
EXERCISES 8

Excercise 1. Consider the linear map T : B(C2) → B(C2) given by

T

((
x1 x2
x3 x4

))
=

(
1
3x1 +

2
3x4 − 1

3x3
− 1

3x2
1
3x4 +

2
3x1

)
Note the off-diagonal entries!

(1) Show that T is a quantum channel.
(2) Compute a Kraus decomposition for T .
(3) Compute a Stinespring dilation of T .

Excercise 2 (The swap test). Let d ∈ N and consider the operators

M0 =
1

2
(1d ⊗ 1d + F) and M1 =

1

2
(1d ⊗ 1d − F) .

Here, F ∈ B(Cd ⊗Cd) denotes the flip operator acting as F(|a⟩ ⊗ |b⟩) = |b⟩ ⊗ |a⟩
on product states.

(1) Show that µ : {0, 1} → B(Cd⊗Cd) with µ(0) =M0 and µ(1) =M1 defines
a POVM.

(2) Compute the probability of obtaining the outcomes 0 and 1 when measuring
a pure product state |ψ⟩⟨ψ| ⊗ |ϕ⟩⟨ϕ| using this POVM. Explain how this
POVM can be used to determine whether two pure quantum states |ψ⟩⟨ψ|
and |ϕ⟩⟨ϕ| produced by a quantum device are equal.

Excercise 3 (The fully depolarizing channel). Consider the fully depolarizing chan-
nel ∆ : B(Cd) → B(Cd) given by

∆(X) = Tr [X]
1Cd

d
.

(1) Show that there exist unitary operators {U1, . . . , Ud2} ⊂ U
(
Cd

)
such that

∆ =
1

d2

d2∑
i=1

AdUi
.

(Hint: Use the Choi-Jamiolkowski isomorphism to figure out which sets of
unitary operators work here. Then, use a previous exercise.)

(2) Consider a quantum channel T : B(CdA) → B(CdB ). Use the open-system
representation of T to show that there exists a dimension dE ∈ N and a
pure quantum state |ψEB⟩⟨ψEB | ∈ D

(
CdE ⊗CdB

)
such that

1CdA

dA
⊗ 1CdE

dE
⊗ T (X)

=
1

d2Ed
2
A

d2
E∑

i=1

d2
A∑

j=1

Ad(UA
i ⊗V E

j ⊗1dB )
◦AdW (X ⊗ |ψEB⟩⟨ψEB |) ,

for some unitaries {UA
1 , . . . , U

A
d2
A
} ⊂ U

(
CdA

)
and {V E

1 , . . . , V
E
d2
E
} ⊂ U

(
CdE

)
,

and some unitary W ∈ U
(
CdA ⊗CdE ⊗CdB

)
.

Excercise 4 (Entanglement manipulation). Let HA1 ,HA2 ,HB1 ,HB2 denote com-
plex Euclidean spaces. A quantum channel

T : B(HA1
⊗HB1

) → B(HA2
⊗HB2

)
1
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is called a separable1 quantum channel if it can be written as

T =

N∑
n=1

S
(n)
A ⊗R

(n)
B ,

for completely positive maps S
(n)
A : B(HA1

) → B(HA2
) and R

(n)
B : B(HB1

) →
B(HB2). Let us denote the set of separable channels by

SepC ((HA1
,HB1

) → (HA2
,HB2

)) .

(1) Show that T (ρAB) ∈ Sep (HA2
,HB2

) for any ρAB ∈ Sep (HA1
,HB1

) and
any SepC ((HA1 ,HB1) → (HA2 ,HB2)). The separable states are preserved
under separable operations!

(2) Using the teleportation protocol, construct a separable quantum channel

T ∈ SepC
(
(C2 ⊗C2,C2) → (C2 ⊗C2,C2)

)
,

such that

T (ρ⊗ ωAB) =
1

4
(1C2 ⊗ 1C2)⊗ ρ ∈ D(C2 ⊗C2 ⊗C2),

for any quantum state ρ ∈ D(C2) and where ωAB ∈ D(C2⊗C2) denotes the
(normalized) maximally entangled state. How does this result generalize to
dimensions d > 2.

(3) Show that any quantum state ρ ∈ D(Cd ⊗Cd) can be written as

ρ = T (ωd) ,

for some separable quantum channel T ∈ SepC
(
(Cd,Cd) → (Cd,Cd)

)
, and

where ωd ∈ D(Cd⊗Cd) denotes the normalized maximally entangled state.
This is why ωd is called maximally entangled.

1Do not confuse this with separable quantum states!


