EXERCISES 11

Excercise 1 (The fully depolarizing channel). Consider the fully depolarizing chan-
nel A : B(C?) — B(C?) given by
Lga
i
(1) Show that there exist unitary operators {U, ..., Uz} C U (C?) such that

A(X) = Tr [X]

d2
1
A= > Ady, .
i=1

(Hint: Use the Choi-Jamiolkowski isomorphism to figure out which sets of
unitary operators work here. Then, use a previous exercise.)

(2) Consider a quantum channel 7' : B(C%4) — B(C?). Use the open-system
representation of T' to show that there exists a dimension dg € IN and a
pure quantum state [ pp)ps| € D (C% @ C?#) such that

1 1.
ﬂ@ Ce ®T(X)

da dg
1 dy d%
= d2.d2 Z ZAd(U{‘@bV,E@]ldB) o Adw (X ® |'(/)EB><'(/)EB|)7
EYA =1 j=1 !

for some unitaries {U7}, . . ., UdAi} CU(C¥™)and {V¥, ..., Vdg} c U (Cie),
and some unitary W € U (C44 @ €= @ C7).
Excercise 2 (Diagonalizing positive unital and trace-preserving qubit maps). We
want to diagonalize positive linear maps P : B(C?) — B(C?) satisfying P(1g2) =
Lgz and Tr [P(X)] = Tr [X] for any X € B(C?). For this we recall (from a previous

exercise) that there is a 1-to-1 correspondence between the quantum states D(C?)
and the Euclidean unit ball B;(0) C R?® (the Bloch ball) given by

1
P=3 (Ige2 +w-0) € D(C?)  <+— w e By(0),
where we use the shorthand s
w-o = ZU}Z‘UZ',
i=1

with the Pauli matrices

0 1 0 —i 10
n=(0) (7). w5

We will sometimes write g = 12 and we recall that the real span of {o¢, 01, 02,03}
is B(C?),, and the complex span is B(C?). Proceed as follows:
(1) Consider a positive map P : B(C?) — B(C?) satisfying P(1g2) = Lg2 and
Tr [P(X)] = Tr [X] for any X € B(C?). Show that M;; = 1 Tr [0;P(0;)] €
R for every 4, j € {1,2,3} and that

P<;(IL@2 —|—w-o)> :%(]1@2+(Mw)-0),

for any w € R3, where we introduced M € B(R?) with entries M;;.
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(2) Consider the unitary

Find an R € SO(3) such that

1
Ady (2 (]l@z +w - 0-)) =

(3) Now, consider a general R € SO(3), i.e., corresponding to a 3-dimensional
rotation of the ball By (0). Show that there exists a U € U (C?) such that

(Ig2 + (Rw) - o).

N =

2 2

Hint: Start with rotations around the coordinate axes. Then, use that a
general R € SO(3) can be written as the product three rotations around
the coordinate axes with certain rotation angles (sometimes called Fuler
angles).

(4) Consider a positive map P : B(C?) — B(C?) satisfying P(lg:z) = 12
and Tr [P(X)] = Tr [X] for any X € B(C?). Use a modified singular value
decomposition to show that there are unitary matrices Uy, Uy € U (C2)
satisfying

Ady (1 (Los + - 0)) = L tes 1 (Bw) o).

(AAdU1 oPo AdUz) (O'Z) = /\iO'i,
for any i € {0,1,2,3} and some real numbers Aj, Ag, A3 € R and Ao = 1.
Excercise 3 (Visualizing positive maps). For A = (A1, A2, A3) € R?, consider the
trace-preserving map Py : B(C?) — B(C?) such that Py(1g:2) = 1g2 and
Py (07) = Aoy
for i € {1,2,3}.
(1) For which X\ € R? is Py positive? Visualize this set.
(2) For which A € R? is Py completely positive? Visualize this set.
Hint: Compute the Choi-Jamiolkowski operator of Py. Use that o; ® 0;
and o; ®o; commute and are simultaneously diagonalized by the Bell basis.
(3) For which A € R? is Py =¥ o T for the transpose ¥ : B(C?) — B(C?) and
a completely positive map T : B(C?) — B(C?)? Visualize this set.
(4) Using your visualizations and Exercise 2, show that any positive map P :
B(C?) — B(C?) satisfying P(1¢2) = 12 and Tr [P(X)] = Tr [X] for any
X € B(C?) can be written as

P=T +9o0Ty,

for completely positive maps Ty, T : B(C?) — B(C?) and the transpose
map ¥ : B(C?) — B(C?).

Excercise 4 (Entanglement manipulation). Let H4,, Ha,, Hp,, Hp, denote com-
plex Euclidean spaces. A quantum channel

T: B(/HA1 ®HBl) — B(?‘[A2 ®H32)

is called a separable' quantum channel if it can be written as

N
T=3 5% o R,
n=1

Do not confuse this with separable quantum states!
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for completely positive maps 51(4”) : B(Ha,) = B(Ha,) and Rg) : B(Hp,) —
B(Hp,). Let us denote the set of separable channels by

(1)

(2)

SepC ((HA1 ’ HB1) - (HAz s Hp, )) :
Show that T (pag) € Sep (Ha,, Hp,) for any pap € Sep (Ha,,Hp,) and
any SepC ((Ha,,Hp,) = (Ha,,Hp,)). The separable states are preserved
under separable operations!
Using the teleportation protocol, construct a separable quantum channel
T € SepC ((@2 ®C?,C% - (C? ® C?, @2)) ,
such that
1
T(p®wap)= (L2 @ Lez)®@p € D(C?* e C?* e C?),

for any quantum state p € D(C?) and where wap € D(C?®C?) denotes the
(normalized) maximally entangled state. How does this result generalize to
dimensions d > 2.

Show that any quantum state p € D(C? ® C?) can be written as

p=T (wd) )
for some separable quantum channel T' € SepC (((Dd, Cd) — (C9, (Dd)), and

where wy € D(C?®C?) denotes the normalized maximally entangled state.
This is why wy is called mazimally entangled.



