MAT4430, Exercises-sheet 5, to be discussed 05.03.2026

Exercise 1. Let H = C2. Verify the claims in [1, Lecture 7] about the
map 4 := psic defined on ¥ = {1,2,3,4}. Thus:

(i) Show that p defines a POVM that is not a PVM.

(i) Show that {u(1), (2), (3), 1(4)} is a linear basis in B(C?).

(iii) Verify that if p,o € D(C?) are such that Tr(u(k)p) = Tr(u(k)o)
forall k=1,...,4, then p=o0.

Exercise 2. Let H be a complex Euclidean space of dimension dim(H) >

2. Show that ]

—(2
dim(’H)| W
is a unit vector in H ® H, where |[Qy) := Z?i:nf(m i) @ |7).

Exercise 3. Let Ha,Hp be two complex Euclidean spaces, and let
X € B(Ha),Y € B(Hp).

(i) Show that Tr(X ® Y) = Tr(X) Tr(Y). (Hint: use the Kronecker
product form of X ® Y with respect to the computational basis.)

(ii) Show that if X and Y are positive semidefinite, then so it X @ Y.

(iii) Show that D(Ha) ® D(Hp) C D(Ha ® Hp). An element p €
D(H 4 ® Hp) is called a product state if it is of the form p = ps ® pp
for some py € D(Ha) and pp € D(Hp).

(iv) Let D(Ha) = D(Hp) = C? let {|0),]1)} be the computational
basis, and define rank-one operators by e;; := |i)(j|, for i,5 = 0, 1.
Show that

1 1 1 1
p= 160,0 & €90 + 160,0 ®ep1+ 161,1 X ego + 161,1 ®Keq

is a product state in D(C? @ C?). Express it in matrix form.
(v) Show that

1
= —e e —e e
Ui 5 0,0 ® €0 + 5 1,1 ®eqrq

is not a product state. Express it in matrix form.

(vi) Show that

1 1 1
vi= =€ €o0 + =€ €p1 1+ =€ el + =e e
500 & €g,0 5601 ® eo,1 5610 ® e1,0 5611 ® e
is not a product state. Express it in matrix form.
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