E1/2 completely positive?

Proof. (1) Consider the isometry V : C2 → C3 given by

W1 =

1 0
0 1
0 0

 ,

and note that

W1XW
†
1 = X ⊕ 0 ∈ B(C3),

for any X ∈ B(C2). Moreover, consider the operators

W2 =

0 0
0 0
1 0

 and W3 =

0 0
0 0
0 1

 ,

and note that

W2XW
†
2 +W3XW

†
3 = Tr [X] |3〉〈3|.

We find that

Eλ(X) = (1− λ)W1XW
†
1 + λW2XW

†
2 + λW3XW

†
3 ,

and therefore we have a Kraus decomposition with Kraus operators

K1 =
√

1− λW1

K1 =
√
λW2

K1 =
√
λW3.

Now, a Stinespring isometry for Eλ can be constructed as

V =

K1

K2

K3

 ∈ B(C2,C3 ⊗C3).
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We can verify that

V XV † =

K1XK
†
1 K1XK

†
2 K1XK

†
3

K2XK
†
1 K2XK

†
2 K2XK

†
3

K3XK
†
1 K3XK

†
2 K3XK

†
3

 ,

and a complementary quantum channel is given by

Ecλ(X) =


Tr
[
K1XK

†
1

]
Tr
[
K1XK

†
2

]
Tr
[
K1XK

†
3

]
Tr
[
K2XK

†
1

]
Tr
[
K2XK

†
2

]
Tr
[
K2XK

†
3

]
Tr
[
K3XK

†
1

]
Tr
[
K3XK

†
2

]
Tr
[
K3XK

†
3

]


Using the particular form of the operators K1,K2 and K3 it is easy to verify
that

Ecλ(X) =

(1− λ) Tr [X] 0 0
0 λX11 λX12

0 λX21 λX22

 .

(2) Consider the unitary U : C3 → C3 permuting the computational basis
vectors as

U |1〉 = |3〉, U |2〉 = |1〉, U |3〉 = |2〉,

and note that

AdU ◦Ecλ(X) =

λX11 λX12 0
λX21 λX22 0

0 0 (1− λ) Tr [X]

 = E(1−λ)(X).

Next, consider a quantum channel Dµ : B(C3)→ B(C3) given by

Dµ(Y ) = µY + (1− µ) Tr [Y ] |3〉〈3|,

and note that

Dµ ◦AdU ◦Ecλ(X) = E1−λµ(X).

For λ > 1/2 it is easy to see that λ = 1− λµ for

µ =
1

λ
− 1 ∈ [0, 1] .

We conclude that Eλ for λ > 1/2 is antidegradable.
(3) The positive map ϑ3 ◦ E1/2 is not completely positive, since projecting its

image to span{|1〉, |2〉} is a non-zero multiple of the transpose map.
�

Excercise 2 (A fidelity lemma). We want to show that

1 + F (ρ, σ) = max
τ∈D(HA)

(
F (ρ, τ)2 + F (σ, τ)2

)
,

for all quantum states ρ, σ ∈ D(HA). For this, we follow the steps below:

(1) Let H denote a complex Euclidean space. Show that

‖|v〉〈v|+ |w〉〈w|‖∞ = 1 + |〈v|w〉|,

for any pair of normalized vectors |v〉, |w〉 ∈ H.
(2) Now, find purifications |ψEA〉, |φEA〉 ∈ HE ⊗HA of ρ and σ, respectively,

such that

F (ρ, σ) = |〈ψEA|φEA〉|,
and choose

τ = TrE [|γEA〉〈γEA|] ,
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where |γEA〉 ∈ HE ⊗HA is the normalized vector satisfying

〈γEA| (|ψEA〉〈ψEA|+ |φEA〉〈φEA|) |γEA〉 = ‖|ψEA〉〈ψEA|+ |φEA〉〈φEA|‖∞.
Show that τ satisfies

1 + F (ρ, σ) 6 F (ρ, τ)2 + F (σ, τ)2.

Hint: Remember Uhlmann’s theorem.

Theorem 0.1 (Uhlmann’s theorem). Let HA,HE denote complex Eu-
clidean spaces and ρ, σ ∈ D(HA) two quantum states. For any normalized
vector |ψEA〉 ∈ HE ⊗HA satisfying TrE [|ψEA〉〈ψEA|] = ρ, we have

F (ρ, σ) = max{|〈ψEA|φEA〉| : TrE [|φEA〉〈φEA|] = σ}.

(3) Consider now an arbitrary quantum state τ ∈ D(HA). Show that there are
purifications |ψEA〉, |φEA〉, |γEA〉 ∈ HE ⊗ HA of ρ, σ and τ , respectively,
such that

|〈ψEA|γEA〉| = F (ρ, τ)

|〈φEA|γEA〉| = F (σ, τ).

Use those to show that

1 + F (ρ, σ) > F (ρ, τ)2 + F (σ, τ)2.

Proof. (1) Consider a pair of normalized vectors |v〉, |w〉 ∈ H.
(2) By Uhlmann’s theorem there exist purifications |ψEA〉, |φEA〉 ∈ HE ⊗HA

of ρ and σ, respectively, such that

F (ρ, σ) = |〈ψEA|φEA〉|.
We choose

τ = TrE [|γEA〉〈γEA|] ,
where |γEA〉 ∈ HE ⊗HA is the normalized (eigen-)vector satisfying

〈γEA| (|ψEA〉〈ψEA|+ |φEA〉〈φEA|) |γEA〉 = ‖|ψEA〉〈ψEA|+ |φEA〉〈φEA|‖∞.
Now, we find that

1 + F (ρ, σ) = 1 + |〈ψEA|φEA〉| = ‖|ψEA〉〈ψEA|+ |φEA〉〈φEA|‖∞
= 〈γEA| (|ψEA〉〈ψEA|+ |φEA〉〈φEA|) |γEA〉
= |〈γEA|ψEA〉|2 + |〈γEA|φEA〉|2

6 F (ρ, τ)2 + F (σ, τ)2,

where we used Uhlmann’s theorem for the final inequality.
(3) Consider now an arbitrary quantum state τ ∈ D(HA). By Uhlmann’s

theorem there are purifications |ψEA〉, |φEA〉, |γEA〉 ∈ HE ⊗HA of ρ, σ and
τ , respectively, such that

|〈ψEA|γEA〉| = F (ρ, τ)

|〈φEA|γEA〉| = F (σ, τ).

By Uhlmann’s theorem we have

1 + F (ρ, σ) > 1 + |〈ψEA|φEA〉| = ‖|ψEA〉〈ψEA|+ |φEA〉〈φEA|‖∞
> 〈γEA| (|ψEA〉〈ψEA|+ |φEA〉〈φEA|) |γEA〉
= F (ρ, τ)2 + F (σ, τ)2.

This finishes the proof.
�
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Excercise 3 (Technical lemma). Let H,H′ denote complex Euclidean spaces and
consider a quantum channel T : B (H′)→ B(H) satisfying

F
(
ωH, (idB(H) ⊗ T ) (|φ〉〈φ|)

)
> 1− δ,

for some pure state |φ〉 ∈ H ⊗ H′. Show that there exists a number r 6 dim(H)
and a pure state |Ωr〉 ∈ H ⊗H of the form

|Ωr〉 =
1√
r

r∑
i=1

|ai〉 ⊗ |ai〉

for some orthonormal set {|ai〉}ri=1 ⊂ H, and a quantum channel E : B(H) →
B(H′) with

F
(
ωH, (idB(H) ⊗ T ◦ E) (|Ωr〉〈Ωr|)

)
> 1− 4δ.

You may follow the steps below:

(1) Consider the Schmidt decomposition

|φ〉 =

r∑
i=1

λi|ai〉 ⊗ |bi〉,

and define

|φ̃〉 =
1√
r

r∑
i=1

|ai〉 ⊗ |bi〉.

Using the data-processing inequality of the fidelity for the partial trace,
show that

F
(
|φ̃〉〈φ̃|, |φ〉〈φ|

)2
> 1− δ.

(2) Use the fidelity lemma from exercise 2 on this sheet to show that

1 + F
(
ωH′ , (idB(H′) ⊗ T )

(
|φ̃〉〈φ̃|

))
> 2(1− δ)2.

(3) Find a quantum channel E such that

(idH ⊗ E) (|Ωr〉〈Ωr|) = |φ̃〉〈φ̃|,
and conclude the desired lemma.

Proof. Consider a pure quantum state |φ〉 ∈ H′ ⊗H satisfying

F
(
ωH′ , (idB(H′) ⊗ T ) (|φ〉〈φ|)

)
> 1− δ,

and consider the Schmidt decomposition

|φ〉 =

r∑
i=1

λi|ai〉 ⊗ |bi〉,

with λi > 0 satisfying
∑r
i=1 λ

2
i = 1 and orthonormal sets {|ai〉}ri=1 ⊂ H′ and

{|bi〉}ri=1 ⊂ H. Next, consider the pure state

|φ̃〉 =
1√
r

r∑
i=1

|ai〉 ⊗ |bi〉.

(1) We have

F
(
|φ̃〉〈φ̃|, |φ〉〈φ|

)2
= |〈φ̃|φ〉|2 =

(
r∑
i=1

λi√
r

)2

> 1− δ,

since (by using the data-processing inequality) we have(
r∑
i=1

λi√
r

)2

>

(
r∑
i=1

λi√
d

)2

= F (
1

d
1H,TrB(H) [|φ〉〈φ|]) > F

(
ωH′ , (idB(H′) ⊗ T ) (|φ〉〈φ|)

)
> 1−δ.
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(2) By Exercise 2 and the data-processing inequality for the fidelity, we have

1 + F
(
ωH′ , (idB(H′) ⊗ T )

(
|φ̃〉〈φ̃|

))
> F

(
ωH′ , (idB(H′) ⊗ T ) (|φ〉〈φ|)

)2
+ F

(
(idB(H′) ⊗ T )

(
|φ̃〉〈φ̃|

)
, (idB(H′) ⊗ T ) (|φ〉〈φ|)

)2
> F

(
ωH′ , (idB(H′) ⊗ T ) (|φ〉〈φ|)

)2
+ F

(
|φ̃〉〈φ̃|, |φ〉〈φ|

)2
> 2(1− δ)2,

We conclude that

F
(
ωH′ , (idB(H′) ⊗ T )

(
|φ̃〉〈φ̃|

))
> 1− 4δ.

(3) Finally, consider the operator

V =

r∑
i=1

|bi〉〈ai| ∈ B(H,H′)

and define E : B(H)→ B(H′) by

E(X) = V XV † + Tr
[
(1H − V †V )X

]
.

Then, we have

(idH ⊗ E) (|Ωr〉〈Ωr|) = |φ̃〉〈φ̃|,
and the statement of the lemma follows.

�

Excercise 4 (Decoupling implies code). Consider a quantum channel T : B(HA)→
B(HB) with Stinespring isometry V : HA → HE ⊗ HB and a pure state |φRA〉 ∈
HR ⊗HA for some complex Euclidean space HR. For the pure state

|ψREB〉 = (1R ⊗ V )|φRA〉 ∈ HR ⊗HE ⊗HB
we assume that

‖TrB
[
|ψREB〉〈ψREB |

]
− 1R

dim(HR)
⊗ τE‖1 6 ε,

for some τE ∈ D(HE). Show that under these assumptions there exists a quantum
channel D : B(HB)→ B(HR) satisfying

F (ωR, (idR ⊗D ◦ T )
(
|φRA〉〈φRA|

)
> 1− 1

2
ε.

Hint: Consider two purifications of

1R

dim(HR)
⊗ τE .

The first one by applying Uhlmann’s theorem for the fidelity with the quantum
state TrB

[
|ψREB〉〈ψREB |

]
and the second one by purifying the two tensor factors

separately. Then, use a previous exercise to relate the two purifying systems by a
quantum channel to construct the quantum channel D.

Proof. As in the hint, we consider two purifications of the quantum state

1R

dim(HR)
⊗ τE ∈ D (HR ⊗HE) .

The first purification |αREB〉 ∈ HR ⊗HE ⊗HB satisfies

F

(
TrB

[
|ψREB〉〈ψREB |

]
,

1R

dim(HR)
⊗ τE

)
= |〈ψREB |αREB〉|,
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and its existence follows from Uhlmann’s theorem. The second purification |βRR′EE′〉 ∈
HR ⊗HR ⊗HE ⊗HE is given by

|βRR
′EE′
〉 = |ΩR〉 ⊗ |φEE

′
〉,

where |ΩR〉 ∈ HR ⊗HR denotes the (normalized) maximally entangled state, and

|φEE′〉 ∈ HE ⊗ HE some purification of τE . By construction, these purifications
satisfy

1R

dim(HR)
⊗ τE = TrB

[
|αREB〉〈αREB |

]
= TrR′E′

[
|βRR

′EE′
〉〈βRR

′EE′
|
]
,

and by exercise 3 on sheet 7, we find a quantum channel S : B(HB)→ B(HR⊗HE)
such that

(idRE ⊗ S)
(
|αREB〉〈αREB |

)
= |βRR

′EE′
〉〈βRR

′EE′
|.

Setting D = TrE ◦S, we can verify that

F (ωR, (idR ⊗D ◦ T )
(
|φRA〉〈φRA|

)
> F (|βRR

′EE′
〉〈βRR

′EE′
|, (idRE ⊗ S)

(
|ψREB〉〈ψREB |

)
= F ((idRE ⊗ S)

(
|αREB〉〈αREB |

)
, (idRE ⊗ S)

(
|ψREB〉〈ψREB |

)
> F

(
|αREB〉〈αREB |, |ψREB〉〈ψREB |

)
,

where we used the monotonicity of the fidelity under partial traces in the first
inequality, and the monotonicity of the fidelity under quantum channels in the
second inequality. We continue as follows:

F
(
|αREB〉〈αREB |, |ψREB〉〈ψREB |

)
= |〈αREB |ψREB〉|

= F

(
TrB

[
|ψREB〉〈ψREB |

]
,

1R

dim(HR)
⊗ τE

)
> 1− 1

2
‖TrB

[
|ψREB〉〈ψREB |

]
− 1R

dim(HR)
⊗ τE‖1

> 1− 1

2
ε.

We conclude that

F (ωR, (idR ⊗D ◦ T )
(
|φRA〉〈φRA|

)
> 1− 1

2
ε,

which finishes the proof. �


