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Exercise 41 (= Exercise 4.1.6 in Pedersen’s book)

Let A be a unital complex Banach algebra. Let a ∈ A and U be an open subset of C
containing spA(a).

Show that there exists some ε > 0 such that

b ∈ A and ‖a− b‖ < ε ⇒ spA(b) ⊆ U.

NB: This exercise will be a part of the compulsory assignment.

Exercise 42

Let H denote a nontrivial complex Hilbert space and consider A := B(H) as a unital Banach
algebra. Let B = {ej}j∈J be an orthonormal basis for H and f ∈ `∞(J).

Set λj := f(j) ∈ C for each j ∈ J , and let D ∈ A denote the associated “diagonal” operator
satisfying that D(ej) = λj ej for every j ∈ J . We have seen in a lecture that

spA(D) = {λj | j ∈ J} = f(J).

Show that rA(D) = ‖D‖ = ‖f‖∞.

Exercise 43

Consider the unital Banach algebra A = B(C2). Give an example of an operator T ∈ A
satisfying that rA(T ) < ‖T‖.

Exercise 44 (= Exercise 4.1.13 in Pedersen’s book)

Let A be a unital complex Banach algebra with unit e satisfying ‖e‖ = 1. For each a ∈ A, set

exp(a) :=

∞∑
n=0

1

n!
an .

Explain why the power series above is norm-convergent, hence exp(a) is an element of A.
Show that

exp(a+ b) = exp(a) exp(b)

for every pair of commuting elements a and b in A. Then show that exp(a) ∈ GL(A) for every
a ∈ A.
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