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Assigment: In the following, you find all 15 exercise sheets for the course.
Select one problem from each exercise sheet and submit your solution. To
pass the assignment your solutions for 10 of the problems have to be correct.
If you are very sure, then you are allowed to only submit 10 problems from
different exercise sheets in which case all of them have to be correct in order
for you to pass the assigment. If anything about these rules is unclear, please
contact me by email.

Sheet 1

Problem 1 (The relative entropy). We define the relative entropy of
probability distributions p,q € P (X) as

[ Cuesp(x)log (58, if supp(p) < supp(q)
D (plla) = .
—+00 , otherwise.

The relative entropy measures statistical difference and it is closely related
to other entropic quantities. In this exercise, you will prove some important
properties of the relative entropy and use them to determine properties of
the Shannon entropy and the mutual information.

1. For positive numbers ay,...,aq € Rt and by,...,by € RT show that

d o d S g,
a; log (Z) > ( a,-) log ( i=1 Z) i
iz::l bi ; Z?:l bi

Hint: Reformulate this inequality using the variables

b; a;
61‘ = ! and tz = J.
Z?:l bJ’ bs
2. Show Gibb’s inequality
D (pllg) = 0,

for all p,q € P (X) with equality if and only if p = q.

3. Given py,pa2, q1,q2 € P (X) and A € [0, 1] show that the relative entropy
is jointly convex, i.e.,

D (1= Np1 + Ap2ll(1 = N1 + Ag2) < (1=XN)D (p1llq1) +AD (p2llga) -



4. Show that the Shannon entropy of a distribution p € P(X) can be
written as

H(p) =log(|X]) — D (pllu),

for the uniform distribution v € P (X), i.e., the distribution with
u(z) = 1/]3]. Conclude that H(p) < log(|X|) with equality if and only
if p = u, and that the entropy function is concave.

Problem 2 (Conditional entropy and mutual information). Let pap €
P(X4 x Xp) denote a joint probability distribution and (X,Y’) a pair of
random variables distributed according to pag. We define the conditional
entropy of X given Y as

HXIY)= Y pase,y)log <1> .

(2,9)ESAX TR pas(z|y)
The mutual information is given by
I(X:Y)=H(X)—- H(X|Y),

where we write H(X) for the marginal entropy, i.e., the entropy H(pa) of
the marginal distribution of X.

1. Show that the mutual information is symmetric, i.e., that

I(X:Y)=1(:X).

2. Show that the mutual information can be written as
I(X :Y)= D (pagllpa X pp) -

Conclude that I(X :Y) > 0 and that (X : Y) = 0 holds if and only
if X and Y are independent.

3. Show that conditioning cannot increase the entropy, i.e., that H(X) >
H(X]Y). When do we have equality here?

Problem 3 (Joint entropies). Let pap € P(X4 x Xp) denote a joint
probability distribution and (X,Y") a pair of random variables distributed
according to pap. The joint entropy of (X,Y) is defined as

H(Xa Y) = H(pAB)
1. Prove the so-called chain rule of the entropy

H(X,Y)=H(X)+ H(Y|X).
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2. Prove that subadditivity of the entropy, i.e., the inequality
H(X,Y) < H(X) + H(Y),
and that we have equality if and only if X and Y are independent.

3. Consider the joint probability distribution pap € P({1,2,3,4} x
{1,2,3,4}) given by

1/8 1/16 1/32 1/32

o 1/16 1/8 1/32 1/32
(pan(i,5))ij = 1/16 1/16 1/16 1/16|°

/4 0 0 0

and a pair of random variables (X,Y") distributed according to pag.
Compute the joint entropy H(X,Y') the marginal entropies H(X) and
H(Y), the conditional entropy H(X|Y) and the mutual information
I(X:Y).

Problem 4 (Asymptotic discrimination of probability distributions). Recall
the experiment discussed in the lecture: Alice has a machine with two
buttons labeled “0” and “1”. After pressing a button the machine emits a
letter containing a card with a single letter « € 3 from some finite alphabet
3. If Alice presses the button “0”, then the letter will be chosen according
to a probability distribution py € P (X), and if she presses the button “1”,
then it will be chosen according to a probability distribution p; € P (%).
Bob now catches the letter, looks at the card inside, and tries to guess which
button Alice has pressed. If we assume that Alice presses the button “0”
with probability A € [0, 1] and the button “1” with probability 1 — A, and
that Bob knows the distributions pg, p; and .

Now, we consider the same scenario involving the two characters Alice
and Bob. This time Alice presses the same button multiple times in a row.
How does this change the optimal probability for Bob guessing which button
Alice has pressed? To answer this question, we proceed as follows:

1. Show that
IAp = (1= Nglls = 1 =2y A1 = A) Yz € By/p(x)q(x),
for any pair of distributions p,q € P(X) and any A € [0, 1].
2. Now, show that p # ¢ if and only if
[Ap™* = (1 =X)g™" L = 1,

as n — o0.



3. What does this mean for the success probability in the asymptotic
scenario where Bob tries to guess which button Alice pressed
repeatedly?

Sheet 2

Problem 5 (Probabilistic method). In this exercise, you should try to find
a probabilistic proof for a statement in linear algebra. Consider vectors
V1, ...,0, € R™ with Euclidean norms ||v;||s = 1. We want to show that
there exist signs €1, ...,€, € {—1,4+1} such that

H61U1 + -+ EnUnHQ S \/ﬂ

1. Choose random signs €, ...,€, € {—1,4+1} uniformly and indepen-
dently and consider the random variable

N = |l + -+ + eavnlf3.

Compute the expectation value E[N] and conclude the desired
statement.

2. Show that there also exist signs €y, ..., €, € {—1,+1} such that
€11 + -+ + a2 > Vn.

Problem 6 (Data processing inequality for the mutual information). Let
pap € P(X4 x Xp) denote a joint distribution and N : ¥ — P(X¢) a
classical channel. Show that

I(A: B) >1(A:C)

PAB qAac)

where gac € P(X4 X X¢) is the distribution given by
qac(z,2) = 3 N(2ly)pas(z,y).
yeXp

Problem 7 (The (7,4)-Hamming code). The (7,4)-Hamming code encodes
four bits of information into seven bits as follows. To bits by, bo, b3, by € {0, 1}
we assign the codeword

E(bla an b37 b4) - (bla an b37 b47 51, 52, S3>a

with bits s1, sq, s3 such that each of the four circles in the diagram depicted
in Figure 1 contains an even number of 1s. Check your understanding by
verifying that

E(1001) = (1001110).

In the following, we will study the performance of this code under the binary
symmetric channel BSC,, for p € [0,1/2].
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Figure 1: Defining codewords of the (7,4)-Hamming code.

1. Find a simple rule to describe the maximum-likelihood decoder D for
the (7,4)-Hamming code and show that it corrects any single bit-flip.

2. Compute the probability of a decoding error

pe = max P(BSCT(E(by, b, bs,bs)) ¢ D" (by, ba, bs, by)).

b1,...,b4

3. Compare the performance of the (7,4)-Hamming code to the 3-
repetition code. Which code is better?

Problem 8 (The channel mutual information). To quantify how noisy
a classical channel is we introduce the channel mutual information. Let
N : ¥4 — P(Xp) denote a classical channel and consider the quantity

I(N) = I(A: B
(V)= max I(A:B)y,,
where for a given py € P(X4) the distribution piYy € P(X4 x ) is given
by
pap(,y) = pa(@)N(y|z).
The distribution pY5 can be understood as the joint distribution of inputs

and outputs when input symbols chosen from a distribution py € P(34)
are send through the channel N.

1. Compute the channel mutual information I(BSC,) for the binary
symmetric channel BSC, : {0,1} — P ({0,1}) introduced in the
lecture.



2. Compute the channel mutual information I(Erase,) for the binary
erasure channel Erase, : {0,1} — P ({0, 1}) introduced in the lecture.

3. Show that we have I(N) = 0 for a classical channel N : ¥4 — P(Xp)
if and only if the channel N is constant, i.e., there exists a probability
distribution ¢ € P(Xp) such that N(z) = ¢ for every x € ¥4.

Sheet 3

Problem 9. Go through the material on classical information theory we
have covered so far and think of a good question. Submit your question via
email.

Sheet 4

Problem 10 (Sums of projections). For a complex Euclidean space H
consider projections {P,}»_, C B (H) such that

N
> P, =1y. (1)
n=1

Show that P,P; = 0 all i # j. What is the maximal number N € N such

that there exists a set of projections {P,}\_, C B (H) satisfying (1).

Problem 11 (Positivity of certain matrices). Let H denote a complex
Euclidean space.

1. For x € C consider the operator A € B (C?) given by

()

Show that A is positive semidefinite if and only if |z| < 1.
2. For X € B(H) consider the operator B € B (H @& H) given by the

matrix
B X .
X 14

Show that B is positive semidefinite if and only if the operator norm
X[ < 1.

3. Show that an operator C' € B (H) is positive if and only if the operator

(g g) EBHOH)

is positive semidefinite.



Problem 12 (The qubit). Let us consider the complex Euclidean space
H = C?, and recall that the quantum states on H are the positive
semidefinite matrices in B(H) with trace equal to 1. We refer to this
set as D(C?). How can we understand this set geometrically?

1. Consider the so-called Pauli matrices

0 1 0 —i 10
ol ) Bl F) B

Show that {15, 01, 09,03} is an orthogonal basis of the Hilbert-Schmidt
inner product space, i.e., the vector space B(H) with the inner product

(A,B) =Tr [ATB]. Show that their real span is B(H)gq.

2. Show that we have

3 t/3
<Z$z‘0i> (Z %‘01') = H$||§]127
i=1 i=1

for any # € R3. Conclude that the matrix

1 1
pe = 1o+ 5 w0y,
2 25
is a quantum state, i.e., positive and of unit trace, for any vector
r € R? satisfying ||z|]2 < 1.

3. Show that every quantum state p € D(C?) can be written as p = p,
for some z € R3. Therefore, we can identify D(C?) with the unit
ball in the 2-norm. What are the pure states in this picture? What
quantum state is at the center of the ball?

Problem 13 (SICs). Find four normalized vectors |v1), |vs), [vs), |v4) € C?
such that the absolute values |(v;|v;)| are the same for all ¢ # j. You can
start by verifying that in this case

20, + 1
(i) |2 = 252

3

for any 4,5 € {1,...,4}.
Sheet 5

Problem 14. Let H denote a complex Euclidean space of dimension
d = dim(#H). Consider the complex vector space B(H) and the real vector
space B(H)sq, i-€., we consider the selfadjoint operators on H as an R-vector
space.



1. Show that dim(B(H)) = dim(#)? and find an orthonormal basis of
the space B(H) with respect to the Hilbert-Schmidt inner product.

2. Show that dim(B(H)s,) = dim(H)? and find an orthonormal basis of
the space B(H),, with respect to the Hilbert-Schmidt inner product
(turning B(H)s, into a real Euclidean space).

Problem 15 (Two decomposition theorems).
Let ‘H denote a complex FEuclidean space.

1. Show that any selfadjoint operator H € B(H)s, can be written as
a difference H = P — () for some positive semidefinite operators

P,Q € B(H)" satisfying PQ = 0.

2. Show that any operator X € B(H) can be written as X = Hy + iH,
for some selfadjoint operators Hy, Hy € B(H)sq.

3. Show that every operator X € B(H) can be written as a linear
combination of positive semidefinite operators. In other words: The

C-span of B(H)* is B(H).

Problem 16 (The Weyl-Heisenberg system).

The goal of this exercise is to construct the so-called Weyl-Heisenberg system,
an orthogonal basis consisting of unitary operators for the Hilbert-Schmidt
inner product space B(C?). This system generalizes the Pauli matrices to
higher dimensions.

1. Consider the cyclic shift operator S : C% — C? given by
Sli) = li+1),

on the computational basis {|0), ..., |d—1)}, and where addition is mod
d. Show that the powers S* for k € {0,...,d — 1} are orthogonal with
respect to the Hilbert-Schmidt inner product (X,Y)ps = Tr {X TY}.

271

2. For the dth root of unity wy = exp(<}*) consider the diagonal matrix

D = Wq € B(CY).
d—1

Wy

Show that the powers D! for [ € {0,...,d — 1} are orthogonal with
respect to the Hilbert-Schmidt inner product.
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3. Finally, define unitary operators Uy = S¥D! and show that they form
an orthogonal basis for the Hilbert-Schmidt inner product space B(C?).
What operators do you get for d = 27

Problem 17. Alice and Bob are playing a quantum guessing game similar
to the guessing games we have considered before. Alice has a quantum
device with two buttons labeled “0” and “1”. After pressing the button “0”
the device emits a particle in quantum state pg € D (#H), and after pressing
the button “1” the device emits a particle in quantum state p; € D (H).
Bob catches the emitted particle and measures it using some POVM. Then,
he tries to guess whether Alice pressed button 0 or button 1. Let us assume
that Alice presses button “0” with probability 1/2 and button “1” with
probability 1/2, then, what is the optimal success probability of Bob’s guess?

p C5 )

Povm R

00°°

A

R

Figure 2: Alice and Bob at work.

1. Let o : ¥ — B(H)" denote a POVM that Bob could use to measure
the system. Show that after Bob has performed the measurement g
the optimal success probability of Bob guessing the button Alice has
pushed is given by

1
popt §+ Z |TI' pO_pl)H

TEX

2. Let p,pr denote the optimal probability of Bob guessing correctly, i.e.,
the solution to the optimization problem

Popt = SUP{Dopt (1) = p: X — B(H)" POVM}.



Argue that the supremum is attained for a measurement with alphabet

Y ={1,...,d*} with d = dim(H).
3. Define the 1-norm of an operator X € B(H) as
X1} = Te [[X],

where | X| denotes the positive square root of XTX. Show that the
I-norm ||X||; coincides with the sum of singular values of X. Finally,
find a measurement p : {1,...,d} — B(H)" such that

L Yo — ol
4 Po — P11

pOpt(,U) = 9

Is this the optimal value p;?
Sheet 6

Problem 18 (Identifying operators). Show that for complex Euclidean
spaces H 4, Hp we have

Is it true that as vector spaces over R we have
B(HA)sa ® B(HB)sa =~ B(HA & HB)saa (2)

for complex Euclidean spaces Ha, Hp? Is (2) true if H4 and Hp are real
Euclidean spaces?

Problem 19 (Vectorization). Consider complex Euclidean spaces H,
and Hp and let dy = dim(Ha) and dg = dim(Hp). Let us define the
vectorization map vec : B(Ha, Hp) — Ha ® Hp by

vec([v)w]) = |v) @ |w),
and extended linearily.

1. Show that vec : B(Ha, Hp) = Ha ® Hp is an isometric isomorphism
between the complex Euclidean spaces B(Ha, Hp), i.e., the linear
operators X 4,5 : Ha — Hp with the Hilbert-Schmidt inner product,
and HA (059 HB.
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2. Consider a vector |vag) € Ha ® Hp, and define an operator X4 .p :
Ha — Hp such that |vap) = vec(Xa_p). Using the singular value
decomposition of X 4_, 5 show that there exist orthonormal bases {|a;) };
of H4 and {|b;)}; of Hp, and positive numbers A; > 0 such that

min(dA 7dB)

lvag) = D Aiai) ® |b).

i=1

Problem 20 (The partial transpose). Recall the maximally entangled state

1

wn = le(H)mHXQHL

where
dim(H)

Q) = > D) ®1i).
i=1
1. Consider the transpose map ¥ : B(H) — B(H) given by J(X) = X7
in the computational basis. Let P € B(H)" be positive semidefinite
and show that ¥(P) = PT is positive semidefinite as well.

2. Define the map (idy ® ¥) : B(H) ® B(H) — B(H) @ B(H) by
setting (idy @ 9)(X ®Y) = X @ YT and extended linearily. Compute
(idy ® ¥)(wy) and show that this operator is not positive semidefinite.
Hint: Try it first in C? and write down matrices.

3. Show that (idy ® 9)(pap) is positive semidefinite whenever pap is
separable. Conclude that wy is entangled.

Problem 21 (The realignment criterion). For complex Euclidean spaces
Hs and Hp we define the realignment map R : B(Ha ® Hp) —
B (HB QHp, Ha® HA) by

R(lia)jal @ [keXip|) = liaXks| ® |jaXisl,
and extended linearily.

1. Show that
R(X®Y) = |vec(XT))(vec(YT)],

for any X € B(Ha) and Y € B(Hp). Here, vec(:) denotes the
vectorization operation from exercise 2.

11



2. Assume that pap € D(H4 ® Hp) is a separable quantum state. Show
that

|R(pap)l1 < 1.

Here, || - ||; denotes the 1-norm, i.e., the norm given by

Al = Tr [VATA]

for any A € B(#), which also equals the sum of singular values of A.

3. Show that the maximally entangled state wy satisfies
[R(ws)ll > 1,
showing that wy is entangled.

Sheet 7

Problem 22. For a complex Euclidean space H consider the maximally

entangled vector
dim(H)

)= > li) @),

=1

and the maximally entangled state

1

Wy = MMHXQM

1. Show that we have
(13 @ X)) = (X7 @ Lpy)|Qr)

holds for any complex Euclidean space H' and any operator X €
B(H,H’), where the transpose is in the computational basis.

2. Consider the so-called partial trace (idy ® Tr) : B(H ® H) — B(H)
defined as (idy®@Tr)(X®Y) = Tr [Y] X for X, Y € B(H) and extended
linearily. For an operator Z € B(#) we define the vector

lvz) = (1n ® Z)|Q).

Show that B
(ld’H X Tl") [|Uz><’Uz|] = ZTZ

12



3. Show that for any quantum state p € D(H) there exists an operator
Z € B(H) satistying (Z, Z) s = 1 such that

(idy @ Tr) [Juz){vz]] = p.

Problem 23 (Product measurements). Consider a composite quantum
system with a state space H4 ® Hp for complex Euclidean spaces H 4
and Hp. Let o : X4 — B(Ha)t and 8 : ¥ — B(Hp)" denote POVMs
and recall that the POVM ~ : ¥4 x X — B(Ha ® Hp)t corresponding
to the simultaneous measurement of o on the A-subsystem and § on the
B-subsystem is given by

V(a,b) = a(a) ® B(b), (3)
for any a € X4 and any b € ¥

1. In the case where H4 = Hp = H we consider the maximally entangled
state pap = wy from the previous exercise. Show that

1
dim(H)

Tr [y(a, b)wy] = (a(a), B(b))ms,

for any a,b € ¥, and where the conjugation is in the computational
basis.

2. Show that the POVM v : ¥4 X ¥ — B(Ha ® Hp)" from above is
the only POVM for which the formula

Tr [y(a, b)pap] = Tr[a(a)aa] Tr [5(b)75] .

holds for any product state pap = 04 ® 75. Argue why this formula
makes sense physically if product states represent the quantum states
of joint quantum systems whose components have never interacted.

Problem 24. Assume that Alice and Bob perform a correlation experiment
involving quantum systems with state spaces H 4 and Hp in a quantum state
pap € D(Ha4 ® Hp). Alice is using POVMs ay,...,a, : ¥ — B(Ha)' and
Bob is using POVMs fy, ..., 3, : ¥ — B(Hp)" giving rise to the correlation
(P(a,blA;, Bj))api,; given by

P(a,bli, j) = Tr [(ai(a) © B;(b)) pas]

1. Show that this correlation is classical if p4p is separable.
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2. Conclude that the maximally entangled state wee € D(C?* @ C?) is
entangled.

Problem 25. Let n € N and ¥ denote a finite alphabet. Assume that Alice
and Bob perform some correlation experiment giving rise to a correlation
(P(a,b|lA;, Bj))api,; with a,b € ¥ and i,j € {1,...,n}. We call the
correlation non-signalling if

ZP(CL,MAZ‘,BJ‘) = ZP(CL,MAZ‘,BJ‘/)

beX bex
for all @ € ¥ and any 4, j,5' € {1,...,n}, and if
Z P(a,b|Ai,Bj) = Z P(a,b[Ai/,Bj)

aEx aEXx

for all b € ¥ and any i,7,j € {1,...,n}. The interpretation of these
equations is that the probability distribution observed by Alice should not
depend on Bob’s choice of measurement, and the probability distribution
observed by Bob should not depend on the choice of Alice’s measurement.

1. Show that quantum correlations are non-signalling.

2. Show that the following correlation is not a quantum correlation.

f&,, ’&L
+t1 - 1 —a
1 o
| & 7
T % 4 o ©
I
2 2
2| 2 o % g
A 4
Yo-al e o 5 %

Figure 3: A correlation.

3. (Bonus question:) Show that the following correlation is non-
signalling and not a quantum correlation.
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Figure 4: Yet another correlation.

Compare this correlation with the quantum correlation violating the
CHSH inequality.

Sheet 8

Problem 26. Go through the material on quantum theory we have covered
so far and think of a good question. Submit your question.

Sheet 9

Problem 27 (Monogamy of entanglement). Show that all purifications of a
pure state ps = ) | € D(H.a) are of the form

par = [V)Y| @ [P}

Now consider a composite quantum system ’AB’ with tensor product state
space H4 ® Hp and assume that it is in a pure entangled quantum state
|Vap)Xvap| € D(Ha ® Hp). Argue that there is no third quantum system
that is entangled with the composite system ’AB’.

Problem 28 (Examples of quantum channels). Consider an isometry
V :Has — Hp ® Hp. Show that the map T : B(Ha) — B(Hp) given
by

T(X) =Trg [VXVT],

is a quantum channel, i.e., it is completely positive and trace-preserving.

15



Problem 29 (Purifications and reduced density matrices). Consider a pure
quantum state [ ap)Xap| € D(Ha ® Hp) and denote by p4 and pp its two
marginals, i.e.,

pa=Trg[|[Yap)Xvasl] ,and pp = Tra[|[YasXVasl].

Show the following statements:

1. The spectra of ps and pp are the same. What is the relationship
between the eigenvalues of these operators and the Schmidt coefficients

of [thap)?

2. There exists an operator X € B(Ha,Hp) such that

pa=XTX and pp = XXT.

Problem 30. Consider a quantum state pa € D(H 4) with a purification
|VEaXYEa| € D(HE ® Ha) for some complex Euclidean space Hg. Show
that there is a complex Euclidean space Hpg with dim(Hpg) = rk (pa) and
a purification |¢ppa)X@dpa| € D(HE @ Ha) of pa such that

[VEa) = (V & 1y, )|dpa),

for some isometry V : Hgr — Hpg.
Sheet 10

Problem 31.

1. Let V. : Hq4 — Ha ® Hg denote an isometry and |[¢g) € Hp a
normalized vector. Show that there exists a unitary U : Ha ® Hg —
Ha ® Hg such that

U(ly, ® V) =V.

2. Show that for any quantum channel T : B(H) — B(H) there exists
a complex Euclidean space Hg such that for any normalized vector
|YE) € HE there exists a unitary U : H ® Hrp — H ® Hp such that

T(X) = Trp [U(X @ [¢u)us)UT] .
for any X € B(H). What is the minimal dimension of Hg needed

to represent every quantum channel 7' : B(H) — B(H) for a fixed
complex FEuclidean space H.

16



Problem 32 (The amplitude damping channel). For v € [0,1] we define
the amplitude-damping channel N, : B(C?) — B(C?) by

N | ((F Tz | T11 + T2 V1 — 2
7 Ta1 T22 \/1—73521 (1—7)1'22 '

1. Compute the Choi matrix of N,. Show that N, is indeed a quantum
channel.

2. Compute a Choi-Kraus representation of N..
3. Compute a Stinespring dilation of N..

Problem 33 (Depolarizing channels). For p € R we define the map
D, : B(C?) — B(CY) by

Dy(X) = (1= p) Te[X] 4 4 pX,

for any X € B(CY).

1. Compute the Choi operator of D,. For which parameters p € R is D,
a quantum channel?

2. Compute the Choi-Kraus representation of D, for the values of p where
it is a quantum channel.

3. Compute the Stinespring dilation of D, for the values of p where it is
a quantum channel.

4. Compute a complementary channel Dy for dimension d = 2 of D,, for
the values of p where it is a quantum channel.

Problem 34 (Quantum teleportation). Consider again the two researchers
Alice and Bob who each have a laboratory. Alice’s laboratory contains
two quantum systems labelled ‘A’ and ‘4’ and Bob’s laboratory contains
a quantum system labelled ‘B’. Each of these quantum systems is a qubit.
Initially, ‘A’ and ‘B are in a maximally entangled state. Assume furthermore,
that the system ‘A’ is initially in some quantum state p; € D(H ;) unknown
to Alice and Bob. Quantum teleportation is a protocol that lets Alice send
this unknown state to Bob by performing a measurement and sending the
measurement outcome to Bob. Proceed as follows:
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1. Recall the Bell basis {|¢y;)}ij € C* ® C? given by
1
[¥ij) = ﬁvec(%),

where
oo = 1o, 0p1 =0z O10= Oy, 011 = O0g,

are the identity matrix and the Pauli matrices. Compute the
probability of obtaining the outcome (k,1) € {0, 1}? when measuring
the subsystems ‘AA’ of the quantum state

Oini = Pz O WaB,

using the von-Neumann measurement {|¢;;)(¢;;]}i; defined via the
Bell basis.

i

2. What is the post-measurement state o,, ., after obtaining outcome

p
(,7) in the measurement of (1)7

3. If Alice communicates the measurement outcome (i,7) of the Bell
measurement to Bob, what quantum channel can he apply so that his
system is in the final state pz?

4. How can we extend this protocol to quantum systems with dimension
d> 27

Problem 35.

1. Consider complex Euclidean spaces H and H' such that dim(#H) <
dim(H'). Let {|v;)}r, € H and {Jw;)}}_, € H' denote orthonormal
sets of vectors. Show that there exists an isometry V' : H — H' such
that V|v;) = |w;) for all i € {1,... k}.

2. Let Hy, HEg and Hg denote complex Euclidean spaces. Consider a
purification [ ap) Y ag| € D(Ha®HE) of a quantum state ps € D(H4)
and a quantum state o4p € D(Ha Q@ Hp) such that Trg [oap] = pa.
Show that there exists a quantum channel S : B(Hg) — B(Hpg/) such
that

(ida ® 9) (|Yap)¥ag|) = cap.

Hint: Start by reducing the problem to the case, where o4p is a pure
state as well.

Sheet 11
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Problem 36 (The fully depolarizing channel). Consider the fully
depolarizing channel A : B(C?) — B(C?) given by

1
A(X) = Tr[X] gd.
1. Show that there exist unitary operators {Uy,...,Ug} CU ((Dd) such
that
1 &

(Hint: Use the Choi-Jamiolkowski isomorphism to figure out which
sets of unitary operators work here. Then, use a previous exercise.)

2. Consider a quantum channel T : B(C%) — B(C9). Use the open-
system representation of T' to show that there exists a dimension
dg € N and a pure quantum state [pg)gp| € D ((DdE ® (DdB) such

that
]l@dA ]l@dE
T(X
4 @ © (X)
LB
- B2 ;;Adwﬁ@vﬁ@%) o Adw (X ® [YepXvEB|),

for some unitaries {U{, ..., Ud"%} cu ((DdA) and {V/¥,...,VE} C
E
U ((DdE), and some unitary W € U ((Dd"‘ ® Cl* @ (DdB).
Problem 37 (Diagonalizing positive unital and trace-preserving qubit
maps). We want to diagonalize positive linear maps P : B(C?) — B(C?)
satisfying P(1¢2) = 1g2 and Tr [P(X)] = Tr [X] for any X € B(C?). For
this we recall (from a previous exercise) that there is a 1-to-1 correspondence

between the quantum states D(C?) and the Euclidean unit ball B;(0) C R3
(the Bloch ball) given by

1
P=3 (Ige +w-0) € D(C?)  +— w € By(0),
where we use the shorthand
3
w--o = Z w;o;,
i=1
with the Pauli matrices

(01 (0 —i (1 0
1=\ 0) 27\ o) P70 —1)
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We will sometimes write 0y = Ig2 and we recall that the real span of
{009,01,09,03} is B(C?),, and the complex span is B(C?). Proceed as
follows:

1. Consider a positive map P : B(C?) — B(C?) satisfying P(L¢2) = L2
and Tr[P(X)] = Tr[X] for any X € B(C?). Show that M,; =
1 Tr[o;P(0;)] € R for every 4, j € {1,2,3} and that
1 1
P (50 +w-0)) = (Lee + (Mw) - o),
for any w € R?, where we introduced M € B(R?) with entries M,;.

1 0
U_<0 ew)'

Find an R € SO(3) such that

2. Consider the unitary

1 1
Ady (2 (Tgz +w - 0)) =3 (Igz + (Rw) - 0).
3. Now, consider a general R € SO(3), i.e., corresponding to a 3-
dimensional rotation of the ball B;(0). Show that there exists a
U € U (C?) such that

1 1
Ady (2 (e +w- a)) = (e + (Rw) -0).
Hint: Start with rotations around the coordinate axes. Then, use that
a general R € SO(3) can be written as the product three rotations
around the coordinate axes with certain rotation angles (sometimes

called Euler angles).

4. Consider a positive map P : B(C?) — B(C?) satisfying P(1¢z2) = L2
and Tr[P(X)] = Tr[X] for any X € B(C?. Use a modified
singular value decomposition to show that there are unitary matrices
Uy, Uy € U (C?) satistying

(AdUl oPo AdUQ) (Uz) = )\Z'O'Z',

for any ¢ € {0,1,2,3} and some real numbers A\, A, A\3 € R and
)\0 = 1
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Problem 38 (Visualizing positive maps). For A = (A1, A, A3) € R?, consider
the trace-preserving map Py : B(C?) — B(C?) such that P\(1g2) = L2

and

Py (Ui) = \io;

for i € {1,2,3}.

1.

2.

For which A € R? is Py positive? Visualize this set.

For which \ € R? is Py completely positive? Visualize this set.

Hint: Compute the Choi-Jamiolkowski operator of P,. Use that

0; ® 0; and 0; ® 0; commute and are simultaneously diagonalized by
the Bell basis.

For which A € R3 is P, =9 o T for the transpose ¥ : B(C?) — B(C?)
and a completely positive map T : B(C?) — B(C?)? Visualize this
set.

Using your visualizations and Exercise 37, show that any positive map
P : B(C?) — B(C?) satisfying P(1¢2) = 1¢2 and Tr [P(X)] = Tr [X]
for any X € B(C?) can be written as

P:T1+190T2,

for completely positive maps 11,7, : B(C?) — B(C?) and the
transpose map o : B(C?) — B(C?).

Problem 39 (Entanglement manipulation). Let Ha,, Ha,, Hp,, Hp, denote
complex Euclidean spaces. A quantum channel

T:B(Ha, ® Hp,) = B(Ha, @ Hg,)

is called a separable! quantum channel if it can be written as

N
T=% 5% ®RY,

n=1

for completely positive maps 5’1(471) : B(Ha,) — B(Ha,) and Rgl) : B(Hp,) —
B(Hp,). Let us denote the set of separable channels by

Sepc ((HA1 ) HB1) — (HszHBz)) :

Do not confuse this with separable quantum states!
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1. Show that T (pag) € Sep (Ha,, Hp,) for any pap € Sep (Ha,, Hp,)
and any SepC ((Ha,, Hp,) = (Ha,, Hp,)). The separable states are
preserved under separable operations!

2. Using the teleportation protocol, construct a separable quantum
channel

T € SepC ((C? @ €2, C?) — (C? @ €2, C?)),
such that

1
T (p@wap) = 1(162 ®@1e2) @ p € D(C? @ C* @ ),

for any quantum state p € D(C?) and where wap € D(C? ® C?)
denotes the (normalized) maximally entangled state. How does this
result generalize to dimensions d > 2.

3. Show that any quantum state p € D(C? ® C?) can be written as
p=T (wd) )

for some separable quantum channel T € SepC (((Dd, C4) — (4, (Dd)),

and where w; € D(C? ® C?) denotes the normalized maximally
entangled state. This is why wy is called mazimally entangled.

Sheet 12

Problem 40 (Properties of the von Neumann entropy). For a quantum
state p € D(H) we define the von Neumann entropy as

H(p) = —Tr[plog(p)] ,

where the logarithm is in base 2.

1. Show that 0 < H(p) < log(dim(#)). For which quantum states
do we have H(p) = 0 and for which quantum states do we have
H(p) = log (dim(#))?

2. Assume that p = Trp [|[Yap)X¥ap|| and 0 = Tra [|[Yap) 1 ap]|] for some
pure state |¢ap) € Ha ® Hp. Show that H(p) = H(o).

3. Consider a probability distribution p € P ({1,..., N}) and quantum
states p1,...,pn € D(H) satistying p;p; = 0 for whenever i # j. Show
that

H (?f;pmi> = H(p) + f,:piﬂ(pi)‘
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Problem 41 (Some classical information theory). For finite alphabets ¥4
and Yp let N : ¥4 — P(Xp) denote a classical channel. Show that

C(N) < min(log(|3a]), log(|%x])).

Problem 42 (The fidelity). Let H denote a complex Euclidean space. For
quantum states p,o € D(H), we define the fidelity by

F(p,o) = IVpvol1,

where /- denotes the unique positive square root and || - ||; is the trace norm
(i.e., the matrix 1-norm). The fidelity measures the distance between the two
quantum states, and in the following we will prove some of its properties.

1. Show that
Fipo) =Tx |\/ Voo v

for all quantum states p,o € D(H).

2. Show that F(p,0) = F(o, p) for all quantum states p, o € D(H).

3. Show F(p,o) > 0 with equality if and only if po = 0.

4. Show that F(p,o) < 1 with equality if and only if p = o.

5. Show that F'(VpVT,VaVT) = F(p,o) for any isometry V : H — H’
into a complex Euclidean space H'.

6. Show that F(|¢)Xv|,0) = +/(¥|o|) for any pure quantum state

|YX| € B(H) and any o € D(H).

Problem 43 (Entropies and measurements). Consider a quantum state
p € D(H) and a projection-valued measure p: ¥ — B(H)™", i.e., a POVM
such that the operators p(z) are projections. Recall that measuring p using
1 gives an outcome x € Y with probability

p(x) = Tru(z)p],
and after obtaining this outcome, the system will be in the quantum state

= p(z)pp(z)
© Tr(p(z)p]

If we do not learn the outcome = € ¥ of the measurement, then the quantum
system is in the quantum state

Pmeas = 2 D()pe = D p(x)ppa().

TEX TEY
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1. Show that
H(pmeas) = H(p),

i.e., a projective measurement increases the entropy if we do not learn
the measurement outcome. (Hint: You may use the data-processing
inequality for the relative entropy, but there is also a way of solving
the exercise without it.)

2. Find a 2-outcome instrument {77, 75} with completely positive maps
Ty, Ty : B(C?) — B(C?) and a quantum state p € D(C?) such that

H (Ty(p) + Ta(p)) < H(p).
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Problem 44. Go through the material we have covered so far and think of
a good question. Submit your question.

Sheet 14

Problem 45. Let 0 € D(H) denote a quantum state and consider the
quantum channel T, : B(H) — B(#) with a parameter p € [0, 1] given by

T,(X)=(1-p)X +pTr[X]o.
Show that we have
H (T$"(p)) > (1= p)H(p) + pnH (o),
for any n € N and any p € D(H®").

Hint: The case o0 = 14/ dim(#H) was done in the lectures.

Problem 46. Use the open-system representation of quantum channels to
show that
17X < 11X, (4)

for every quantum channel 7': B(H4) — B(Hg) and every X € B(Ha4). In
particular, this shows that for quantum states p,o € D(H ) we have

IT(p) = T(o)llr < llp = o]l

Is (4) still true if we replace || - ||; by the Hilbert-Schmidt norm || - ||o or the
operator norm || - ||?
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Problem 47. Consider a quantum state pap € D(H 4 ® Hp) and recall the
quantum conditional entropy

H(A[B)pap = H(pas) — H(ps).

We aim to show that H(A|B),,, > 0 whenever psp is separable.

1. Show that
<A|B)pAB — 07
whenever .
PAB = ZPz’UzA ® [i)i].
i=1
2. Show that

H(A|B),,5 = H(pa) = D(pasllpa © pa)-
3. Show that for any quantum channel T': B(Hg) — B(Hp/) we have

H(A|B/)(idA®T)(PAB) > H(A|B)

PAB*

4. Given a separable quantum state
k /
pAB = ZP#T@A @17,

find a quantum channel T': B(Hp) — B(Hp') for Hp = C* such that

pap = (idg ®@T) <ZPzU ® [iX )

Conclude that

H(A|B),. , >0.

PAB! —

Problem 48 (Typical projectors) Consider a quantum state p € D(H)
with spectral decomposition p = ¢, p(2)|v,Nv.| where p € P ({1,...,d})
is a probability distribution and |v,) € H. Recall the e-typical sequences
Tn.c(p) from the first part of the course, and define a projector

Moo= Y lom| @ ® o Yoa | € B (H).
(:El ..... :L'n)etrn,e(p)

Show the following statements:
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1. For any € > 0 we have
Tr [Hmep@"} — 1,
as n — Q.

2. We have
Tr [, ] < 2"H(P)+e

3. For every n € N let I, € B(H®") denote a projector such that
rank (Hn) < 2" for some R < H(p). Show that

Tr [ﬁnp(@"} — 0,
as n — 0o.
Sheet 15

Problem 49. Go through the material we have covered so far and think of
a good question. Submit your question.
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