
EXERCISES 7

Excercise 1 (Properties of the von Neumann entropy). For a quantum state ρ ∈ D(H)
we define the von Neumann entropy as

H(ρ) = −Tr [ρ log(ρ)] ,

where the logarithm is in base 2.

(1) Show that 0 6 H(ρ) 6 log (dim(H)). For which quantum states do we have
H(ρ) = 0 and for which quantum states do we have H(ρ) = log (dim(H))?

(2) Assume that ρ = TrB [|ψAB〉〈ψAB |] and σ = TrA [|ψAB〉〈ψAB |] for some pure state
|ψAB〉 ∈ HA ⊗HB . Show that H(ρ) = H(σ).

(3) Consider a probability distribution p ∈ P ({1, . . . , N}) and quantum states ρ1, . . . , ρN ∈
D(H). Show that

H

(
N∑
i=1

pi|i〉〈i| ⊗ ρi

)
= H(p) +

N∑
i=1

piH(ρi).

Does a similar statement hold for H(
∑N
i=1 piρi), when ρiρj = 0 for i 6= j?

Excercise 2 (Typical projectors). Consider a quantum state ρ ∈ D(H) with spectral

decomposition ρ =
∑d
x=1 p(x)|vx〉〈vx| where p ∈ P ({1, . . . , d}) is a probability distribution

and |vx〉 ∈ H. Recall the ε-typical sequences Tn,ε(p) from the first lecture, and define a
projector

Πn,ε =
∑

(x1,...,xn)∈Tn,ε(p)

|vx1〉〈vx1 | ⊗ · · · ⊗ |vxn〉〈vxn | ∈ Proj
(
H⊗n

)
.

Show the following statements:

(1) For any ε > 0 we have

Tr
[
Πn,ερ

⊗n]→ 1,

as n→∞.
(2) We have

Tr [Πn,ε] < 2nH(ρ)+ε.

(3) For every n ∈ N let Π̃n ∈ Proj
(
H⊗n

)
denote a projector such that rk

(
Π̃n

)
6 2nR

for some R < H(ρ). Show that

Tr
[
Π̃nρ

⊗n
]
→ 0,

as n→∞.

Excercise 3 (Purifications and extensions). For a quantum state ρ ∈ D(H) consider
a pure state |ψEA〉 ∈ HE ⊗ HA such that TrE [|ψEA〉〈ψEA|] = ρ. Moreover, consider a
quantum state σE′A ∈ D(HE′ ⊗HA) satisfying TrE′ [σE′A] = ρ. Show that there exists a
quantum channel S : B(HE)→ B(HE′) such that

(S ⊗ idA) (|ψEA〉〈ψEA|) = σE′A.

Hint: Express the statement using the Choi-Jamiolkowski isomorphism and assume first
that ρ is invertible.

Excercise 4 (Channel fidelity). Let H denote a complex Euclidean space. For a quantum
channel T : B(H) → B(H) and a quantum state ρ ∈ D(H) we define the channel fidelity
of T with respect to ρ as

F (T, ρ) = F ((idE ⊗ T ) (|ψEA〉〈ψEA|) , |ψEA〉〈ψEA|) ,

where |ψEA〉 = vec
(√
ρ
)
. Show the following properties of this quantity:
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(1) Assume that T =
∑N
n=1 AdKn for Kraus operators Kn ∈ B(H). Show that

F (T, ρ) =

√√√√ N∑
n=1

|〈ρ,Kn〉HS |2,

for any quantum state ρ ∈ D(H).
(2) Consider an invertible quantum state ρ ∈ D(H). Show that F (T, ρ) = 1 implies

that T = id. Is this also true when ρ is not invertible?
(3) Consider a quantum state σE′A ∈ D(HE′ ⊗HA) satisfying TrE′ [σE′A] = ρ. Show

that
F ((idE′ ⊗ T ) (σE′A) , σE′A) > F (T, ρ).

What does this imply for the quantum channel T when F (T, ρ) is close to 1?


