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Exercise 1. (Isometries between Hilbert spaces.) LetH,K be complex
Euclidean spaces. Show that if V : H → K is a linear map such that

⟨V x|V y⟩ = ⟨x|y⟩
for all x, y ∈ H, then ∥V x∥ = ∥x∥ for all x ∈ H. Show that the
converse holds. Show that V ∈ B(H,K). (The map V is called an
isometry).

(i) Show that if V is an isometry, then V †V = 1H, the identity
operator in B(H) and V V † is a projection in B(K).

(iii) Suppose that dim(H) ≤ dim(K).
Let {|vi⟩}ki=1 ⊂ H and {|wi⟩}ki=1 ⊂ K be orthonormal sets of vectors.

Show that there is an isometry V : H → K such that V |vi⟩ = |wi⟩ for
all i = 1, . . . , k.

Exercise 2. Let HA,HB,HE be complex Euclidean spaces and V ∈
B(HA,HA ⊗HE) be an isometry. Define a map T : B(HA) → B(HB)
by

T (X) = TrE[V XV
†],

for each X ∈ B(HA). Prove that T is a quantum channel.

Exercise 3. Let HA,HE,HC be complex Euclidean spaces. Suppose
that |ψ⟩⟨ψ| ∈ D(HA ⊗ HE) is a purification of a quantum state ρ ∈
D(HA). Suppose moreover that σ ∈ D(HA ⊗ HC) satisfies TrC [σ] =
ρ. Show that there exists a quantum channel S : B(HE) → B(HC)
satisfying

(IdA⊗S)(|ψ⟩⟨ψ|) = σ.

Hint: Reduce the problem to the case where σ is a pure state.

Exercise 4. Compute the correlations from Example 10.8 in [1]. Show
first that

P (a, b|Ai, Bj) =
1

2
⟨βj(b)αi(a)⟩HS,

for each a, b ∈ {±}, i, j = 1, 2. (Note that we used notation µi, νj in
the lectures.) Hint: Use the necklace identity,
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