EXERCISES 6

Excercise 1 (Further properties of the fidelity). In the following, let H denote a complex
Euclidean space. For positive operators X,Y € B(H)" we define the fidelity by

F(X,Y) = |X2Y3 ..
Show the following statements:
(1) For any a,b € R and all normalized vectors |), |¢) € H we have

llal)el —bloXollls = /(a +b)% — dabl([¢)[>.
What has this to do with the fidelity?
(2) For all positive operators X,Y € B(H)" we have F(X,YXY) = (X,Y)us.
(3) Consider a quantum state p € D(#) and a positive operator X € B(H)" satisfy-
ing X <1y and (X, p)us > 0. Then, we have

F (5 Y5 > VX

(X, p)us
This is also called the “gentle measurement lemma”. Can you explain why?

Excercise 2 (The completely depolarizing channel). Consider the completely depolarizing

channel A : B(C?) — B(C?) given by
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(1) Show that there exist unitary operators {U,...,Uzp} CU ((Dd) such that

A(X) = Tr[X] =¢2.
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(2) Consider a quantum channel T : B(C%4) — B(C?8). Show that there exists a
pure quantum state | eg)Xv¥EB| € Proj (CdE ® CdB) for some dg € N such that
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for some unitaries {U7', ..., U;é} cu (CdA) and {V{%,..., Vd}%} cu (CdE), and

some unitary W € U (C?4 @ C?E @ C5).
Excercise 3 (Uhlmann’s theorem). Let Ha, Hr denote complex Euclidean spaces and

p,0 € D(Ha) two quantum states. Consider a normalized vector |pa) € HE @ Ha
satisfying Trg [|YEa)X¥EAa|] = p, and show that

F(p,o) = max{[(Vpal¢pa)l + Tre[|l¢pa)opal] = o}
Hint: You may use the data-processing inequality
F(T(p), T(0)) = F(p,0),

for all quantum states p,o € D(H) and all quantum channels T : B(H) — B(H'). Also
remember, that there exists an isometry V' : Ha — Hg such that (V ® 1y ,) vec (ﬁ) =
[¥Ea) by using the Schmidt decomposition.

Excercise 4 (The Schur complement and operator inequalities). Let H denote a complex
Euclidean space. For operators X,Y € B(H)" and Z € B(H) consider the block operator
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M= (X Z) € BH®H).



(1)

EXERCISES 6

Show that M > 0 if and only if ker (Y) C ker (Z) and X > ZY ~'Z' (using the
Moore-Penrose pseudoinverse).

Hint: You might need the operator

_(ly —zyT!
M_(O 1n )eB(?—L@H),

somewhere in the proof.

Consider the case where X = H? Z = H and Y = 1y for some selfadjoint
operator H € B(H)sa, and show that M € Sep (C2,’H). Now, use the previous
exercise to show that the operator inequality

P(H?) > P(H)?
holds for any unital positive map P : B(H) — B(#). This inequality is called
Kadison’s inequality.
Finally, consider the case where X = A, Z = 13 and Y = A~! for some invertible
positive operator A € B(H)" ", and show that M € Sep (Cz, 7—[) Now, show that
the operator inequality
P(A™) = P(A)™

holds for any unital positive map P : B(H) — B(#). This inequality is called
Choi’s inequality.



