EXERCISES 9

Excercise 1. Let H denote a complex Euclidean space and n € N. As in the
lecture, we denote by M,, the set of POVMSs u : {1,...,n} — B(H)". Show that
M., is convex and compact.

Excercise 2 (Properties of the von Neumann entropy). For a quantum state p €
D(H) we define the von Neumann entropy as

H(p) = =Tr[plog(p)],
where the logarithm is in base 2.
(1) Show that 0 < H(p) < log (dim(H)). For which quantum states do we have
H(p) = 0 and for which quantum states do we have H(p) = log (dim(#))?

(2) Assume that p = Trp[[tvap)Xvan|] and 0 = Tra [[ap)aB|] for some
pure state [ap) € Hy @ Hg. Show that H(p) = H(o).

(3) Consider a probability distribution p € P ({1,..., N}) and quantum states
p1s---,pN € D(H) satisfying p;p; = 0 for whenever i # j. Show that

N N
H <ZP1‘P¢> = H(p) + ZPZH(PJ
i=1 i=1

Excercise 3 (Some classical information theory). For finite alphabets ¥4 and Xp
let N:¥4 — P(Xp) denote a classical channel. Show that

C(N) < min(log(|X4]), log(|X5]))-

Excercise 4 (The fidelity). Let H denote a complex Euclidean space. For quantum
states p,o € D(H), we define the fidelity by

F(p,o) = vpvol,

where /- denotes the unique positive square root and || - ||1 is the trace norm (i.e.,
the matrix 1-norm). The fidelity measures the distance between the two quantum
states, and in the following we will prove some of its properties.

(1) Show that
Fip.0) =T |\/Voovi).

for all quantum states p,o € D(H).

Show that F(p,0) = F(o, p) for all quantum states p,c € D(H).

Show F(p,o) > 0 with equality if and only if po = 0.

Show that F(p,0) < 1 with equality if and only if p = 0.

Show that F(VpVT, VaVT) = F(p,0o) for any isometry V : H — H’ into a
complex Euclidean space H'.

(6) Show that F(|9)¢|,0) = +/(¥|o|y) for any pure quantum state |¢))| €
B(H) and any o € D(H).



