Excercise 1 (The erasure channel). The qubit erasure channel E)

EXERCISES 13

B(C?) with erasure probability A € [0,1] is given by

Ex(X) = (1— A)X @0+ ATr[X]|3)3],

where for X = (X,;); ; we have

and

Xuu X2 0
X®0=|Xo1 X9 0],
0 0 0
0 0 O
3Y3|=10 0 0
0 0 1

: B(C?) —

(1) Compute a Stinespring dilation and a complementary channel of E}.
(2) Show that E) is antidegradable, whenever A > 1/2.
(3) Is 93 0 Ey /5 completely positive?

Proof.

(1) Consider the isometry V : ©? — €3 given by

o

1
Wi=10 1],
0 0

and note that
Wi XW] =X a0 e B(C?,

for any X € B(C?). Moreover, consider the operators

0 0 0 0
Wo=10 0 and W3=1[(0 0],
1 0 0 1

and note that
WoX Wi + WsXWd = Tr[X][3)3].
We find that

Ex(X) = (1= Wi XW] + AWoXWJ + AW X W,

and therefore we have a Kraus decomposition with Kraus operators

K =v1-AW;
K1 = VAW,
Kl - \/XW::,

Now, a Stinespring isometry for F) can be constructed as

K,
V=|K| e B{€C?>C>2C?.
K3
1
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We can verify that

KiXK! K\XK] K XK]
VXV = | KoX K] Ko XK Ko XKD,
KsXK! KsXKI KsXK]

and a complementary quantum channel is given by
Tr K\ XK Tr|Ki XK]| Tr|K XK]
ES(X)= | Tr |[KoXK]| Tr|K.XKS| Tr|KXK]
Tr |KsXKI| Tr|KsXK]| Tr|KsXK]

Using the particular form of the operators K1, K5 and K3 it is easy to verify

that
(1=X)Tr[X] 0 0
ES{(X) = 0 AX11 AX1e
0 AXo1 AXao
(2) Consider the unitary U : €C* — €3 permuting the computational basis
vectors as

Uty =13), Ul2)=11), U[3)=12),
and note that

)\Xll )\Xlg 0
AdU OEi (X) = )\X21 /\X22 0 = E(l_)\) (X)
0 0 (1-X\)Tr[X]

Next, consider a quantum channel D,, : B(C?) — B(C?) given by
Dy(Y) = pY + (1 — p) Tr [Y][3X3],
and note that
D, 0 Ady oFS(X) = By, (X).
For A\ > 1/2 it is easy to see that A = 1 — Ay for

1
=——1¢o,1].
p= € [0,1]

We conclude that F) for A > 1/2 is antidegradable.
(3) The positive map 93 o E1 /5 is not completely positive, since projecting its
image to span{|1),|2)} is a non-zero multiple of the transpose map.
O

Excercise 2 (A fidelity lemma). We want to show that

1+ F(p,0) = TEIB??){(A) (F(p, 7—)2 + F(o, 7—)2) 7

for all quantum states p,o € D(H ). For this, we follow the steps below:
(1) Let H denote a complex Euclidean space. Show that

IfoXo] + Jw)wllleo =1+ [(v]w)],

for any pair of normalized vectors |v), |w) € H.
(2) Now, find purifications |¢Yga),|dra) € Hg @ Ha of p and o, respectively,
such that

F(p,0) = [(YEalpra)l,
and choose

7 =Trg [[va)vEAll,
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where |ypa) € Hg ® Ha is the normalized vector satisfying
(veAl ([WEAKYEA] + |9EANGEA|) [VEA) = [WEAXYEA] + |9EANOEAl 0 -
Show that 7 satisfies
14 F(p,0) < Flp,7)? + Flo, )2
Hint: Remember Uhlmann’s theorem.

Theorem 0.1 (Uhlmann’s theorem). Let Ha,Hg denote complex Fu-
clidean spaces and p,o € D(Ha) two quantum states. For any normalized
vector |Ypa) € Hp @ Ha satisfying Trg [[Wpa)XvEall = p, we have

F(p,0) =max{|(Ypalora)| : TrellopaXorpall = o}

(3) Consider now an arbitrary quantum state 7 € D(H 4). Show that there are
purifications |[Yga), |dra), | YEA) € HE ® Ha of p,o and 7, respectively,
such that

[(VEalvEa)
(pEAlvEA)
Use those to show that

L+ F(p,0) = F(p,7)* + F(o,7)*.

(p,T)
o, T

|=F
| = F(o,7).

Proof. (1) Consider a pair of normalized vectors |v), |w) € H.
(2) By Uhlmann’s theorem there exist purifications |[Yga),|¢Ea) € He @ Ha
of p and o, respectively, such that

F(p,0) = [(Yral¢ra)l.

We choose
7 ="Trg [[vpa)veall,
where |[ygpa) € HE ® H4 is the normalized (eigen-)vector satisfying
(veal ([YEANYEA| + |0BANGEA|) IYEA) = [[[YEAXYEA| + [S54XDEAlllo0-
Now, we find that
1+ F(p,0) =14 [(Ypaldpa)| = [[WpaX¥Eal + |0pANPEAlll0
= (ypal ([YpAXVBA| + [6EANGBA]) [YEA)
= (vpalvpa)? + (vpalépa)l®
< F(p,7)* + Fo,7)*,
where we used Uhlmann’s theorem for the final inequality.
(3) Consider now an arbitrary quantum state 7 € D(H4). By Uhlmann’s

theorem there are purifications |[Vga), |¢pa), |[vEA) € HE® H A of p,o and
T, respectively, such that

[(YealvEa)l = F(p,7)
(¢palvea)l = F(o, 7).
By Uhlmann’s theorem we have
1+ F(p,0) 2 1+ [(Ypaldpa)l = [[[Vea)XvEal + [¢paXdpallls
2 (veal ([YpA)VEAl + |0BANOEA]) [VEA)
= F(p, 7)2 + F(o, 7)2.

This finishes the proof.
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Excercise 3 (Technical lemma). Let H,H’ denote complex Euclidean spaces and
consider a quantum channel 7' : B (H') — B(H) satisfying

F (wy, (idpao @ T) (loX8])) =1 -4,

for some pure state |¢) € H ® H'. Show that there exists a number r < dim(H)
and a pure state |Q2,) € H @ H of the form

S INDEL

for some orthonormal set {|a;)};_; C H, and a quantum channel E : B(H) —
B(H') with
F (wns (idny © T 0 B) (12,40])) > 1 - 46
You may follow the steps below:
(1) Consider the Schmidt decomposition

=S e b,
i=1
and define
I =
Tl )

Using the data-processing inequality of the fidelity for the partial trace,
show that

F (10431, 6¥al) > 16

(2) Use the fidelity lemma from exercise 2 on this sheet to show that

1+ F (wi, (idpoe) @ 7) (16)491) ) > 2(1 - 9)*.
(3) Find a quantum channel E such that

(idy ® E) (12, )X]) = |$Xl,
and conclude the desired lemma.

Proof. Consider a pure quantum state |¢) € H' @ H satisfying
F (ww, (idpeey @ T) (I9Xe]) =1~

and consider the Schmidt decomposition

¢) = Aiai) ® |bs),
=1

with A; > 0 satisfying >.;_, A? = 1 and orthonormal sets {|a;)}/_, C H' and
{|bi)};_; C H. Next, consider the pure state

= %Zm@ |b;).

(1) We have

F (18431, 10%e1)” =Bl (Z f) >1-3,

since (by using the data-processing inequality) we have

- 2 - 2
<Z }) > <Z f/g) — P Top [9)61) > F (we (dpoe & T) (6)6D) > 1-
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(2) By Exercise 2 and the data-processing inequality for the fidelity, we have
wie, (idpey @ T) (16)9]))

1+F (

P (wre (idagey © T) (16461) + F (e © 7) (1041 . (oo © T) (16Xa))
> F(

>2(1—

wrr (o) © T) (10KeD)” + F (19461, [o)e)
5)?,
We conclude that
F (wrr, (idpoey @ T) (10)9]) ) > 1 46.
(3) Finally, consider the operator
V= 27: |b;)a;| € B(H,H")
i=1
and define E : B(H) — B(H') by
E(X)=VXVI +Tr 1y - VIV)X].

Then, we have

(idw ® E) (|2 X2 |) = )],
and the statement of the lemma follows.

O

Excercise 4 (Decoupling implies code). Consider a quantum channel T : B(H4) —
B(Hp) with Stinespring isometry V : Ha — Hp ® Hp and a pure state |¢pra) €
Hr ® H for some complex Euclidean space Hg. For the pure state

[WIEBY = (1r @ V)|pra) € Hr @ HE @ Hp

we assume that

1r
dim(Hg)
for some 7% € D(Hg). Show that under these assumptions there exists a quantum
channel D : B(Hp) — B(HRr) satisfying

| Trp [[0 " FB ) EB|] — 27F|1 <

F(wg, (idr @ Do T) (|¢")Xo" ) > 1 - 5

Hint: Consider two purifications of
1r E
Q7.
dim(HR)

The first one by applying Uhlmann’s theorem for the fidelity with the quantum
state Trp [|1/1REB Wy REB |] and the second one by purifying the two tensor factors
separately. Then, use a previous exercise to relate the two purifying systems by a
quantum channel to construct the quantum channel D.

Proof. As in the hint, we consider two purifications of the quantum state
1g

dim(HR)

The first purification |a®FP) € Hp @ Hp ® Hp satisfies

P (1o [WPPP 0P T @ 1) = (6P R

@7P e D(Hr ® HE).
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and its existence follows from Uhlmann’s theorem. The second purification | BRRlE E /> €

Hr @ Hr @ Hg ® HE is given by
877FF) = ) 01657,
where |Qr) € Hr ® Hp denotes the (normalized) maximally entangled state, and

|pFE") € Hp @ Hg some purification of 72, By construction, these purifications
satisfy

dmjl(I;{R) ®7F =Trp [|aREB><aREBH = Trp |:|6RR’EE’><ﬁRR’EE"] 7
and by exercise 3 on sheet 7, we find a quantum channel S : B(Hp) - B(Hr®HE)
such that
(idrs ® S) (|aREB><aREB|) _ IBRR’EE’XIBRR/EE".

Setting D = Trg oS, we can verify that

F(wg, (idg ® Do T) (|¢™4) ™))

> F(BRREENFRIEE (idrp @ S) (PP Y0 EP))

= F((idrp ® S) (|a™*PNaP]) , (idrp © 8) (W FE ) )

S F (|aREB><aREB|’ |,(/}REB><¢REB|) )
where we used the monotonicity of the fidelity under partial traces in the first

inequality, and the monotonicity of the fidelity under quantum channels in the
second inequality. We continue as follows:

F (|O[REB><O[RE‘B|7 |’(/}REB><1/}REB|) — |<aREB|¢RE‘B>|

= £ (Tea [P g o)

“dim(Hg
1 1
S>q1_ =+ REB\/, REB|] _ R E
> 1 51 Tea [0SR0 "E]) - 5,
1
21_56

We conclude that
. 1
F(wr, (idg ® Do T) (|64} ™)) = 1 - €
which finishes the proof. O



